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Homework 0 (due 1/26/99)

Spring 1999

CS 373: Combinatorial Algorithms, Spring 1999
http://www-courses.cs.uiuc.edu/ cs373
Homework 0 (due January 26, 1999 by the beginning of class)

Name:
Net ID:

Alias:

Neatly print your name (first name first, with no comma), your network ID, and a short alias into
the boxes above. Do not sign your name. Do not write your Social Security number. Staple this
sheet of paper to the top of your homework. Grades will be listed on the course web site by alias,
so your alias should not resemble your name (or your Net ID). If you do not give yourself an alias,
you will be stuck with one we give you, no matter how much you hate it.
Everyone must do the problems marked ◮. Problems marked  are for 1-unit grad students
and others who want extra credit. (There’s no such thing as “partial extra credit”!) Unmarked
problems are extra practice problems for your benefit, which will not be graded. Think of them as
potential exam questions.
Hard problems are marked with a star; the bigger the star, the harder the problem.
This homework tests your familiarity with the prerequisite material from CS 225 and CS 273
(and their prerequisites)—many of these problems appeared on homeworks and/or exams in those
classes—primarily to help you identify gaps in your knowledge. You are responsible for filling
those gaps on your own.

Undergrad/.75U Grad/1U Grad Problems
◮1. [173/273]
(a) Prove that any positive integer can be written as the sum of distinct powers of 2. (For
example: 42 = 25 + 23 + 21 , 25 = 24 + 23 + 20 , 17 = 24 + 20 .)
(b) Prove that any positive integer can be written as the sum of distinct nonconsecutive Fibonacci numbers—if Fn appears in the sum, then neither Fn+1 nor Fn−1 will. (For
example: 42 = F9 + F6 , 25 = F8 + F4 + F2 , 17 = F7 + F4 + F2 .)
P
(c) Prove that any integer can be written in the form i ±3i , where the exponents i are
distinct non-negative integers. (For example: 42 = 34 − 33 − 32 − 31 , 25 = 33 − 31 + 30 ,
17 = 33 − 32 − 30 .)

◮2. [225/273] Sort the following functions from asymptotically smallest to largest, indicating
ties if there√ are any: n, lg n, lg lg∗ n, lg∗ lg n, lg∗ n, n lg n, lg(n lg n), nn/ lg n , nlg n , (lg n)n ,
√
1 n
1 n
) , (1 − 1000
) , lg1000 n, lg(1000) n, log1000 n,
(lg n)lg n , 2 lg n lg lg n , 2n , nlg lg n , 1000 n, (1 + 1000
n
lg 1000, 1.
[To simplify notation, write f (n) ≪ g(n) to mean f (n) = o(g(n)) and f (n) ≡ g(n) to
mean f (n) = Θ(g(n)). For example, the functions n2 , n, n2 , n3 could be sorted as follows:
n ≪ n2 ≡ n2 ≪ n3 .]
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3. [273/225] Solve the following recurrences. State tight asymptotic bounds for each function
in the form Θ(f (n)) for some recognizable function f (n). You do not need to turn in proofs
(in fact, please don’t turn in proofs), but you should do them anyway just for practice. Assume
reasonable (nontrivial) base cases. Extra credit will be given for more exact solutions.

◮(a) A(n) = A(n/2) + n
(b) B(n) = 2B(n/2) + n

◮(c) C(n) = 3C(n/2) + n
D(k) + D(n − k) + n
n/3<k<2n/3

◮(e) E(n) = min E(k) + E(n − k) + 1
(d) D(n) =

max



0<k<n

(f) F (n) = 4F (⌊n/2⌋ + 5) + n

◮(g) G(n) = G(n − 1) + 1/n
⋆ (h)

H(n) = H(n/2) + H(n/4) + H(n/6) + H(n/12) + n

[Hint:

1
2

+

1
4

+

1
6

+

1
12

= 1.]

◮⋆ (i)

I(n) = 2I(n/2) + n/ lg n
⋆ (j) J(n) = J(n − 1)
J(n − 2)

◮4. [273] Alice and Bob each have a fair n-sided die. Alice rolls her die once. Bob then repeatedly
throws his die until the number he rolls is at least as big as the number Alice rolled. Each
time Bob rolls, he pays Alice $1. (For example, if Alice rolls a 5, and Bob rolls a 4, then a 3,
then a 1, then a 5, the game ends and Alice gets $4. If Alice rolls a 1, then no matter what
Bob rolls, the game will end immediately, and Alice will get $1.)
Exactly how much money does Alice expect to win at this game? Prove that your answer
is correct. (If you have to appeal to “intuition” or “common sense”, your answer is probably
wrong.)

◮5. [225] George has a 26-node binary tree, with each node labeled by a unique letter of the
alphabet. The preorder and postorder sequences of nodes are as follows:
preorder: M N H C R S K W T G D X I Y A J P O E Z V B U L Q F
postorder: C W T K S G R H D N A O E P J Y Z I B Q L F U V X M
Draw George’s binary tree.

Only 1U Grad Problems
⋆ 1. [225/273] A tournament is a directed graph with exactly one edge between every pair of
vertices. (Think of the nodes as players in a round-robin tournament, where each edge points
from the winner to the loser.) A Hamiltonian path is a sequence of directed edges, joined end
to end, that visits every vertex exactly once.
Prove that every tournament contains at least one Hamiltonian path.
2

CS 373

Homework 0 (due 1/26/99)
2

Spring 1999

3

1

4

6

5

A six-vertex tournament containing the Hamiltonian path 6 → 4 → 5 → 2 → 3 → 1.

Practice Problems
1. [173/273] Recall the standard recursive definition of the Fibonacci numbers: F0 = 0, F1 = 1,
and Fn = Fn−1 + Fn−2 for all n ≥ 2. Prove the following identities for all positive integers
n and m.
(a) Fn is even if and only if n is divisible by 3.
n
P
(b)
Fi = Fn+2 − 1
(c)
⋆(d)

i=0
Fn2 −

Fn+1 Fn−1 = (−1)n+1

If n is an integer multiple of m, then Fn is an integer multiple of Fm .

2. [225/273]
(a) Prove that 2⌈lg n⌉+⌊lg n⌋ /n = Θ(n).

(b) Is 2⌊lg n⌋ = Θ 2⌈lg n⌉ ? Justify your answer.
⌈lg lg n⌉ 
⌊lg lg n⌋
? Justify your answer.
= Θ 22
(c) Is 22
3. [273]
(a) A domino is a 2 × 1 or 1 × 2 rectangle. How many different ways are there to completely
fill a 2 × n rectangle with n dominos?

(b) A slab is a three-dimensional box with dimensions 1 × 2 × 2, 2 × 1 × 2, or 2 × 2 × 1. How
many different ways are there to fill a 2 × 2 × n box with n slabs? Set up a recurrence
relation and give an exact closed-form solution.

A 2 × 10 rectangle filled with ten dominos, and a 2 × 2 × 10 box filled with ten slabs.

4. [273] Penn and Teller have a special deck of fifty-two cards, with no face cards and nothing
but clubs—the ace, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, . . . , 52 of clubs. (They’re big cards.) Penn
shuffles the deck until each each of the 52! possible orderings of the cards is equally likely. He
then takes cards one at a time from the top of the deck and gives them to Teller, stopping as
soon as he gives Teller the three of clubs.
3
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(a) On average, how many cards does Penn give Teller?
(b) On average, what is the smallest-numbered card that Penn gives Teller?
⋆ (c)

On average, what is the largest-numbered card that Penn gives Teller?

Prove that your answers are correct. (If you have to appeal to “intuition” or “common
sense”, your answers are probably wrong.) [Hint: Solve for an n-card deck, and then set n to
52.]

5. [273/225] Prove that for any nonnegative parameters a and b, the following algorithms
terminate and produce identical output.
S LOW E UCLID(a, b) :
if b > a
return S LOW E UCLID(b, a)
else if b == 0
return a
else
return S LOW E UCLID(a, b − a)

FAST E UCLID(a, b) :
if b == 0
return a
else
return FAST E UCLID(b, a mod b)
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CS 373: Combinatorial Algorithms, Spring 1999
http://www-courses.cs.uiuc.edu/~cs373
Homework 1 (due February 9, 1999 by noon)

Name:
Net ID:

Alias:

Everyone must do the problems marked ◮. Problems marked  are for 1-unit grad students
and others who want extra credit. (There’s no such thing as “partial extra credit”!) Unmarked
problems are extra practice problems for your benefit, which will not be graded. Think of them as
potential exam questions.
Hard problems are marked with a star; the bigger the star, the harder the problem.
Note: When a question asks you to “give/describe/present an algorithm”, you need to do four
things to receive full credit:
1. Design the most efficient algorithm possible. Significant partial credit will be given for less
efficient algorithms, as long as they are still correct, well-presented, and correctly analyzed.
2. Describe your algorithm succinctly, using structured English/pseudocode. We don’t want fullfledged compilable source code, but plain English exposition is usually not enough. Follow
the examples given in the textbooks, lectures, homeworks, and handouts.
3. Justify the correctness of your algorithm, including termination if that is not obvious.
4. Analyze the time and space complexity of your algorithm.

Undergrad/.75U Grad/1U Grad Problems
◮1. Consider the following sorting algorithm:
S TUPID S ORT(A[0 .. n − 1]) :
if n = 2 and A[0] > A[1]
swap A[0] ↔ A[1]
else if n > 2
m = ⌈2n/3⌉
S TUPID S ORT(A[0 .. m − 1])
S TUPID S ORT(A[n − m .. n − 1])
S TUPID S ORT(A[0 .. m − 1])
(a) Prove that S TUPID S ORT actually sorts its input.
(b) Would the algorithm still sort correctly if we replaced m = ⌈2n/3⌉ with m = ⌊2n/3⌋?
Justify your answer.
(c) State a recurrence (including the base case(s)) for the number of comparisons executed
by S TUPID S ORT.
1
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(d) Solve the recurrence, and prove that your solution is correct. [Hint: Ignore the ceiling.]
Does the algorithm deserve its name?

⋆ (e) Show that the number of swaps executed by S TUPID S ORT is at most n .
2

◮2. Some graphics hardware includes support for an operation called blit, or block transfer, which
quickly copies a rectangular chunk of a pixelmap (a two-dimensional array of pixel values)
from one location to another. This is a two-dimensional version of the standard C library
function memcpy().
Suppose we want to rotate an n × n pixelmap 90◦ clockwise. One way to do this is to
split the pixelmap into four n/2 × n/2 blocks, move each block to its proper position using
a sequence of five blits, and then recursively rotate each block. Alternately, we can first
recursively rotate the blocks and blit them into place afterwards.
C A
D B

A B
C D

A B
C D

B D
A C
Two algorithms for rotating a pixelmap.
Black arrows indicate blitting the blocks into place.
White arrows indicate recursively rotating the blocks.

The following sequence of pictures shows the first algorithm (blit then recurse) in action.

In the following questions, assume n is a power of two.
(a) Prove that both versions of the algorithm are correct.
(b) Exactly how many blits does the algorithm perform?
(c) What is the algorithm’s running time if a k × k blit takes O(k2 ) time?

(d) What if a k × k blit takes only O(k) time?
2
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◮3. Dynamic Programming: The Company Party
A company is planning a party for its employees. The organizers of the party want it to be a
fun party, and so have assigned a ‘fun’ rating to every employee. The employees are organized
into a strict hierarchy, i.e. a tree rooted at the president. There is one restriction, though, on
the guest list to the party: both an employee and their immediate supervisor (parent in the
tree) cannot both attend the party (because that would be no fun at all). Give an algorithm
that makes a guest list for the party that maximizes the sum of the ‘fun’ ratings of the guests.

◮4. Dynamic Programming: Longest Increasing Subsequence (LIS)
Give an O(n2 ) algorithm to find the longest increasing subsequence of a sequence of numbers.
Note: the elements of the subsequence need not be adjacent in the sequence. For example,
the sequence (1, 5, 3, 2, 4) has an LIS (1, 3, 4).

◮5. Nut/Bolt Median
You are given a set of n nuts and n bolts of different sizes. Each nut matches exactly one bolt
(and vice versa, of course). The sizes of the nuts and bolts are so similar that you cannot
compare two nuts or two bolts to see which is larger. You can, however, check whether a nut
is too small, too large, or just right for a bolt (and vice versa, of course).
In this problem, your goal is to find the median bolt (i.e., the ⌊n/2⌋th largest) as quickly
as possible.
(a) Describe an efficient deterministic algorithm that finds the median bolt. How many
nut-bolt comparisons does your algorithm perform in the worst case?
(b) Describe an efficient randomized algorithm that finds the median bolt.
i. State a recurrence for the expected number of nut/bolt comparisons your algorithm
performs.
ii. What is the probability that your algorithm compares the ith largest bolt with the
jth largest nut?
iii. What is the expected number of nut-bolt comparisons made by your algorithm?
[Hint: Use your answer to either of the previous two questions.]

Only 1U Grad Problems
1. You are at a political convention with n delegates. Each delegate is a member of exactly one
political party. It is impossible to tell which political party a delegate belongs to. However,
you can check whether any two delegates are in the same party or not by introducing them
to each other. (Members of the same party always greet each other with smiles and friendly
handshakes; members of different parties always greet each other with angry stares and
insults.)
(a) Suppose a majority (more than half) of the delegates are from the same political party.
Give an efficient algorithm that identifies a member of the majority party.
⋆ (b)

Suppose exactly k political parties are represented at the convention and one party has
a plurality: more delegates belong to that party than to any other. Give an efficient
algorithm that identifies a member of the plurality party.
3
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⋆ (c)

Suppose you don’t know how many parties there are, but you do know that one party
has a plurality, and at least p people in the plurality party are present. Present a practical procedure to pick a person from the plurality party as parsimoniously as possible.
(Please.)

⋆(d)

Finally, suppose you don’t know how many parties are represented at the convention,
and you don’t know how big the plurality is. Give an efficient algorithm to identify a
member of the plurality party. How is the running time of your algorithm affected by
the number of parties (k)? By the size of the plurality (p)?

Practice Problems
1. Second Smallest
Give an algorithm that finds the second smallest of n elements in at most n + ⌈lg n⌉ − 2
comparisons. Hint: divide and conquer to find the smallest; where is the second smallest?

2. Linear in-place 0-1 sorting
Suppose that you have an array of records whose keys to be sorted consist only of 0’s and 1’s.
Give a simple, linear-time O(n) algorithm to sort the array in place (using storage of no more
than constant size in addition to that of the array).

3. Dynamic Programming: Coin Changing
Consider the problem of making change for n cents using the least number of coins.
(a) Describe a greedy algorithm to make change consisting of quarters, dimes, nickels, and
pennies. Prove that your algorithm yields an optimal solution.
(b) Suppose that the available coins have the values c0 , c1 , . . . , ck for some integers c > 1
and k ≥ 1. Show that the greedy algorithm always yields an optimal solution.
(c) Give a set of 4 coin values for which the greedy algorithm does not yield an optimal
solution, show why.

(d) Give a dynamic programming algorithm that yields an optimal solution for an arbitrary
set of coin values.
(e) Prove that, with only two coins a, b whose gcd is 1, the smallest value n for which change
can be given for all values greater than or equal to n is (a − 1)(b − 1).

⋆(f)

For only three coins a, b, c whose gcd is 1, give an algorithm to determine the smallest
value n for which change can be given for all values greater than n. (note: this problem
is currently unsolved for n > 4.
4
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4. Dynamic Programming: Paragraph Justification
Consider the problem of printing a paragraph neatly on a printer (with fixed width font).
The input text is a sequence of n words of lengths l1 , l2 , . . . , ln . The line length is M (the
maximum # of characters per line). We expect that the paragraph is left justified, that all first
words on a line start at the leftmost position and that there is exactly one space between any
two words on the same line. We want the uneven right ends of all the lines to be together as
‘neat’ as possible. Our criterion of neatness is that we wish to minimize the sum, over all lines
except the last, of the cubes of the numbers of extra space characters at the ends of the lines.
Note: if a printed line contains
words i through j, then the number of spaces at the end of
Pj
the line is M − j + i − k=i lk .
(a) Give a dynamic programming algorithm to do this.
(b) Prove that if the neatness function is linear, a linear time greedy algorithm will give an
optimum ‘neatness’.

5. Comparison of Amortized Analysis Methods
A sequence of n operations is performed on a data structure. The ith operation costs i if i is
an exact power of 2, and 1 otherwise. That is operation i costs f (i), where:

i, i = 2k ,
f (i) =
1, otherwise
Determine the amortized cost per operation using the following methods of analysis:
(a) Aggregate method
(b) Accounting method
⋆ (c)

Potential method

5
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CS 373: Combinatorial Algorithms, Spring 1999
http://www-courses.cs.uiuc.edu/~cs373
Homework 2 (due Thu. Feb. 18, 1999 by noon)

Name:
Net ID:

Alias:

Everyone must do the problems marked I. Problems marked  are for 1-unit grad students
and others who want extra credit. (There’s no such thing as “partial extra credit”!) Unmarked
problems are extra practice problems for your benefit, which will not be graded. Think of them as
potential exam questions.
Hard problems are marked with a star; the bigger the star, the harder the problem.
Note: When a question asks you to “give/describe/present an algorithm”, you need to do four
things to receive full credit:
1. Design the most efficient algorithm possible. Significant partial credit will be given for less
efficient algorithms, as long as they are still correct, well-presented, and correctly analyzed.
2. Describe your algorithm succinctly, using structured English/pseudocode. We don’t want fullfledged compilable source code, but plain English exposition is usually not enough. Follow
the examples given in the textbooks, lectures, homeworks, and handouts.
3. Justify the correctness of your algorithm, including termination if that is not obvious.
4. Analyze the time and space complexity of your algorithm.

Undergrad/.75U Grad/1U Grad Problems
I1. Faster Longest Increasing Subsequence (LIS)
Give an O(n log n) algorithm to find the longest increasing subsequence of a sequence of
numbers. Hint: In the dynamic programming solution, you don’t really have to look back at
all previous items.

I2. S ELECT(A, k)
Say that a binary search tree is augmented if every node v also stores |v|, the size of its subtree.
(a) Show that a rotation in an augmented binary tree can be performed in constant time.
(b) Describe an algorithm S CAPEGOAT S ELECT(k) that selects the kth smallest item in an
augmented scapegoat tree in O(log n) worst-case time. (The scapegoat trees presented
in class were already augmented.)
(c) Describe an algorithm S PLAY S ELECT(k) that selects the kth smallest item in an augmented splay tree in O(log n) amortized time.
(d) Describe an algorithm T REAP S ELECT(k) that selects the kth smallest item in an augmented treap in O(log n) expected time.
1
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I3. Scapegoat trees
(a) Prove that only one tree gets rebalanced at any insertion.
(b) Prove that I(v) = 0 in every node of a perfectly balanced tree (I(v) = max(0, |v̂| − |v̌|),
where v̂ is the child of greater height and v̌ the child of lesser height, |v| is the number
of nodes in subtree v, and perfectly balanced means each subtree has as close to half the
leaves as possible and is perfectly balanced itself.
? (c)

Show that you can rebuild a fully balanced binary tree in O(n) time using only O(1)
additional memory.

I4. Memory Management
Suppose we can insert or delete an element into a hash table in constant time. In order to
ensure that our hash table is always big enough, without wasting a lot of memory, we will
use the following global rebuilding rules:
• After an insertion, if the table is more than 3/4 full, we allocate a new table twice as big
as our current table, insert everything into the new table, and then free the old table.
• After a deletion, if the table is less than 1/4 full, we we allocate a new table half as big
as our current table, insert everything into the new table, and then free the old table.
Show that for any sequence of insertions and deletions, the amortized time per operation
is still a constant. Do not use the potential method (it makes it much more difficult).

Only 1U Grad Problems
1. Detecting overlap
(a) You are given a list of ranges represented by min and max (e.g. [1,3], [4,5], [4,9], [6,8],
[7,10]). Give an O(n log n)-time algorithm that decides whether or not a set of ranges
contains a pair that overlaps. You need not report all intersections. If a range completely
covers another, they are overlapping, even if the boundaries do not intersect.
(b) You are given a list of rectangles represented by min and max x- and y- coordinates. Give
an O(n log n)-time algorithm that decides whether or not a set of rectangles contains a
pair that overlaps (with the same qualifications as above). Hint: sweep a vertical line
from left to right, performing some processing whenever an end-point is encountered.
Use a balanced search tree to maintain any extra info you might need.

2
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Practice Problems
1. Amortization
(a) Modify the binary double-counter (see class notes Feb. 2) to support a new operation
Sign, which determines whether the number being stored is positive, negative, or zero,
in constant time. The amortized time to increment or decrement the counter should still
be a constant.
[Hint: Suppose p is the number of significant bits in P , and n is the number of significant
bits in N . For example, if P = 17 = 100012 and N = 0, then p = 5 and n = 0. Then
p − n always has the same sign as P − N . Assume you can update p and n in O(1) time.]
? (b)
? 2.

Do the same but now you can’t assume that p and n can be updated in O(1) time.

Amortization
Suppose instead of powers of two, we represent integers as the sum of Fibonacci numbers.
In other words, instead of an array of bits, we keep an array of ”fits”, where the ith least
significant fit indicates whether the sum includes the ith Fibonacci number Fi . For example,
the fit string 101110 represents the number F6 + F4 + F3 + F2 = 8 + 3 + 2 + 1 = 14. Describe
algorithms to increment and decrement a fit string in constant amortized time. [Hint: Most
numbers can be represented by more than one fit string. This is not the same representation
as on Homework 0.]

3. Rotations
(a) Show that it is possible to transform any n-node binary search tree into any other n-node
binary search tree using at most 2n − 2 rotations.
? (b)

Use fewer than 2n − 2 rotations. Nobody knows how few rotations are required in the
worst case. There is an algorithm that can transform any tree to any other in at most
2n − 6 rotations, and there are pairs of trees that are 2n − 10 rotations apart. These are
the best bounds known.

4. Fibonacci Heaps: S ECOND M IN
We want to find the second smallest of a set efficiently.
(a) Implement S ECOND M IN by using a Fibonacci heap as a black box. Remember to justify
its correctness and running time.
? (b)

Modify the Fibonacci Heap data structure to implement S ECOND M IN in constant time.

5. Give an efficient implementation of the operation Fib-Heap-Change-Key(H, x, k), which changes
the key of a node x in a Fibonacci heap H to the value k. The changes you make to Fibonacci
heap data structure to support your implementation should not affect the amortized running
time of any other Fibonacci heap operations. Analyze the amortized running time of your
implementation for cases in which k is greater than, less than, or equal to key[x].
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CS 373: Combinatorial Algorithms, Spring 1999
http://www-courses.cs.uiuc.edu/~cs373
Homework 2 (due Thu. Feb. 18, 1999 by noon)

Name:
Net ID:

Alias:

Everyone must do the problems marked I. Problems marked  are for 1-unit grad students
and others who want extra credit. (There’s no such thing as “partial extra credit”!) Unmarked
problems are extra practice problems for your benefit, which will not be graded. Think of them as
potential exam questions.
Hard problems are marked with a star; the bigger the star, the harder the problem.
Note: When a question asks you to “give/describe/present an algorithm”, you need to do four
things to receive full credit:
1. Design the most efficient algorithm possible. Significant partial credit will be given for less
efficient algorithms, as long as they are still correct, well-presented, and correctly analyzed.
2. Describe your algorithm succinctly, using structured English/pseudocode. We don’t want fullfledged compilable source code, but plain English exposition is usually not enough. Follow
the examples given in the textbooks, lectures, homeworks, and handouts.
3. Justify the correctness of your algorithm, including termination if that is not obvious.
4. Analyze the time and space complexity of your algorithm.

Undergrad/.75U Grad/1U Grad Problems
I1. Faster Longest Increasing Subsequence (LIS)
Give an O(n log n) algorithm to find the longest increasing subsequence of a sequence of
numbers. Hint: In the dynamic programming solution, you don’t really have to look back at
all previous items.

I2. S ELECT(A, k)
Say that a binary search tree is augmented if every node v also stores |v|, the size of its subtree.
(a) Show that a rotation in an augmented binary tree can be performed in constant time.
(b) Describe an algorithm S CAPEGOAT S ELECT(k) that selects the kth smallest item in an
augmented scapegoat tree in O(log n) worst-case time. (The scapegoat trees presented
in class were already augmented.)
(c) Describe an algorithm S PLAY S ELECT(k) that selects the kth smallest item in an augmented splay tree in O(log n) amortized time.
(d) Describe an algorithm T REAP S ELECT(k) that selects the kth smallest item in an augmented treap in O(log n) expected time.
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I3. Scapegoat trees
(a) Prove that only one tree gets rebalanced at any insertion.
(b) Prove that I(v) = 0 in every node of a perfectly balanced tree (I(v) = max(0, |v̂| − |v̌|),
where v̂ is the child of greater height and v̌ the child of lesser height, |v| is the number
of nodes in subtree v, and perfectly balanced means each subtree has as close to half the
leaves as possible and is perfectly balanced itself.
? (c)

Show that you can rebuild a fully balanced binary tree in O(n) time using only O(1)
additional memory.

I4. Memory Management
Suppose we can insert or delete an element into a hash table in constant time. In order to
ensure that our hash table is always big enough, without wasting a lot of memory, we will
use the following global rebuilding rules:
• After an insertion, if the table is more than 3/4 full, we allocate a new table twice as big
as our current table, insert everything into the new table, and then free the old table.
• After a deletion, if the table is less than 1/4 full, we we allocate a new table half as big
as our current table, insert everything into the new table, and then free the old table.
Show that for any sequence of insertions and deletions, the amortized time per operation
is still a constant. Do not use the potential method (it makes it much more difficult).

Only 1U Grad Problems
1. Detecting overlap
(a) You are given a list of ranges represented by min and max (e.g. [1,3], [4,5], [4,9], [6,8],
[7,10]). Give an O(n log n)-time algorithm that decides whether or not a set of ranges
contains a pair that overlaps. You need not report all intersections. If a range completely
covers another, they are overlapping, even if the boundaries do not intersect.
(b) You are given a list of rectangles represented by min and max x- and y- coordinates. Give
an O(n log n)-time algorithm that decides whether or not a set of rectangles contains a
pair that overlaps (with the same qualifications as above). Hint: sweep a vertical line
from left to right, performing some processing whenever an end-point is encountered.
Use a balanced search tree to maintain any extra info you might need.
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Practice Problems
1. Amortization
(a) Modify the binary double-counter (see class notes Feb. 2) to support a new operation
Sign, which determines whether the number being stored is positive, negative, or zero,
in constant time. The amortized time to increment or decrement the counter should still
be a constant.
[Hint: Suppose p is the number of significant bits in P , and n is the number of significant
bits in N . For example, if P = 17 = 100012 and N = 0, then p = 5 and n = 0. Then
p − n always has the same sign as P − N . Assume you can update p and n in O(1) time.]
? (b)
? 2.

Do the same but now you can’t assume that p and n can be updated in O(1) time.

Amortization
Suppose instead of powers of two, we represent integers as the sum of Fibonacci numbers.
In other words, instead of an array of bits, we keep an array of ”fits”, where the ith least
significant fit indicates whether the sum includes the ith Fibonacci number Fi . For example,
the fit string 101110 represents the number F6 + F4 + F3 + F2 = 8 + 3 + 2 + 1 = 14. Describe
algorithms to increment and decrement a fit string in constant amortized time. [Hint: Most
numbers can be represented by more than one fit string. This is not the same representation
as on Homework 0.]

3. Rotations
(a) Show that it is possible to transform any n-node binary search tree into any other n-node
binary search tree using at most 2n − 2 rotations.
? (b)

Use fewer than 2n − 2 rotations. Nobody knows how few rotations are required in the
worst case. There is an algorithm that can transform any tree to any other in at most
2n − 6 rotations, and there are pairs of trees that are 2n − 10 rotations apart. These are
the best bounds known.

4. Fibonacci Heaps: S ECOND M IN
We want to find the second smallest of a set efficiently.
(a) Implement S ECOND M IN by using a Fibonacci heap as a black box. Remember to justify
its correctness and running time.
? (b)

Modify the Fibonacci Heap data structure to implement S ECOND M IN in constant time.

5. Give an efficient implementation of the operation Fib-Heap-Change-Key(H, x, k), which changes
the key of a node x in a Fibonacci heap H to the value k. The changes you make to Fibonacci
heap data structure to support your implementation should not affect the amortized running
time of any other Fibonacci heap operations. Analyze the amortized running time of your
implementation for cases in which k is greater than, less than, or equal to key[x].
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CS 373: Combinatorial Algorithms, Spring 1999
http://www-courses.cs.uiuc.edu/~cs373
Homework 3 (due Thu. Mar. 11, 1999 by noon)

Name:
Net ID:

Alias:

Everyone must do the problems marked ◮. Problems marked  are for 1-unit grad students
and others who want extra credit. (There’s no such thing as “partial extra credit”!) Unmarked
problems are extra practice problems for your benefit, which will not be graded. Think of them as
potential exam questions.
Hard problems are marked with a star; the bigger the star, the harder the problem.
Note: When a question asks you to “give/describe/present an algorithm”, you need to do four
things to receive full credit:
1. (New!) If not already done, model the problem appropriately. Often the problem is stated in
real world terms; give a more rigorous description of the problem. This will help you figure
out what is assumed (what you know and what is arbitrary, what operations are and are not
allowed), and find the tools needed to solve the problem.
2. Design the most efficient algorithm possible. Significant partial credit will be given for less
efficient algorithms, as long as they are still correct, well-presented, and correctly analyzed.
3. Describe your algorithm succinctly, using structured English/pseudocode. We don’t want fullfledged compilable source code, but plain English exposition is usually not enough. Follow
the examples given in the textbooks, lectures, homeworks, and handouts.
4. Justify the correctness of your algorithm, including termination if that is not obvious.
5. Analyze the time and space complexity of your algorithm.

Undergrad/.75U Grad/1U Grad Problems
◮1. Hashing
(a) (2 pts) Consider an open-address hash table with uniform hashing and a load factor
α = 1/2. What is the expected number of probes in an unsuccessful search? Successful
search?
(b) (3 pts) Let the hash function for a table of size m be

√

h(x) = ⌊Amx⌋ mod m

where A = φ̂ = 5−1
2 . Show that this gives the best possible spread, i.e. if the x are
hashed in order, x + 1 will be hashed in the largest remaining contiguous interval.
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◮2. (5 pts) Euler Tour:
Given an undirected graph G = (V, E), give an algorithm that finds a cycle in the graph that
visits every edge exactly once, or says that it can’t be done.

◮3. (5 pts) Makefiles:
In order to facilitate recompiling programs from multiple source files when only a small number of files have been updated, there is a UNIX utility called ‘make’ that only recompiles those
files that were changed, and any intermediate files in the compiliation that depend on those
changed. Design an algorithm to recompile only those necessary.

◮4. (5 pts) Shortest Airplane Trip:
A person wants to fly from city A to city B in the shortest possible time. S/he turns to the
traveling agent who knows all the departure and arrival times of all the flights on the planet.
Give an algorithm that will allow the agent to choose an optimal route. Hint: rather than
modify Dijkstra’s algorithm, modify the data. The time is from departure to arrival at the
destination, so it will include layover time (time waiting for a connecting flight).

◮5. (9 pts, 3 each) Minimum Spanning Tree changes Suppose you have a graph G and an MST of
that graph (i.e. the MST has already been constructed).
(a) Give an algorithm to update the MST when an edge is added to G.
(b) Give an algorithm to update the MST when an edge is deleted from G.
(c) Give an algorithm to update the MST when a vertex (and possibly edges to it) is added
to G.

Only 1U Grad Problems
1. Nesting Envelopes
You are given an unlimited number of each of n different types of envelopes. The dimensions
of envelope type i are xi × yi . In nesting envelopes inside one another, you can place envelope
A inside envelope B if and only if the dimensions A are strictly smaller than the dimensions
of B. Design and analyze an algorithm to determine the largest number of envelopes that can
be nested inside one another.

2

CS 373

Homework 3 (due 3/11/99)

Spring 1999

Practice Problems
1. The incidence matrix of an undirected graph G = (V, E) is a |V | × |E| matrix B = (bij ) such
that

1 (i, j) ∈ E,
bij =
0 (i, j) ∈
/ E.
(a) Describe what all the entries of the matrix product BB T represent (B T is the matrix
transpose). Justify.
(b) Describe what all the entries of the matrix product B T B represent. Justify.
⋆(c)

Let C = BB T − 2A. Let C ′ be C with the first row and column removed. Show that
det C ′ is the number of spanning trees. (A is the adjacency matrix of G, with zeroes on
the diagonal).

2. o(V 2 ) Adjacency Matrix Algorithms

(a) Give an O(V ) algorithm to decide whether a directed graph contains a sink in an adjacency matrix representation. A sink is a vertex with in-degree V − 1.

(b) An undirected graph is a scorpion if it has a vertex of degree 1 (the sting) connected
to a vertex of degree two (the tail) connected to a vertex of degree V − 2 (the body)
connected to the other V − 3 vertices (the feet). Some of the feet may be connected to
other feet.
Design an algorithm that decides whether a given adjacency matrix represents a scorpion
by examining only O(V ) of the entries.
(c) Show that it is impossible to decide whether G has at least one edge in O(V ) time.
3. Shortest Cycle:
Given an undirected graph G = (V, E), and a weight function f : E → R on the edges, give
an algorithm that finds (in time polynomial in V and E) a cycle of smallest weight in G.
4. Longest Simple Path:
Let graph G = (V, E), |V | = n . A simple path of G, is a path that does not contain the same
vertex twice. Use dynamic programming to design an algorithm (not polynomial time) to
find a simple path of maximum length in G. Hint: It can be done in O(nc 2n ) time, for some
constant c.
5. Minimum Spanning Tree:
Suppose all edge weights in a graph G are equal. Give an algorithm to compute an MST.
6. Transitive reduction:
Give an algorithm to construct a transitive reduction of a directed graph G, i.e. a graph GT R
with the fewest edges (but with the same vertices) such that there is a path from a to b in G
iff there is also such a path in GT R .
0
1
2
3
4
295 +234 +173 +112 +51

7. (a) What is 52

mod 6?
3
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(b) What is the capital of Nebraska? Hint: It is not Omaha. It is named after a famous
president of the United States that was not George Washington. The distance from the
Earth to the Moon averages roughly 384,000 km.
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CS 373: Combinatorial Algorithms, Spring 1999
http://www-courses.cs.uiuc.edu/~cs373
Homework 4 (due Thu. Apr. 1, 1999 by noon)

Name:
Net ID:

Alias:

Everyone must do the problems marked ◮. Problems marked  are for 1-unit grad students
and others who want extra credit. (There’s no such thing as “partial extra credit”!) Unmarked
problems are extra practice problems for your benefit, which will not be graded. Think of them as
potential exam questions.
Hard problems are marked with a star; the bigger the star, the harder the problem.
Note: When a question asks you to “give/describe/present an algorithm”, you need to do four
things to receive full credit:
1. (New!) If not already done, model the problem appropriately. Often the problem is stated in
real world terms; give a more rigorous description of the problem. This will help you figure
out what is assumed (what you know and what is arbitrary, what operations are and are not
allowed), and find the tools needed to solve the problem.
2. Design the most efficient algorithm possible. Significant partial credit will be given for less
efficient algorithms, as long as they are still correct, well-presented, and correctly analyzed.
3. Describe your algorithm succinctly, using structured English/pseudocode. We don’t want fullfledged compilable source code, but plain English exposition is usually not enough. Follow
the examples given in the textbooks, lectures, homeworks, and handouts.
4. Justify the correctness of your algorithm, including termination if that is not obvious.
5. Analyze the time and space complexity of your algorithm.

Undergrad/.75U Grad/1U Grad Problems
◮1. (5 pts total) Collinearity
Give an O(n2 log n) algorithm to determine whether any three points of a set of n points are
collinear. Assume two dimensions and exact arithmetic.

◮2. (4 pts, 2 each) Convex Hull Recurrence
Consider the following generic recurrence for convex hull algorithms that divide and conquer:
T (n, h) = T (n1 , h1 ) + T (n2 , h2 ) + O(n)
where n ≥ n1 + n2 , h = h1 + h2 and n ≥ h. This means that the time to compute the convex
hull is a function of both n, the number of input points, and h, the number of convex hull
vertices. The splitting and merging parts of the divide-and-conquer algorithm take O(n) time.
When n is a constant, T (n, h) is O(1), but when h is a constant, T (n, h) is O(n). Prove that
for both of the following restrictions, the solution to the recurrence is O(n log h):
1
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(a) h1 , h2 < 43 h
(b) n1 , n2 < 34 n

◮3. (5 pts) Circle Intersection
Give an O(n log n) algorithm to test whether any two circles in a set of size n intersect.

◮4. (5 pts total) Staircases
You are given a set of points in the first quadrant. A left-up point of this set is defined to be a
point that has no points both greater than it in both coordinates. The left-up subset of a set
of points then forms a staircase (see figure).

(a) (3 pts) Give an O(n log n) algorithm to find the staircase of a set of points.
(b) (2 pts) Assume that points are chosen uniformly at random within a rectangle. What is
the average number of points in a staircase? Justify. Hint: you will be able to give an
exact answer rather than just asymptotics. You have seen the same analysis before.

Only 1U Grad Problems
1. (6 pts, 2 each) Ghostbusters and Ghosts
A group of n ghostbusters is battling n ghosts. Each ghostbuster can shoot a single energy
beam at a ghost, eradicating it. A stream goes in a straight line and terminates when it hits a
ghost. The ghostbusters must all fire at the same time and no two energy beams may cross.
The positions of the ghosts and ghostbusters is fixed in the plane (assume that no three points
are collinear).
(a) Prove that for any configuration ghosts and ghostbusters there exists such a non-crossing
matching.
(b) Show that there exists a line passing through one ghostbuster and one ghost such that
the number of ghostbusters on one side of the line equals the number of ghosts on the
same side. Give an efficient algorithm to find such a line.
(c) Give an efficient divide and conquer algorithm to pair ghostbusters and ghosts so that
no two streams cross.
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Practice Problems
1. Basic Computation (assume two dimensions and exact arithmetic)
(a) Intersection: Extend the basic algorithm to determine if two line segments intersect by
taking care of all degenerate cases.
(b) Simplicity: Give an O(n log n) algorithm to determine whether an n-vertex polygon is
simple.
(c) Area: Give an algorithm to compute the area of a simple n-polygon (not necessarily
convex) in O(n) time.
(d) Inside: Give an algorithm to determine whether a point is within a simple n-polygon
(not necessarily convex) in O(n) time.
2. External Diagonals and Mouths
(a) A pair of polygon vertices defines an external diagonal if the line segment between them
is completely outside the polygon. Show that every nonconvex polygon has at least one
external diagonal.
(b) Three consective polygon vertices p, q, r form a mouth if p and r define an external
diagonal. Show that every nonconvex polygon has at least one mouth.
3. On-Line Convex Hull
We are given the set of points one point at a time. After receiving each point, we must
compute the convex hull of all those points so far. Give an algorithm to solve this problem
in O(n2 ) (We could obviously use Graham’s scan n times for an O(n2 log n) algorithm). Hint:
How do you maintain the convex hull?
4. Another On-Line Convex Hull Algorithm
(a) Given an n-polygon and a point outside the polygon, give an algorithm to find a tangent.
⋆ (b)

Suppose you have found both tangents. Give an algorithm to remove the points from
the polygon that are within the angle formed by the tangents (as segments!) and the
opposite side of the polygon.

(c) Use the above to give an algorithm to compute the convex hull on-line in O(n log n)
⋆5.

Order of the size of the convex hull
The convex hull on n ≥ 3 points can have anywhere from 3 to n points. The average case
depends on the distribution.
(a) Prove that if a set of points is chosen randomly within a given rectangle. then the average
size of the convex hull is O(log n).
(b) Prove that if a set of points is chosen randomly within a given circle. then the average
√
size of the convex hull is O( n).
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Homework 5 (due Thu. Apr. 22, 1999 by noon)

Name:
Net ID:

Alias:

Everyone must do the problems marked I. Problems marked  are for 1-unit grad students
and others who want extra credit. (There’s no such thing as “partial extra credit”!) Unmarked
problems are extra practice problems for your benefit, which will not be graded. Think of them as
potential exam questions.
Hard problems are marked with a star; the bigger the star, the harder the problem.
Note: You will be held accountable for the appropriate responses for answers (e.g. give models,
proofs, analyses, etc)

Undergrad/.75U Grad/1U Grad Problems
I1. (5 pts) Show how to find the occurrences of pattern P in text T by computing the prefix
function of the string P T (the concatenation of P and T ).

I2. (10 pts total) Fibonacci strings and KMP matching
Fibonacci strings are defined as follows:
F1 = “b”,

F2 = “a”,

and Fn = Fn−1 Fn−2 , (n > 2)

where the recursive rule uses concatenation of strings, so F2 is “ab”, F3 is “aba”. Note that
the length of Fn is the nth Fibonacci number.
(a) (2 pts) Prove that in any Fibonacci string there are no two b’s adjacent and no three a’s.
(b) (2 pts) Give the unoptimized and optimized ‘prefix’ (fail) function for F7 .
(c) (3 pts) Prove that, in searching for a Fibonacci string√of length m using unoptimized
KMP, it may shift up to dlogφ me times, where φ = (1 + 5)/2, is the golden ratio. (Hint:
Another way of saying the above is that we are given the string Fn and we may have to
shift n times. Find an example text T that gives this number of shifts).
(d) (3 pts) What happens here when you use the optimized prefix function? Explain.

I3. (5 pts) Prove that finding the second smallest of n elements takes n + dlg ne − 2 comparisons
in the worst case. Prove for both upper and lower bounds. Hint: find the (first) smallest using
an elimination tournament.

I4. (4 pts, 2 each) Lower Bounds on Adjacency Matrix Representations of Graphs
(a) Prove that the time to determine if an undirected graph has a cycle is Ω(V 2 ).
1
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(b) Prove that the time to determine if there is a path between two nodes in an undirected
graph is Ω(V 2 ).

Only 1U Grad Problems
1. (5 pts) Prove that d3n/2e − 2 comparisons are necessary in the worst case to find both the
minimum and maximum of n numbers. Hint: Consider how many are potentially either the
min or max.

Practice Problems
1. String matching with wild-cards
Suppose you have an alphabet for patterns that includes a ‘gap’ or wild-card character; any
length string of any characters can match this additional character. For example if ‘∗’ is the
wild-card, then the pattern ‘foo*bar*nad’ can be found in ‘foofoowangbarnad’. Modify the
computation of the prefix function to correctly match strings using KMP.
2. Prove that there is no comparison sort whose running time is linear for at least 1/2 of the n!
inputs of length n. What about at least 1/n? What about at least 1/2n ?.
3. Prove that 2n − 1 comparisons are necessary in the worst case to merge two sorted lists
containing n elements each.
4. Find asymptotic upper and lower bounds to lg(n!) without Stirling’s approximation (Hint: use
integration).
5. Given a sequence of n elements of n/k blocks (k elements per block) all elements in a block
are less than those to the right in sequence, show that you cannot have the whole sequence
sorted in better than Ω(n lg k). Note that the entire sequence would be sorted if each of the
n/k blocks were individually sorted in place. Also note that combining the lower bounds for
each block is not adequate (that only gives an upper bound).
6. Some elementary reductions
(a) Prove that if you can decide whether a graph G has a clique of size k (or less) then you
can decide whether a graph G0 has an independent set of size k (or more).
(b) Prove that if you can decide whether one graph G1 is a subgraph of another graph G2
then you can decide whether a graph G has a clique of size k (or less).
7. There is no Proof but We are pretty Sure
Justify (prove) the following logical rules of inference:
(a) Classical - If a → b and a hold, then b holds.
(b) Fuzzy - Prove: If a → b holds, and a holds with probability p, then b holds with probability less than p. Assume all probabilities are independent.
(c) Give formulas for computing the probabilities of the fuzzy logical operators ‘and’, ‘or’,
‘not’, and ‘implies’, and fill out truth tables with the values T (true, p = 1), L (likely,
p = 0.9), M (maybe, p = 0.5), N (not likely, p = 0.1), and F (false, p = 0).
2
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(d) If you have a poly time (algorithmic) reduction from problem B to problem A (i.e. you
can solve B using A with a poly time conversion), and it is very unlikely that A has
better than lower bound Ω(2n ) algorithm, what can you say about problem A. Hint: a
solution to A implies a solution to B.
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CS 373: Combinatorial Algorithms, Spring 1999
Midterm 1 (February 23, 1999)

Name:
Net ID:

Alias:

This is a closed-book, closed-notes exam!
If you brought anything with you besides writing instruments and your
′′
8 12 × 11′′ cheat sheet, please leave it at the front of the classroom.

• Don’t panic!
• Print your name, netid, and alias in the boxes above, and print your name at the top of every
page.
• Answer four of the five questions on the exam. Each question is worth 10 points. If you
answer more than four questions, the one with the lowest score will be ignored. 1-unit
graduate students must answer question #5.
• Please write your answers on the front of the exam pages. Use the backs of the pages as
scratch paper. Let us know if you need more paper.
• Read the entire exam before writing anything. Make sure you understand what the questions
are asking. If you give a beautiful answer to the wrong question, you’ll get no credit. If any
question is unclear, please ask one of us for clarification.
• Don’t spend too much time on any single problem. If you get stuck, move on to something
else and come back later.
• Write something down for every problem. Don’t panic and erase large chunks of work. Even
if you think it’s nonsense, it might be worth partial credit.
• Don’t panic!

# Score Grader
1
2
3
4
5

Name:

CS 373 Midterm 1

1. Multiple Choice
Every question below has one of the following answers.
(a) Θ(1)

(b) Θ(log n)

(c) Θ(n)

(d) Θ(n log n)

(e) Θ(n2 )

For each question, write the letter that corresponds to your answer. You do not need to justify
your answer. Each correct answer earns you 1 point, but each incorrect answer costs you 12
point. (You cannot score below zero.)

What is

n
P

i?

i=1

What is

n 1
P
?
i=1 i

What is the solution of the recurrence T (n) = T

√ 
n + n?

What is the solution of the recurrence T (n) = T (n − 1) + lg n?
What is the solution of the recurrence T (n) = 2T

 n+27 
2

√
+ 5n − 7 lg n +

1999
n ?

The amortized time for inserting one item into an n-node splay tree is O(log n). What is
the worst-case time for a sequence of n insertions into an initially empty splay tree?
The expected time for inserting one item into an n-node randomized treap is O(log n).
What is the worst-case time for a sequence of n insertions into an initially empty treap?
What is the worst-case running time of randomized quicksort?
How many bits are there in the binary representation of the nth Fibonacci number?
What is the worst-case cost of merging two arbitrary splay trees with n items total into
a single splay tree with n items.
Suppose you correctly identify three of the answers to this question as obviously wrong.
If you pick one of the two remaining answers at random, what is your expected score
for this problem?

1
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2. (a) [5 pt] Recall that a binomial tree of order k, denoted Bk , is defined recursively as
follows. B0 is a single node. For any k > 0, Bk consists of two copies of Bk−1 linked
together.
Prove that the degree of any node in a binomial tree is equal to its height.
(b) [5 pt] Recall that a Fibonacci tree of order k, denoted Fk , is defined recursively as
follows. F1 and F2 are both single nodes. For any k > 2, Fk consists of an Fk−2 linked
to an Fk−1 .
Prove that for any node v in a Fibonacci tree, height(v) = ⌈degree(v)/2⌉.
Bk

Fk

B k−1
B k−1

Fk−2

Fk−1

Recursive definitions of binomial trees and Fibonacci trees.
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3. Consider the following randomized algorithm for computing the smallest element in an array.
R ANDOM M IN(A[1 .. n]):
min ← ∞
for i ← 1 to n in random order
if A[i] < min
min ← A[i] (⋆)
return min

(a) [1 pt] In the worst case, how many times does R ANDOM M IN execute line (⋆)?
(b) [3 pt] What is the probability that line (⋆) is executed during the nth iteration of the for
loop?
(c) [6 pt] What is the exact expected number of executions of line (⋆)? (A correct Θ()
bound is worth 4 points.)
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4. Suppose we have a stack of n pancakes of different sizes. We want to sort the pancakes so
that smaller pancakes are on top of larger pancakes. The only operation we can perform is a
flip — insert a spatula under the top k pancakes, for some k between 1 and n, and flip them
all over.

Flipping the top three pancakes

(a) [3 pt] Describe an algorithm to sort an arbitrary stack of n pancakes.
(b) [3 pt] Prove that your algorithm is correct.
(c) [2 pt] Exactly how many flips does your algorithm perform in the worst case? (A correct
Θ() bound is worth one point.)
(d) [2 pt] Suppose one side of each pancake is burned. Exactly how many flips do you
need to sort the pancakes and have the burned side of every pancake on the bottom? (A
correct Θ() bound is worth one point.)

4
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5. You are given an array A[1 .. n] of integers. Describe and analyze an algorithm that finds the
largest sum of of elements in a contiguous subarray A[i .. j].
For example, if the array contains the numbers (−6, 12, −7, 0, 14, −7, 5), then the largest sum
is 19 = 12 − 7 + 0 + 14.
−6 12 −7 0 14 −7 5
|
{z
}
19

To get full credit, your algorithm must run in Θ(n) time — there are at least three different
ways to do this. An algorithm that runs in Θ(n2 ) time is worth 7 points.
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Name:
Net ID:

Alias:

This is a closed-book, closed-notes exam!
If you brought anything with you besides writing instruments and your
′′
8 12 × 11′′ cheat sheet, please leave it at the front of the classroom.

• Don’t panic!
• Print your name, netid, and alias in the boxes above, and print your name at the top of every
page.
• Answer four of the five questions on the exam. Each question is worth 10 points. If you
answer more than four questions, the one with the lowest score will be ignored. 1-unit
graduate students must answer question #5.
• Please write your answers on the front of the exam pages. You can use the backs of the pages
as scratch paper. Let us know if you need more paper.
• Read the entire exam before writing anything. Make sure you understand what the questions
are asking. If you give a beautiful answer to the wrong question, you’ll get no credit. If any
question is unclear, please ask one of us for clarification.
• Don’t spend too much time on any single problem. If you get stuck, move on to something
else and come back later.
• Write something down for every problem. Don’t panic and erase large chunks of work. Even
if you think it’s nonsense, it might be worth partial credit.
• Don’t panic!

# Score Grader
1
2
3
4
5

Name:

CS 373 Midterm 2

1. Bipartite Graphs
A graph (V, E) is bipartite if the vertices V can be partitioned into two subsets L and R, such
that every edge has one vertex in L and the other in R.
(a) Prove that every tree is a bipartite graph.
(b) Describe and analyze an efficient algorithm that determines whether a given connected,
undirected graph is bipartite.

1

Name:

CS 373 Midterm 2

2. Manhattan Skyline
The purpose of the following problem is to compute the outline of a projection of rectangular
buildings. You are given the height, width, and left x-coordinate of n rectangles. The bottom
of each rectangle is on the x-axis. Describe and analyze an efficient algorithm to compute the
vertices of the “skyline”.

A set of rectangles and its skyline.

2
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3. Least Cost Vertex Weighted Path
Suppose you want to drive from Champaign to Los Angeles via a network of roads connecting
cities. You don’t care how long it takes, how many cities you visit, or how much gas you use.
All you care about is how much money you spend on food. Each city has a possibly different,
but fixed, value for food.
More formally, you are given a directed graph G = (V, E) with nonnegative weights on the
vertices w : V → IR+ , a source vertex s ∈ V , and a target vertex t ∈ V . Describe and analyze
an efficient algorithm to find a minimum-weight path from s to t. [Hint: Modify the graph.]

3
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4. Union-Find with Alternate Rule
In the U NION -F IND data structure described in CLR and in class, each set is represented by a
rooted tree. The U NION algorithm, given two sets, decides which set is to be the parent of the
other by comparing their ranks, where the rank of a set is an upper bound on the height of
its tree.
Instead of rank, we propose using the weight of the set, which is just the number of nodes in
the set. Here’s the modified U NION algorithm:
U NION(A, B):
if weight(A) > weight(B)
parent(B) ← A
weight(A) ← weight(A) + weight(B)
else
parent(A) ← B
weight(B) ← weight(A) + weight(B)

Prove that if we use this method, then after any sequence of n M AKE S ETs, U NIONs, and F INDs
(with path compression), the height of the tree representing any set is O(log n).
[Hint: First prove it without path compression, and then argue that path compression doesn’t
matter (for this problem).]

4
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5. Motorcycle Collision
One gang, Hell’s Ordinates, start west of the arena facing directly east; the other, The Vicious
Abscissas of Death, start south of the arena facing due north. All the motorcycles start moving
simultaneously at a prearranged signal. Each motorcycle moves at a fixed speed—no speeding
up, slowing down, or turning is allowed. Each motorcycle leaves an oil trail behind it. If
another motorcycle crosses that trail, it falls over and stops leaving a trail.
More formally, we are given two sets H and V , each containing n motorcycles. Each motorcycle is represented by three numbers (s, x, y): its speed and the x- and y-coordinates of its
initial location. Bikes in H move horizontally; bikes in V move vertically.
Assume that the bikes are infinitely small points, that the bike trails are infinitely thin lie
segments, that a bike crashes stops exactly when it hits a oil trail, and that no two bikes
collide with each other.

Two sets of motorcycles and the oil trails they leave behind.

(a) Solve the case n = 1. Given only two motorcycles moving perpendicular to each other,
determine which one of them falls over and where in O(1) time.
(b) Describe an efficient algorithm to find the set of all points where motorcycles fall over.

5
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5. Motorcycle Collision (continued)
Incidentally, the movie Tron is being shown during Roger Ebert’s Forgotten Film Festival at
the Virginia Theater in Champaign on April 25. Get your tickets now!
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CS 373: Combinatorial Algorithms, Spring 1999
Final Exam (May 7, 1999)

Name:
Net ID:

Alias:

This is a closed-book, closed-notes exam!
If you brought anything with you besides writing instruments and your
′′
two 8 12 × 11′′ cheat sheets, please leave it at the front of the classroom.

• Print your name, netid, and alias in the boxes above, and print your name at the top of every
page.
• Answer six of the seven questions on the exam. Each question is worth 10 points. If
you answer every question, the one with the lowest score will be ignored. 1-unit graduate
students must answer question #7.
• Please write your answers on the front of the exam pages. Use the backs of the pages as
scratch paper. Let us know if you need more paper.
• Read the entire exam before writing anything. Make sure you understand what the questions
are asking. If you give a beautiful answer to the wrong question, you’ll get no credit. If any
question is unclear, please ask one of us for clarification.
• Don’t spend too much time on any single problem. If you get stuck, move on to something
else and come back later.
• Write something down for every problem. Don’t panic and erase large chunks of work. Even
if you think it’s nonsense, it might be worth partial credit.

# Score Grader
1
2
3
4
5
6
7

Name:

CS 373 Final Exam

1. Short Answer
sorting
randomized algorithm
binary search
convex hull
shortest path
string matching

induction
amortization
depth-first search
sweep line
adversary argument
evasive graph property

Master theorem
brute force
splay tree
minimum spanning tree
NP-hard
dynamic programming

divide and conquer
hashing
Fibonacci heap
shortest paths
reduction
Hn

Choose from the list above the best method for solving each of the following problems. We do
not want complete solutions, just a short description of the proper solution technique! Each
item is worth 1 point.
(a) Given a Champaign phone book, find your own phone number.
(b) Given a collection of n rectangles in the plane, determine whether any two intersect in
O(n log n) time.
(c) Given an undirected graph G and an integer k, determine if G has a complete subgraph
with k edges.
(d) Given an undirected graph G, determine if G has a triangle — a complete subgraph with
three vertices.
(e) Prove that any n-vertex graph with minimum degree at least n/2 has a Hamiltonian
cycle.
(f) Given a graph G and three distinguished vertices u, v, and w, determine whether G
contains a path from u to v that passes through w.
(g) Given a graph G and two distinguished vertices u and v, determine whether G contains
a path from u to v that passes through at most 17 edges.
(h) Solve the recurrence T (n) = 5T (n/17) + O(n4/3 ).
(i) Solve the recurrence T (n) = 1/n + T (n − 1), where T (0) = 0.

(j) Given an array of n integers, find the integer that appears most frequently in the array.

(a)

(f)

(b)

(g)

(c)

(h)

(d)

(i)

(e)

(j)

1
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2. Convex Layers
Given a set Q of points in the plane, define the convex layers of Q inductively as follows: The
first convex layer of Q is just the convex hull of Q. For all i > 1, the ith convex layer is the
convex hull of Q after the vertices of the first i − 1 layers have been removed.

Give an O(n2 )-time algorithm to find all convex layers of a given set of n points. [Partial
credit for a correct slower algorithm; extra credit for a correct faster algorithm.]

A set of points with four convex layers.

2
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3. Suppose you are given an array of n numbers, sorted in increasing order.
(a) [3 pts] Describe an O(n)-time algorithm for the following problem:
Find two numbers from the list that add up to zero, or report that there is no such pair.
In other words, find two numbers a and b such that a + b = 0.
(b) [7 pts] Describe an O(n2 )-time algorithm for the following problem:
Find three numbers from the list that add up to zero, or report that there is no such
triple. In other words, find three numbers a, b, and c, such that a + b + c = 0. [Hint: Use
something similar to part (a) as a subroutine.]

3
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CS 373 Final Exam

4. Pattern Matching
(a) [4 pts] A cyclic rotation of a string is obtained by chopping off a prefix and gluing it at the
end of the string. For example, ALGORITHM is a cyclic shift of RITHMALGO. Describe
and analyze an algorithm that determines whether one string P [1 .. m] is a cyclic rotation
of another string T [1 .. n].
(b) [6 pts] Describe and analyze an algorithm that decides, given any two binary trees P
and T , whether P equals a subtree of T . [Hint: First transform both trees into strings.]
P

T

P occurs exactly once as a subtree of T .

4
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5. Two-stage Sorting
(a) [1 pt] Suppose we are given an array A[1 .. n] of distinct integers. Describe an algorithm
that splits A into n/k subarrays, each with k elements, such that the elements of each
subarray A[(i − 1)k + 1 .. ik] are sorted. Your algorithm should run in O(n log k) time.

(b) [2 pts] Given an array A[1 .. n] that is already split into n/k sorted subarrays as in part
(a), describe an algorithm that sorts the entire array in O(n log(n/k)) time.
(c) [3 pts] Prove that your algorithm from part (a) is optimal.
(d) [4 pts] Prove that your algorithm from part (b) is optimal.
4 14 7

1 4

1 2

3 7

3 4

3 1

14

20 11 9 5

5

5 6

9 11 13

7 8

13 12 19 10 16 17 2
w
w
(a)

20

10 12 16 17 19
w
w
(b)

9 10 11 12 13 14

5

2

8 6

6 8

18 15

15 18

15 16 17 18 19 20

Name:

CS 373 Final Exam

6. SAT Reduction
Suppose you are have a black box that magically solves SAT (the formula satisfiability problem) in constant time. That is, given a boolean formula of variables and logical operators
(∧, ∨, ¬), the black box tells you, in constant time, whether or not the formula can be satisfied. Using this black box, design and analyze a polynomial-time algorithm that computes
an assignment to the variables that satisfies the formula.

6

Name:

CS 373 Final Exam

7. Knapsack
You’re hiking through the woods when you come upon a treasure chest filled with objects.
Each object has a different size, and each object has a price tag on it, giving its value. There
is no correlation between an object’s size and its value. You want to take back as valuable a
subset of the objects as possible (in one trip), but also making sure that you will be able to
carry it in your knapsack which has a limited size.
In other words, you have an integer capacity K and a target value V , and you want to decide
whether there is a subset of the objects whose total size is at most K and whose total value is
at least V .
(a) [5 pts] Show that this problem is NP-hard. [Hint: Restate the problem more formally,
then reduce from the NP-hard problem PARTITION: Given a set S of nonnegative integers,
is there a partition
P of S into
P disjoint subsets A and B (where A ∪ B = S) whose sums
are equal, i.e., a∈A a = b∈B b.]
(b) [5 pts] Describe and analyze a dynamic programming algorithm to solve the knapsack
problem in O(nK) time. Prove your algorithm is correct.
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CS 373: Combinatorial Algorithms, Fall 2000
Homework 0, due August 31, 2000 at the beginning of class

Name:
Net ID:

Alias:

Neatly print your name (first name first, with no comma), your network ID, and a short alias into
the boxes above. Do not sign your name. Do not write your Social Security number. Staple this
sheet of paper to the top of your homework.
Grades will be listed on the course web site by alias give us, so your alias should not resemble your
name or your Net ID. If you don’t give yourself an alias, we’ll give you one that you won’t like.
Before you do anything else, read the Homework Instructions and FAQ on the CS 373 course web
page (http://www-courses.cs.uiuc.edu/∼cs373/hw/faq.html), and then check the box below. This
web page gives instructions on how to write and submit homeworks—staple your solutions together
in order, write your name and netID on every page, don’t turn in source code, analyze everything,
use good English and good logic, and so forth.

I have read the CS 373 Homework Instructions and FAQ.
This homework tests your familiarity with the prerequisite material from CS 173, CS 225, and
CS 273—many of these problems have appeared on homeworks or exams in those classes—primarily
to help you identify gaps in your knowledge. You are responsible for filling those gaps on your
own. Parberry and Chapters 1–6 of CLR should be sufficient review, but you may want to consult
other texts as well.

Required Problems
1. Sort the following 25 functions from asymptotically smallest to asymptotically largest, indicating ties if there are any:
n2

1

n

lg∗ n

lg∗ 2n

nlg n

(lg n)n

(lg n)lg n

log1000 n

lg1000 n

lg(1000) n

2lg

∗

n

lg n

lg(n lg n)

lg lg∗ n

lg∗ lg n

n1/ lg n
n
1 + n1

nlg lg n
n1/1000

To simplify notation, write f (n) ≪ g(n) to mean f (n)
 = o(g(n)) and f (n) ≡ g(n) to mean
2 , n, n , n3 could be sorted either as n ≪ n2 ≡
f (n)
=
Θ(g(n)).
For
example,
the
functions
n
2

n
3 or as n ≪ n ≡ n2 ≪ n3 .
≪
n
2
2
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Homework 0 (due 8/31/00)

Fall 2000

2. (a) Prove that any positive integer can be written as the sum of distinct powers of 2. For
example: 42 = 25 + 23 + 21 , 25 = 24 + 23 + 20 , 17 = 24 + 20 . [Hint: “Write the number
in binary” is not a proof; it just restates the problem.]
(b) Prove that any positive integer can be written as the sum of distinct nonconsecutive Fibonacci numbers—if Fn appears in the sum, then neither Fn+1 nor Fn−1 will. For example: 42 = F9 + F6 , 25 = F8 + F4 + F2 , 17 = F7 + F4 + F2 .
P
(c) Prove that any integer (positive, negative, or zero) can be written in the form i ±3i ,
where the exponents i are distinct non-negative integers. For example: 42 = 34 − 33 −
32 − 31 , 25 = 33 − 31 + 30 , 17 = 33 − 32 − 30 .

3. Solve the following recurrences. State tight asymptotic bounds for each function in the form
Θ(f (n)) for some recognizable function f (n). You do not need to turn in proofs (in fact,
please don’t turn in proofs), but you should do them anyway just for practice. If no base cases
are given, assume something reasonable but nontrivial. Extra credit will be given for more
exact solutions.
(a) A(n) = 3A(n/2) + n
(b) B(n) =

max

n/3<k<2n/3

B(k) + B(n − k) + n



(c) C(n) = 4C(⌊n/2⌋ + 5) + n2
⋆ (d)

D(n) = 2D(n/2) + n/ lg n
⋆ (e) E(n) = E(n − 1) , where E(1) = 1 and E(2) = 2.
E(n − 2)

4. Penn and Teller have a special deck of fifty-two cards, with no face cards and nothing but
clubs—the ace, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, . . . , 52 of clubs. (They’re big cards.) Penn
shuffles the deck until each each of the 52! possible orderings of the cards is equally likely. He
then takes cards one at a time from the top of the deck and gives them to Teller, stopping as
soon as he gives Teller the three of clubs.
(a) On average, how many cards does Penn give Teller?
(b) On average, what is the smallest-numbered card that Penn gives Teller?
⋆ (c)

On average, what is the largest-numbered card that Penn gives Teller?

[Hint: Solve for an n-card deck, and then set n = 52.] Prove that your answers are correct. If
you have to appeal to “intuition” or “common sense”, your answers are probably wrong!
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5. Suppose you have a pointer to the head of singly linked list. Normally, each node in the list
only has a pointer to the next element, and the last node’s pointer is N ULL. Unfortunately,
your list might have been corrupted by a bug in somebody else’s code1 , so that the last node
has a pointer back to some other node in the list instead.

Top: A standard singly-linked list. Bottom: A corrupted singly linked list.

Describe an algorithm2 that determines whether the linked list is corrupted or not. Your
algorithm must not modify the list. For full credit, your algorithm should run in O(n) time,
where n is the number of nodes in the list, and use O(1) extra space (not counting the list
itself).
6. [This problem is required only for graduate students taking CS 373 for a full unit; anyone
else can submit a solution for extra credit.]
An ant is walking along a rubber band, starting at the left end. Once every second, the ant
walks one inch to the right, and then you make the rubber band one inch longer by pulling on
the right end. The rubber band stretches uniformly, so stretching the rubber band also pulls
the ant to the right. The initial length of the rubber band is n inches, so after t seconds, the
rubber band is n + t inches long.

t=0

t=1

t=2

Every second, the ant walks an inch, and then the rubber band is stretched an inch longer.

(a) How far has the ant moved after t seconds, as a function of n and t? Set up a recurrence
and (for full credit) give an exact closed-form solution. [Hint: What fraction of the
rubber band’s length has the ant walked?]
⋆ (b)

1
2

How long does it take the ant to get to the right end of the rubber band? For full credit,
give an answer of the form f (n) + Θ(1) for some explicit function f (n).

After all, your code is always completely 100% bug-free. Isn’t that right, Mr. Gates?
Since you’ve read the Homework Instructions, you know what the phrase “describe an algorithm” means. Right?

3
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Practice Problems
These remaining practice problems are entirely for your benefit. Don’t turn in solutions—we’ll
just throw them out—but feel free to ask us about these questions during office hours and review
sessions. Think of these as potential exam questions (hint, hint).
1. Recall the standard recursive definition of the Fibonacci numbers: F0 = 0, F1 = 1, and
Fn = Fn−1 + Fn−2 for all n ≥ 2. Prove the following identities for all positive integers
n and m.
(a) Fn is even if and only if n is divisible by 3.
n
P
(b)
Fi = Fn+2 − 1
(c)
⋆(d)

i=0
Fn2 −

Fn+1 Fn−1 = (−1)n+1

If n is an integer multiple of m, then Fn is an integer multiple of Fm .

2. A tournament is a directed graph with exactly one edge between every pair of vertices. (Think
of the nodes as players in a round-robin tournament, where each edge points from the winner
to the loser.) A Hamiltonian path is a sequence of directed edges, joined end to end, that visits
every vertex exactly once. Prove that every tournament contains at least one Hamiltonian
path.
2

3

1

4

6

5

A six-vertex tournament containing the Hamiltonian path 6 → 4 → 5 → 2 → 3 → 1.

3. (a) Prove the following identity by induction:


2n
n




n  
X
n
n
=
.
k
n−k
k=0

(b) Give a non-inductive combinatorial proof of the same identity, by showing that the two
sides of the equation count exactly the same thing in two different ways. There is a
correct one-sentence proof.

4
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4. (a) Prove that 2⌈lg n⌉+⌊lg n⌋ /n = Θ(n).

(b) Is 2⌊lg n⌋ = Θ 2⌈lg n⌉ ? Justify your answer.
⌈lg lg n⌉ 
⌊lg lg n⌋
= Θ 22
? Justify your answer.
(c) Is 22
(d) Prove that if f (n) = O(g(n)), then 2f (n) = O(2g(n) ). Justify your answer.
(e) Prove that f (n) = O(g(n)) does not imply that log(f (n)) = O(log(g(n)))?.
⋆ (f)

Prove that logk n = o(n1/k ) for any positive integer k.

5. Solve the following recurrences. State tight asymptotic bounds for each function in the form
Θ(f (n)) for some recognizable function f (n). You do not need to turn in proofs (in fact,
please don’t turn in proofs), but you should do them anyway just for practice. If no base cases
are given, assume something reasonable (but nontrivial). Extra credit will be given for more
exact solutions.
(a) A(n) = A(n/2) + n
(b) B(n) = 2B(n/2) + n
(c) C(n) = min

0<k<n


C(k) + C(n − k) + 1 , where C(1) = 1.

(d) D(n) = D(n − 1) + 1/n

⋆ (e)
⋆ (f)
⋆(g)

E(n) = 8E(n − 1) − 15E(n − 2) + 1

F (n) = (n − 1)(F (n − 1) + F (n − 2)), where F (0) = F (1) = 1

G(n) = G(n/2) + G(n/4) + G(n/6) + G(n/12) + n

[Hint:

1
2

+

1
4

+

1
6

+

1
12

= 1.]

6. (a) A domino is a 2 × 1 or 1 × 2 rectangle. How many different ways are there to completely
fill a 2 × n rectangle with n dominos? Set up a recurrence relation and give an exact
closed-form solution.
(b) A slab is a three-dimensional box with dimensions 1 × 2 × 2, 2 × 1 × 2, or 2 × 2 × 1. How
many different ways are there to fill a 2 × 2 × n box with n slabs? Set up a recurrence
relation and give an exact closed-form solution.

A 2 × 10 rectangle filled with ten dominos, and a 2 × 2 × 10 box filled with ten slabs.
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7. Professor George O’Jungle has a favorite 26-node binary tree, whose nodes are labeled by
letters of the alphabet. The preorder and postorder sequences of nodes are as follows:
preorder: M N H C R S K W T G D X I Y A J P O E Z V B U L Q F
postorder: C W T K S G R H D N A O E P J Y Z I B Q L F U V X M
Draw Professor O’Jungle’s binary tree, and give the inorder sequence of nodes.

8. Alice and Bob each have a fair n-sided die. Alice rolls her die once. Bob then repeatedly
throws his die until he rolls a number at least as big as the number Alice rolled. Each time
Bob rolls, he pays Alice $1. (For example, if Alice rolls a 5, and Bob rolls a 4, then a 3, then a
1, then a 5, the game ends and Alice gets $4. If Alice rolls a 1, then no matter what Bob rolls,
the game will end immediately, and Alice will get $1.)
Exactly how much money does Alice expect to win at this game? Prove that your answer
is correct. If you have to appeal to “intuition” or “common sense”, your answer is probably
wrong!

9. Prove that for any nonnegative parameters a and b, the following algorithms terminate and
produce identical output.
S LOW E UCLID(a, b) :
if b > a
return S LOW E UCLID(b, a)
else if b = 0
return a
else
return S LOW E UCLID(b, a − b)

FAST E UCLID(a, b) :
if b = 0
return a
else
return FAST E UCLID(b, a mod b)
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Name:
Net ID:

Alias:

U 3/4 1

Name:
Net ID:

Alias:

U 3/4 1

Name:
Net ID:

Alias:

U 3/4 1

Starting with Homework 1, homeworks may be done in teams of up to three people. Each team
turns in just one solution, and every member of a team gets the same grade. Since 1-unit graduate
students are required to solve problems that are worth extra credit for other students, 1-unit grad
students may not be on the same team as 3/4-unit grad students or undergraduates.
Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes
above. Please also tell us whether you are an undergraduate, 3/4-unit grad student, or 1-unit grad
student by circling U, 3/4 , or 1, respectively. Staple this sheet to the top of your homework.

Required Problems
1. Suppose we want to display a paragraph of text on a computer screen. The text consists of
n words, where the ith word is pi pixels wide. We want to break the paragraph into several
lines, each exactly P pixels long. Depending on which words we put on each line, we will
need to insert different amounts of white space between the words. The paragraph should be
fully justified, meaning that the first word on each line starts at its leftmost pixel, and except
for the last line, the last character on each line ends at its rightmost pixel. There must be at
least one pixel of whitespace between any two words on the same line.
Define the slop of a paragraph layout as the sum over all lines, except the last, of the cube
of the number of extra white-space pixels in each line (not counting the one pixel required
between every adjacent pair of words). Specifically, if a line contains
words i through j, then
P
the amount of extra white space on that line is P − j + i − jk=i pk . Describe a dynamic
programming algorithm to print the paragraph with minimum slop.

CS 373

Homework 1 (due 9/12/00)

Fall 2000

2. Consider the following sorting algorithm:
S TUPID S ORT(A[0 .. n − 1]) :
if n = 2 and A[0] > A[1]
swap A[0] ↔ A[1]
else if n > 2
m ← ⌈2n/3⌉
S TUPID S ORT(A[0 .. m − 1])
S TUPID S ORT(A[n − m .. n − 1])
S TUPID S ORT(A[0 .. m − 1])

(a) Prove that S TUPID S ORT actually sorts its input.
(b) Would the algorithm still sort correctly if we replaced the line m ← ⌈2n/3⌉ with m ← ⌊2n/3⌋?
Justify your answer.
(c) State a recurrence (including the base case(s)) for the number of comparisons executed
by S TUPID S ORT.
(d) Solve the recurrence, and prove that your solution is correct. [Hint: Ignore the ceiling.]
Does the algorithm deserve its name?

⋆ (e) Show that the number of swaps executed by S TUPID S ORT is at most n .
2
3. The following randomized algorithm selects the rth smallest element in an unsorted array
A[1 .. n]. For example, to find the smallest element, you would call R ANDOM S ELECT(A, 1); to
find the median element, you would call R ANDOM S ELECT(A, ⌊n/2⌋). Recall from lecture that
PARTITION splits the array into three parts by comparing the pivot element A[p] to every other
element of the array, using n − 1 comparisons altogether, and returns the new index of the
pivot element.
R ANDOM S ELECT(A[1 .. n], r) :
p ← R ANDOM(1, p)
k ← PARTITION(A[1 .. n], p)

if r < k
return R ANDOM S ELECT(A[1 .. k − 1], r)
else if r > k
return R ANDOM S ELECT(A[k + 1 .. n], r − k)
else
return A[k]

(a) State a recurrence for the expected running time of R ANDOM S ELECT, as a function of n
and r.
(b) What is the exact probability that R ANDOM S ELECT compares the ith smallest and jth
smallest elements in the input array? The correct answer is a simple function of i, j, and
r. [Hint: Check your answer by trying a few small examples.]
⋆ (c)

What is the expected running time of R ANDOM S ELECT, as a function of n and r? You
can use either the recurrence from part (a) or the probabilities from part (b). For extra
credit, give the exact expected number of comparisons.

(d) What is the expected number of times that R ANDOM S ELECT calls itself recursively?

2
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4. Some graphics hardware includes support for an operation called blit, or block transfer, which
quickly copies a rectangular chunk of a pixelmap (a two-dimensional array of pixel values)
from one location to another. This is a two-dimensional version of the standard C library
function memcpy().
Suppose we want to rotate an n × n pixelmap 90◦ clockwise. One way to do this is to
split the pixelmap into four n/2 × n/2 blocks, move each block to its proper position using
a sequence of five blits, and then recursively rotate each block. Alternately, we can first
recursively rotate the blocks and blit them into place afterwards.
C A
D B

A B
C D

A B
C D

B D
A C
Two algorithms for rotating a pixelmap.
Black arrows indicate blitting the blocks into place.
White arrows indicate recursively rotating the blocks.

The following sequence of pictures shows the first algorithm (blit then recurse) in action.

In the following questions, assume n is a power of two.
(a) Prove that both versions of the algorithm are correct. [Hint: If you exploit all the available symmetries, your proof will only be a half of a page long.]
(b) Exactly how many blits does the algorithm perform?
(c) What is the algorithm’s running time if a k × k blit takes O(k2 ) time?

(d) What if a k × k blit takes only O(k) time?

3
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5. The traditional Devonian/Cornish drinking song “The Barley Mow” has the following pseudolyrics1 , where container [i] is the name of a container that holds 2i ounces of beer.2
B ARLEY M OW (n):
“Here’s a health to the barley-mow, my brave boys,”
“Here’s a health to the barley-mow!”
“We’ll drink it out of the jolly brown bowl,”
“Here’s a health to the barley-mow!”
“Here’s a health to the barley-mow, my brave boys,”
“Here’s a health to the barley-mow!”
for i ← 1 to n
“We’ll drink it out of the container [i], boys,”
“Here’s a health to the barley-mow!”
for j ← i downto 1
“The container [j],”
“And the jolly brown bowl!”
“Here’s a health to the barley-mow!”
“Here’s a health to the barley-mow, my brave boys,”
“Here’s a health to the barley-mow!”
(a) Suppose each container name container [i] is a single word, and you can sing four words
a second. How long would it take you to sing B ARLEY M OW (n)? (Give a tight asymptotic
bound.)
(b) If you want to sing this song for n > 20, you’ll have to make up your own container
names, and to avoid repetition, these names will get progressively longer as n increases3 .
Suppose container [n] has Θ(log n) syllables, and you can sing six syllables per second.
Now how long would it take you to sing B ARLEY M OW (n)? (Give a tight asymptotic
bound.)
(c) Suppose each time you mention the name of a container, you drink the corresponding
amount of beer: one ounce for the jolly brown bowl, and 2i ounces for each container [i].
Assuming for purposes of this problem that you are at least 21 years old, exactly how
many ounces of beer would you drink if you sang B ARLEY M OW (n)? (Give an exact
answer, not just an asymptotic bound.)

1

Pseudolyrics are to lyrics as pseudocode is to code.
One version of the song uses the following containers: nipperkin, gill pot, half-pint, pint, quart, pottle, gallon, halfanker, anker, firkin, half-barrel, barrel, hogshead, pipe, well, river, and ocean. Every container in this list is twice as big
as its predecessor, except that a firkin is actually 2.25 ankers, and the last three units are just silly.
3
“We’ll drink it out of the hemisemidemiyottapint, boys!”
2

4

CS 373

Homework 1 (due 9/12/00)

Fall 2000

6. [This problem is required only for graduate students taking CS 373 for a full unit; anyone else
can submit a solution for extra credit.]
A company is planning a party for its employees. The employees in the company are
organized into a strict hierarchy, that is, a tree with the company president at the root. The
organizers of the party have assigned a real number to each employee measuring how ‘fun’
the employee is. In order to keep things social, there is one restriction on the guest list:
an employee cannot attend the party if their immediate supervisor is present. On the other
hand, the president of the company must attend the party, even though she has a negative
fun rating; it’s her company, after all. Give an algorithm that makes a guest list for the party
that maximizes the sum of the ‘fun’ ratings of the guests.

Practice Problems
1. Give an O(n2 ) algorithm to find the longest increasing subsequence of a sequence of numbers.
The elements of the subsequence need not be adjacent in the sequence. For example, the
sequence h1, 5, 3, 2, 4i has longest increasing subsequence h1, 3, 4i.

2. You are at a political convention with n delegates. Each delegate is a member of exactly one
political party. It is impossible to tell which political party a delegate belongs to. However,
you can check whether any two delegates are in the same party or not by introducing them
to each other. (Members of the same party always greet each other with smiles and friendly
handshakes; members of different parties always greet each other with angry stares and
insults.)
(a) Suppose a majority (more than half) of the delegates are from the same political party.
Give an efficient algorithm that identifies a member of the majority party.
(b) Suppose exactly k political parties are represented at the convention and one party has
a plurality: more delegates belong to that party than to any other. Present a practical procedure to pick a person from the plurality party as parsimoniously as possible.
(Please.)

3. Give an algorithm that finds the second smallest of n elements in at most n + ⌈lg n⌉ − 2
comparisons. [Hint: divide and conquer to find the smallest; where is the second smallest?]

4. Suppose that you have an array of records whose keys to be sorted consist only of 0’s and 1’s.
Give a simple, linear-time O(n) algorithm to sort the array in place (using storage of no more
than constant size in addition to that of the array).

5
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5. Consider the problem of making change for n cents using the least number of coins.
(a) Describe a greedy algorithm to make change consisting of quarters, dimes, nickels, and
pennies. Prove that your algorithm yields an optimal solution.
(b) Suppose that the available coins have the values c0 , c1 , . . . , ck for some integers c > 1
and k ≥ 1. Show that the obvious greedy algorithm always yields an optimal solution.
(c) Give a set of 4 coin values for which the greedy algorithm does not yield an optimal
solution.

(d) Describe a dynamic programming algorithm that yields an optimal solution for an arbitrary set of coin values.
(e) Suppose we have only two types of coins whose values a and b are relatively prime.
Prove that any value of greater than (a − 1)(b − 1) can be made with these two coins.

⋆(f)

For only three coins a, b, c whose greatest common divisor is 1, give an algorithm to
determine the smallest value n such that change can be given for all values greater
than n. [Note: this problem is currently unsolved for more than four coins!]

6. Suppose you have a subroutine that can find the median of a set of n items (i.e., the ⌊n/2⌋
smallest) in O(n) time. Give an algorithm to find the kth biggest element (for arbitrary k) in
O(n) time.

7. You’re walking along the beach and you stub your toe on something in the sand. You dig
around it and find that it is a treasure chest full of gold bricks of different (integral) weight.
Your knapsack can only carry up to weight n before it breaks apart. You want to put as much
in it as possible without going over, but you cannot break the gold bricks up.
(a) Suppose that the gold bricks have the weights 1, 2, 4, 8, . . . , 2k , k ≥ 1. Describe and prove
correct a greedy algorithm that fills the knapsack as much as possible without going over.
(b) Give a set of 3 weight values for which the greedy algorithm does not yield an optimal
solution and show why.
(c) Give a dynamic programming algorithm that yields an optimal solution for an arbitrary
set of gold brick values.

6
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Starting with Homework 1, homeworks may be done in teams of up to three people. Each team
turns in just one solution, and every member of a team gets the same grade. Since 1-unit graduate
students are required to solve problems that are worth extra credit for other students, 1-unit grad
students may not be on the same team as 3/4-unit grad students or undergraduates.
Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes
above. Please also tell us whether you are an undergraduate, 3/4-unit grad student, or 1-unit grad
student by circling U, 3/4 , or 1, respectively. Staple this sheet to the top of your homework.

Required Problems
1. Faster Longest Increasing Subsequence (15 pts)
Give an O(n log n) algorithm to find the longest increasing subsequence of a sequence of
numbers. [Hint: In the dynamic programming solution, you don’t really have to look back at
all previous items. There was a practice problem on HW 1 that asked for an O(n2 ) algorithm
for this. If you are having difficulty, look at the HW 1 solutions.]
2. S ELECT(A, k) (10 pts)
Say that a binary search tree is augmented if every node v also stores |v|, the size of its subtree.
(a) Show that a rotation in an augmented binary tree can be performed in constant time.
(b) Describe an algorithm S CAPEGOAT S ELECT(k) that selects the kth smallest item in an
augmented scapegoat tree in O(log n) worst-case time.
(c) Describe an algorithm S PLAY S ELECT(k) that selects the kth smallest item in an augmented splay tree in O(log n) amortized time.
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(d) Describe an algorithm T REAP S ELECT(k) that selects the kth smallest item in an augmented treap in O(log n) expected time.
[Hint: The answers for (b), (c), and (d) are almost exactly the same!]

3. Scapegoat trees (15 pts)
(a) Prove that only one subtree gets rebalanced in a scapegoat tree insertion.
(b) Prove that I(v) = 0 in every node of a perfectly balanced tree. (Recall that I(v) =
max{0, |T | − |s| − 1}, where T is the child of greater height and s the child of lesser
height, and |v| is the number of nodes in subtree v. A perfectly balanced tree has two
perfectly balanced subtrees, each with as close to half the nodes as possible.)
? (c)

Show that you can rebuild a fully balanced binary tree from an unbalanced tree in O(n)
time using only O(log n) additional memory. For 5 extra credit points, use only O(1)
additional memory.

4. Memory Management (10 pts)
Suppose we can insert or delete an element into a hash table in constant time. In order to
ensure that our hash table is always big enough, without wasting a lot of memory, we will
use the following global rebuilding rules:
• After an insertion, if the table is more than 3/4 full, we allocate a new table twice as big
as our current table, insert everything into the new table, and then free the old table.
• After a deletion, if the table is less than 1/4 full, we we allocate a new table half as big
as our current table, insert everything into the new table, and then free the old table.
Show that for any sequence of insertions and deletions, the amortized time per operation
is still a constant. Do not use the potential method—it makes the problem much too hard!

5. Fibonacci Heaps: S ECOND M IN (10 pts)
(a) Implement S ECOND M IN by using a Fibonacci heap as a black box. Remember to justify
its correctness and running time.
? (b)

Modify the Fibonacci Heap data structure to implement the S ECOND M IN operation in
constant time, without degrading the performance of any other Fibonacci heap operation.
2
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Practice Problems
1. Amortization
(a) Modify the binary double-counter (see class notes Sept 12) to support a new operation
S IGN, which determines whether the number being stored is positive, negative, or zero,
in constant time. The amortized time to increment or decrement the counter should still
be a constant.
[Hint: Suppose p is the number of significant bits in P , and n is the number of significant
bits in N . For example, if P = 17 = 100012 and N = 0, then p = 5 and n = 0. Then
p − n always has the same sign as P − N . Assume you can update p and n in O(1) time.]
? (b)

? 2.

Do the same but now you can’t assume that p and n can be updated in O(1) time.

Amortization
Suppose instead of powers of two, we represent integers as the sum of Fibonacci numbers.
In other words, instead of an array of bits, we keep an array of ‘fits’, where the ith least
significant fit indicates whether the sum includes the ith Fibonacci number Fi . For example,
the fit string 101110 represents the number F6 + F4 + F3 + F2 = 8 + 3 + 2 + 1 = 14. Describe
algorithms to increment and decrement a fit string in constant amortized time. [Hint: Most
numbers can be represented by more than one fit string. This is not the same representation
as on Homework 0!]

3. Rotations
(a) Show that it is possible to transform any n-node binary search tree into any other n-node
binary search tree using at most 2n − 2 rotations.
? (b)

Use fewer than 2n − 2 rotations. Nobody knows how few rotations are required in the
worst case. There is an algorithm that can transform any tree to any other in at most
2n − 6 rotations, and there are pairs of trees that are 2n − 10 rotations apart. These are
the best bounds known.

4. Give an efficient implementation of the operation C HANGE K EY(x, k), which changes the key
of a node x in a Fibonacci heap to the value k. The changes you make to Fibonacci heap data
structure to support your implementation should not affect the amortized running time of any
other Fibonacci heap operations. Analyze the amortized running time of your implementation
for cases in which k is greater than, less than, or equal to key[x].

5. Detecting overlap
(a) You are given a list of ranges represented by min and max (e.g., [1,3], [4,5], [4,9], [6,8],
[7,10]). Give an O(n log n)-time algorithm that decides whether or not a set of ranges
contains a pair that overlaps. You need not report all intersections. If a range completely
covers another, they are overlapping, even if the boundaries do not intersect.
3
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(b) You are given a list of rectangles represented by min and max x- and y-coordinates. Give
an O(n log n)-time algorithm that decides whet her or not a set of rectangles contains a
pair that overlaps (with the same qualifications as above). [Hint: sweep a vertical line
from left to right, performing some processing whenever an end-point is encountered.
Use a balanced search tree to maintain any extra info you might need.]
6. Comparison of Amortized Analysis Methods
A sequence of n operations is performed on a data structure. The ith operation costs i if i is
an exact power of 2, and 1 otherwise. That is operation i costs f (i), where:

i, i = 2k ,
f (i) =
1, otherwise
Determine the amortized cost per operation using the following methods of analysis:
(a) Aggregate method
(b) Accounting method
? (c)

Potential method
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Starting with Homework 1, homeworks may be done in teams of up to three people. Each team
turns in just one solution, and every member of a team gets the same grade. Since 1-unit graduate
students are required to solve problems that are worth extra credit for other students, 1-unit grad
students may not be on the same team as 3/4-unit grad students or undergraduates.
Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes
above. Please also tell us whether you are an undergraduate, 3/4-unit grad student, or 1-unit grad
student by circling U, 3/4 , or 1, respectively. Staple this sheet to the top of your homework.

Required Problems
1. Suppose you have to design a dictionary that holds 2048 items.
(a) How many probes are used for an unsuccessful search if the dictionary is implemented
as a sorted array? Assume the use of Binary Search.
(b) How large a hashtable do you need if your goal is to have 2 as the expected number of
probes for an unsuccessful search?
(c) How much more space is needed by the hashtable compared to the sorted array? Assume
that each pointer in a linked list takes 1 word of storage.
2. In order to facilitate recompiling programs from multiple source files when only a small number of files have been updated, there is a UNIX utility called ‘make’ that only recompiles those
files that were changed after the most recent compilation, and any intermediate files in the
compilation that depend on those that were changed. A Makefile is typically composed of a
list of source files that must be compiled. Each of these source files is dependent on some of
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the other files which are listed. Thus a source file must be recompiled if a file on which it
depends is changed.
Assuming you have a list of which files have been recently changed, as well as a list for
each source file of the files on which it depends, design an algorithm to recompile only those
necessary. Don’t worry about the details of parsing a Makefile.

3. A person wants to fly from city A to city B in the shortest possible time. She turns to the
traveling agent who knows all the departure and arrival times of all the flights on the planet.
Give an algorithm that will allow the agent to choose a route with the minimum total travel
time—initial takeoff to final landing, including layovers. [Hint: Modify the data and call a
shortest-path algorithm.]

4. During the eighteenth century the city of Königsberg in East Prussia was divided into four
sections by the Pregel river. Seven bridges connected these regions, as shown below. It was
said that residents spent their Sunday walks trying to find a way to walk about the city so as
to cross each bridge exactly once and then return to their starting point.

(a) Show how the residents of the city could accomplish such a walk or prove no such walk
exists.
(b) Given any undirected graph G = (V, E), give an algorithm that finds a cycle in the graph
that visits every edge exactly once, or says that it can’t be done.

5. Suppose you have a graph G and an MST of that graph (i.e. the MST has already been
constructed).
(a) Give an algorithm to update the MST when an edge is added to G.
(b) Give an algorithm to update the MST when an edge is deleted from G.
(c) Give an algorithm to update the MST when a vertex (and possibly edges to it) is added
to G.

6. [This problem is required only for graduate students taking CS 373 for a full unit; anyone else
can submit a solution for extra credit.]
You are given an unlimited number of each of n different types of envelopes. The dimensions of envelope type i are xi × yi . In nesting envelopes inside one another, you can
place envelope A inside envelope B if and only if the dimensions A are strictly smaller than
the dimensions of B. Design and analyze an algorithm to determine the largest number of
envelopes that can be nested inside one another.
2
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Practice Problems
⋆1.

Let the hash function for a table of size m be

√

h(x) = ⌊Amx⌋ mod m

where A = φ̂ = 5−1
2 . Show that this gives the best possible spread, i.e. if the x are hashed
in order, x + 1 will be hashed in the largest remaining contiguous interval.

2. The incidence matrix of an undirected graph G = (V, E) is a |V | × |E| matrix B = (bij ) such
that
(


1 if (i, j) ∈ E,
bij = (i, j) ∈ E =
0 if (i, j) ∈
/ E.
(a) Describe what all the entries of the matrix product BB T represent (B T is the matrix
transpose).
(b) Describe what all the entries of the matrix product B T B represent.
⋆(c)

Let C = BB T − 2A, where A is the adjacency matrix of G, with zeroes on the diagonal.
Let C ′ be C with the first row and column removed. Show that det C ′ is the number of
spanning trees.

3. (a) Give an O(V ) algorithm to decide whether a directed graph contains a sink in an adjacency matrix representation. A sink is a vertex with in-degree V − 1.

(b) An undirected graph is a scorpion if it has a vertex of degree 1 (the sting) connected
to a vertex of degree two (the tail) connected to a vertex of degree V − 2 (the body)
connected to the other V − 3 vertices (the feet). Some of the feet may be connected to
other feet.
Design an algorithm that decides whether a given adjacency matrix represents a scorpion
by examining only O(V ) of the entries.
(c) Show that it is impossible to decide whether G has at least one edge in O(V ) time.

4. Given an undirected graph G = (V, E), and a weight function f : E → IR on the edges, give
an algorithm that finds (in time polynomial in V and E) a cycle of smallest weight in G.
5. Let G = (V, E) be a graph with n vertices. A simple path of G, is a path that does not contain
the same vertex twice. Use dynamic programming to design an algorithm (not polynomial
time) to find a simple path of maximum length in G. Hint: It can be done in O(nc 2n ) time,
for some constant c.
6. Suppose all edge weights in a graph G are equal. Give an algorithm to compute a minimum
spanning tree of G.
7. Give an algorithm to construct a transitive reduction of a directed graph G, i.e. a graph GT R
with the fewest edges (but with the same vertices) such that there is a path from a to b in G
iff there is also such a path in GT R .
3
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8. (a) What is 52
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mod 6?

(b) What is the capital of Nebraska? Hint: It is not Omaha. It is named after a famous
president of the United States that was not George Washington. The distance from the
Earth to the Moon averages roughly 384,000 km.
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Homeworks may be done in teams of up to three people. Each team turns in just one solution, and
every memeber of a team gets the same grad. Since 1-unit graduate students are required to solve
problems that are worth extra credit for other students, 1-unit grad students may not be on the
same team as 3/4-unit grad students or undergraduates.
Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes
above. Please also tell us whether you are an undergraduate, 3/4-unit grad student, or 1-unit grad
student by circling U, 3/4 , or 1, respectively. Staple this sheet to the top of your homework.

RequiredProblems
1. (10 points) A certain algorithms professor once claimed that the height of an n-node Fibonacci
heap is of height O(log n). Disprove his claim by showing that for a positive integer n, a
sequence of Fibonacci heap operations that creates a Fibonacci heap consisting of just one
tree that is a (downward) linear chain of n nodes.
2. (20 points) Fibonacci strings are defined as follows:
F1 = b
F2 = a
Fn = Fn−1 Fn−2

for all n > 2

where the recursive rule uses concatenation of strings, so F3 = ab, F4 = aba, and so on. Note
that the length of Fn is the nth Fibonacci number.
(a) Prove that in any Fibonacci string there are no two b’s adjacent and no three a’s.
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(b) Give the unoptimized and optimized failure function for F7 .
(c) Prove that, in searching for the Fibonacci string Fk , the unoptimized KMP algorithm may
shift ⌈k/2⌉ times on the same text character. In other words, prove that there is a chain
of failure links j → f ail[j] → f ail[f ail[j]] → . . . of length ⌈k/2⌉, and find an example
text T that would cause KMP to traverse this entire chain on the same position in the
text.
(d) What happens here when you use the optimized prefix function? Explain.

3. (10 points) Show how to extend the Rabin-Karp fingerprinting method to handle the problem
of looking for a given m × m pattern in an n × n array of characters. The pattern may be
shifted horizontally and vertically, but it may not be rotated.

4. (10 points)
(a) A cyclic rotation of a string is obtained by chopping off a prefix and gluing it at the end
of the string. For example, ALGORITHM is a cyclic shift of RITHMALGO. Describe and
analyze an algorithm that determines whether one string P [1 .. m] is a cyclic rotation of
another string T [1 .. n].
(b) Describe and analyze an algorithm that decides, given any two binary trees P and T ,
whether P equals a subtree of T . We want an algorithm that compares the shapes of the
trees. There is no data stored in the nodes, just pointers to the left and right children.
[Hint: First transform both trees into strings.]
P

T

P occurs exactly once as a subtree of T .

5. (10 points) [This problem is required only for graduate students taking CS 373 for a full unit;
anyone else can submit a solution for extra credit.]
Refer to the notes for lecture 11 for this problem. The G ENERIC SSSP algorithm described
in class can be implemented using a stack for the ‘bag’. Prove that the resulting algorithm
can be forced to perform in Ω(2n ) relaxation steps. To do this, you need to describe, for any
positive integer n, a specific weighted directed n-vertex graph that forces this exponential
behavior. The easiest way to describe such a family of graphs is using an algorithm!
2
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Practice Problems
1. String matching with wild-cards
Suppose you have an alphabet for patterns that includes a ‘gap’ or wild-card character; any
length string of any characters can match this additional character. For example if ‘*’ is
the wild-card, then the pattern foo*bar*nad can be found in foofoowangbarnad. Modify the
computation of the prefix function to correctly match strings using KMP.
2. Prove that there is no comparison sort whose running time is linear for at least 1/2 of the n!
inputs of length n. What about at least 1/n? What about at least 1/2n ?.
3. Prove that 2n − 1 comparisons are necessary in the worst case to merge two sorted lists
containing n elements each.
4. Find asymptotic upper and lower bounds to lg(n!) without Stirling’s approximation (Hint: use
integration).
5. Given a sequence of n elements of n/k blocks (k elements per block) all elements in a block
are less than those to the right in sequence, show that you cannot have the whole sequence
sorted in better than Ω(n lg k). Note that the entire sequence would be sorted if each of the
n/k blocks were individually sorted in place. Also note that combining the lower bounds for
each block is not adequate (that only gives an upper bound).
6. Show how to find the occurrences of pattern P in text T by computing the prefix function of
the string P T (the concatenation of P and T ).
7. Lower Bounds on Adjacency Matrix Representations of Graphs
(a) Prove that the time to determine if an undirected graph has a cycle is Ω(V 2 ).
(b) Prove that the time to determine if there is a path between two nodes in an undirected
graph is Ω(V 2 ).

3
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Starting with Homework 1, homeworks may be done in teams of up to three people. Each team
turns in just one solution, and every member of a team gets the same grade. Since 1-unit graduate
students are required to solve problems that are worth extra credit for other students, 1-unit grad
students may not be on the same team as 3/4-unit grad students or undergraduates.
Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes
above. Please also tell us whether you are an undergraduate, 3/4-unit grad student, or 1-unit grad
student by circling U, 3/4 , or 1, respectively. Staple this sheet to the top of your homework.

Required Problems
1. Give an O(n2 log n) algorithm to determine whether any three points of a set of n points are
collinear. Assume two dimensions and exact arithmetic.

2. We are given an array of n bits, and we want to determine if it contains two consecutive 1
bits. Obviously, we can check every bit, but is this always necessary?
(a) (4 pts) Show that when n mod 3 = 0 or 2, we must examine every bit in the array.
that is, give an adversary strategy that forces any algorithm to examine every bit when
n = 2, 3, 5, 6, 8, 9, . . . .
(b) (4 pts) Show that when n = 3k + 1, we only have to examine n − 1 bits. That is, describe
an algorithm that finds two consecutive 1s or correctly reports that there are none after
examining at most n − 1 bits, when n = 1, 4, 7, 10, . . . .
(c) (2 pts) How many n-bit strings are there with two consecutive ones? For which n is this
number even or odd?
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3. You are given a set of points in the plane. A point is maximal if there is no other point both
both above and to the right. The subset of maximal points of points then forms a staircase.

The staircase of a set of points. Maximal points are black.

(a) (0 pts) Prove that maximal points are not necessarily on the convex hull.
(b) (6 pts) Give an O(n log n) algorithm to find the maximal points.
(c) (4 pts) Assume that points are chosen uniformly at random within a rectangle. What is
the average number of maximal points? Justify. Hint: you will be able to give an exact
answer rather than just asymptotics. You have seen the same analysis before.

4. Given a set Q of points in the plane, define the convex layers of Q inductively as follows: The
first convex layer of Q is just the convex hull of Q. For all i > 1, the ith convex layer is the
convex hull of Q after the vertices of the first i − 1 layers have been removed.
Give an O(n2 )-time algorithm to find all convex layers of a given set of n points.

A set of points with four convex layers.

5. Prove that finding the second smallest of n elements takes n + ⌈lg n⌉ − 2 comparisons in the
worst case. Prove for both upper and lower bounds. Hint: find the (first) smallest using an
elimination tournament.
2
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6. [This problem is required only for graduate students taking CS 373 for a full unit; anyone
else can submit a solution for extra credit.]
Almost all computer graphics systems, at some level, represent objects as collections of
triangles. In order to minimize storage space and rendering time, many systems allow objects
to be stored as a set of triangle strips. A triangle strip is a sequence of vertices hv1 , v2 , . . . , vk i,
where each contiguous triple of vertices vi , vi+1 , vi+2 represents a triangle. As the rendering
system reads the sequence of vertices and draws the triangles, it keeps the two most recent
vertices in a cache.
Some systems allow triangle strips to contain swaps: special flags indicating that the order
of the two cached vertices should be reversed. For example, the triangle strip ha, b, c, d, swap, e,
f, swap, g, h, ii represents the sequence of triangles (a, b, c), (b, c, d), (d, c, e), (c, e, f ), (f, e, g).
d

b

e

h

i
a

f

c

g

Two triangle strips are disjoint if they share no triangles (although they may share vertices). The length of a triangle strip is the length of its vertex sequence, including swaps; for
example, the example strip above has length 11. A pure triangle strip is one with no swaps.
The adjacency graph of a triangle strip is a simple path. If the strip is pure, this path alternates
between left and right turns.
Suppose you are given a set S of interior-disjoint triangles whose adjacency graph is a tree.
(In other words, S is a triangulation of a simple polygon.) Describe a linear-time algorithm
to decompose S into a set of disjoint triangle strips of minimum total length.

Practice Problems
1. Consider the following generic recurrence for convex hull algorithms that divide and conquer:
T (n, h) = T (n1 , h1 ) + T (n2 , h2 ) + O(n)
where n ≥ n1 + n2 , h = h1 + h2 and n ≥ h. This means that the time to compute the convex
hull is a function of both n, the number of input points, and h, the number of convex hull
vertices. The splitting and merging parts of the divide-and-conquer algorithm take O(n) time.
When n is a constant, T (n, h) = O(1), but when h is a constant, T (n, h) = O(n). Prove that
for both of the following restrictions, the solution to the recurrence is O(n log h):
(a) h1 , h2 < 34 h
(b) n1 , n2 < 34 n
2. Circle Intersection
Give an O(n log n) algorithm to test whether any two circles in a set of size n intersect.
3
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3. Basic polygon computations (assume exact arithmetic)
(a) Intersection: Extend the basic algorithm to determine if two line segments intersect by
taking care of all degenerate cases.
(b) Simplicity: Give an O(n log n) algorithm to determine whether an n-vertex polygon is
simple.
(c) Area: Give an algorithm to compute the area of a simple n-polygon (not necessarily
convex) in O(n) time.
(d) Inside: Give an algorithm to determine whether a point is within a simple n-polygon
(not necessarily convex) in O(n) time.
4. We are given the set of points one point at a time. After receiving each point, we must
compute the convex hull of all those points so far. Give an algorithm to solve this problem
in O(n2 ) total time. (We could obviously use Graham’s scan n times for an O(n2 log n)-time
algorithm). Hint: How do you maintain the convex hull?
5. ⋆ (a) Given an n-polygon and a point outside the polygon, give an algorithm to find a tangent.
(b) Suppose you have found both tangents. Give an algorithm to remove the points from
the polygon that are within the angle formed by the tangents (as segments!) and the
opposite side of the polygon.
(c) Use the above to give an algorithm to compute the convex hull on-line in O(n log n)
6. (a) A pair of polygon vertices defines an external diagonal if the line segment between them
is completely outside the polygon. Show that every nonconvex polygon has at least one
external diagonal.
(b) Three consective polygon vertices p, q, r form a mouth if p and r define an external diagonal. Show that every nonconvex polygon has at least one mouth.

Two external diagonals

Two mouths

7. A group of n ghostbusters is battling n ghosts. Each ghostbuster can shoot a single energy
beam at a ghost, eradicating it. A stream goes in a straight line and terminates when it hits
the ghost. The ghostbusters all fire at the same time and no two energy beams may cross.
The positions of the ghosts and ghostbusters are fixed points in the plane.
(a) Prove that for any configuration of ghosts and ghostbusters, there is such a non-crossing
matching. (Assume that no three points are collinear.)
4
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(b) Show that there is a line passing through one ghostbuster and one ghost such that the
number of ghostbusters on one side of the line equals the number of ghosts on the same
side. Give an efficient algorithm to find such a line.
(c) Give an efficient divide and conquer algorithm to pair ghostbusters and ghosts so that
no two streams cross.
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Name:
Net ID:

Alias:

U 3/4 1

Name:
Net ID:

Alias:

U 3/4 1

Starting with Homework 1, homeworks may be done in teams of up to three people. Each team
turns in just one solution, and every member of a team gets the same grade. Since 1-unit graduate
students are required to solve problems that are worth extra credit for other students, 1-unit grad
students may not be on the same team as 3/4-unit grad students or undergraduates.
Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes
above. Please also tell us whether you are an undergraduate, 3/4-unit grad student, or 1-unit grad
student by circling U, 3/4 , or 1, respectively. Staple this sheet to the top of your homework.

Required Problems
1. (a) Prove that P ⊆ co-NP.

(b) Show that if NP 6= co-NP, then no NP-complete problem is a member of co-NP.

2. 2 SAT is a special case of the formula satisfiability problem, where the input formula is in
conjunctive normal form and every clause has at most two literals. Prove that 2 SAT is in P.
3. Describe an algorithm that solves the following problem, called 3 SUM, as quickly as possible:
Given a set of n numbers, does it contain three elements whose sum is zero? For example,
your algorithm should answer T RUE for the set {−5, −17, 7, −4, 3, −2, 4}, since −5+7+(−2) =
0, and FALSE for the set {−6, 7, −4, −13, −2, 5, 13}.
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4. (a) Show that the problem of deciding whether one undirected graph is a subgraph of another is NP-complete.
(b) Show that the problem of deciding whether an unweighted undirected graph has a path
of length greater than k is NP-complete.

5. (a) Consider the following problem: Given a set of axis-aligned rectangles in the plane,
decide whether any point in the plane is covered by k or more rectangles. Now also
consider the C LIQUE problem. Describe and analyze a reduction of one problem to the
other.
(b) Finding the largest clique in an arbitrary graph is NP-hard. What does this fact imply
about the complexity of finding a point that lies inside the largest number of rectangles?

6. [This problem is required only for graduate students taking CS 373 for a full unit; anyone
else can submit a solution for extra credit.]
PARTITION is the problem of deciding, given a set S = {s1 , s2 , . .P
. , sn } of numbers,
whether
P
S. S UBSET S UM
there is a subset T containing half the ’weight’ of S, i.e., such that T = 12
is the problem of deciding, given a set S =
P{s1 , s2 , . . . , sn } of numbers and a target sum t,
whether there is a subset T ⊆ S such that
T = t. Give two reductions between these two
problems, one in each direction.

2
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Practice Problems
1. What is the exact worst case number of comparisons needed to find the median of 5 numbers?
For 6 numbers?
2. The E XACT C OVER B Y T HREES problem is defined as follows: given a finite set X and a collection C of 3-element subsets of X, does C contain an exact cover for X, that is, a subcollection
C ′ ⊆ C where every element of X occurs in exactly one member of C ′ ? Given that E XACTC OVER BY T HREES is NP-complete, show that the similar problem E XACT C OVER B Y F OURS is also
NP-complete.
3. Using 3C OLOR and the ‘gadget’ below, prove that the problem of deciding whether a planar
graph can be 3-colored is NP-complete. [Hint: Show that the gadget can be 3-colored, and
then replace any crossings in a planar embedding with the gadget appropriately.]

Crossing gadget for Planar3Color.

4. Using the previous result, and the ‘gadget’ below, prove that the problem of deciding whether
a planar graph with no vertex of degree greater than four can be 3-colored is NP-complete.
[Hint: Show that you can replace any vertex with degree greater than 4 with a collection of
gadgets connected in such a way that no degree is greater than four.]

Degree gadget for Degree4Planar3Color

5. Show that an algorithm that makes at most a constant number of calls to polynomial-time
subroutines runs in polynomial time, but that a polynomial number of calls to polynomialtime subroutines may result in an exponential-time algorithm.
6. (a) Prove that if G is an undirected bipartite graph with an odd number of vertices, then G is
nonhamiltonian. Give a polynomial time algorithm algorithm for finding a hamiltonian
cycle in an undirected bipartite graph or establishing that it does not exist.
(b) Show that the hamiltonian-path problem can be solved in polynomial time on directed
acyclic graphs.
(c) Explain why the results in previous questions do not contradict the fact that both H AMIL TONIAN C YCLE and H AMILTONIAN PATH are NP-complete problems.
7. Consider the following pairs of problems:
3
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(a) MIN SPANNING TREE and MAX SPANNING TREE
(b) SHORTEST PATH and LONGEST PATH
(c) TRAVELING SALESMAN and VACATION TOUR (the longest tour is sought).
(d) MIN CUT and MAX CUT (between s and t)
(e) EDGE COVER and VERTEX COVER
(f) TRANSITIVE REDUCTION and MIN EQUIVALENT DIGRAPH
(All of these seem dual or opposites, except the last, which are just two versions of minimal
representation of a graph.) Which of these pairs are polytime equivalent and which are not?

⋆8.

Consider the problem of deciding whether one graph is isomorphic to another.
(a) Give a brute force algorithm to decide this.
(b) Give a dynamic programming algorithm to decide this.
(c) Give an efficient probabilistic algorithm to decide this.

⋆(d)

⋆ 9.

Either prove that this problem is NP-complete, give a poly time algorithm for it, or prove
that neither case occurs.

Prove that P RIMALITY (Given n, is n prime?) is in NP ∩ co-NP. Showing that P RIMALITY is in
co-NP is easy. (What’s a certificate for showing that a number is composite?) For NP, consider
a certificate involving primitive roots and recursively their primitive roots. Show that this tree
of primitive roots can be checked to be correct and used to show that n is prime, and that this
check takes polynomial time.

10. How much wood would a woodchuck chuck if a woodchuck could chuck wood?

4
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Name:
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This is a closed-book, closed-notes exam!
If you brought anything with you besides writing instruments and your
′′
8 12 × 11′′ cheat sheet, please leave it at the front of the classroom.
• Print your name, netid, and alias in the boxes above. Circle U if you are an undergrad, 3/4 if
you are a 3/4-unit grad student, or 1 if you are a 1-unit grad student. Print your name at the
top of every page (in case the staple falls out!).
• Answer four of the five questions on the exam. Each question is worth 10 points. If you
answer more than four questions, the one with the lowest score will be ignored. 1-unit
graduate students must answer question 5.
• Please write your final answers on the front of the exam pages. Use the backs of the pages as
scratch paper. Let us know if you need more paper.
• Unless we specifically say otherwise, proofs are not required. However, they may help us give
you partial credit.
• Read the entire exam before writing anything. Make sure you understand what the questions
are asking. If you give a beautiful answer to the wrong question, you’ll get no credit. If any
question is unclear, please ask one of us for clarification.
• Don’t spend too much time on any single problem. If you get stuck, move on to something
else and come back later.
• Write something down for every problem. Don’t panic and erase large chunks of work. Even
if you think it’s absolute nonsense, it might be worth partial credit.
• Relax. Breathe. Kick some ass.

#
Score Grader
1
2
3
4
5
Total
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1. Multiple Choice
Every question below has one of the following answers.
(a) Θ(1)

(b) Θ(log n)

(c) Θ(n)

(e) Θ(n2 )

(d) Θ(n log n)

For each question, write the letter that corresponds to your answer. You do not need to justify
your answers. Each correct answer earns you 1 point, but each incorrect answer costs you 12
point. You cannot score below zero.

What is

n
P

log i?

i=1

What is

n n
P
?
i=1 i

How many digits do you need to write 2n in decimal?
What is the solution of the recurrence T (n) = 25T (n/5) + n?
What is the solution of the recurrence T (n) = T (n − 1) +
What is the solution of the recurrence T (n) = 3T

 n+51 
3

1
?
2n
+ 17n −

√
7

log ∗ n

lg lg n − 22

+ π?

What is the worst-case running time of randomized quicksort?
The expected time for inserting one item into an n-node randomized treap is O(log n).
What is the worst-case time for a sequence of n insertions into an initially empty treap?
The amortized time for inserting one item into an n-node scapegoat tree is O(log n).
What is the worst-case time for a sequence of n insertions into an initially empty scapegoat tree?
In the worst case, how many nodes can be in the root list of a Fibonacci heap storing n
keys, immediately after a D ECREASE K EY operation?
Every morning, an Amtrak train leaves Chicago for Champaign, 200 miles away. The
train can accelerate or decelerate at 10 miles per hour per second, and it has a maximum
speed of 60 miles an hour. Every 50 miles, the train must stop for five minutes while
a school bus crosses the tracks. Every hour, the conductor stops the train for a unionmandated 10-minute coffee break. How long does it take the train to reach Champaign?

1
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2. Suppose we have n points scattered inside a two-dimensional box. A kd-tree recursively
subdivides the rectangle as follows. First we split the box into two smaller boxes with a vertical
line, then we split each of those boxes with horizontal lines, and so on, always alternating
between horizontal and vertical splits. Each time we split a box, the splitting line passes
through some point inside the box (not on the boundary) and partitions the rest of the interior
points as evenly as possible. If a box doesn’t contain any points, we don’t split it any more;
these final empty boxes are called cells.

A kd-tree for 15 points. The dashed line crosses four cells.

(a) [2 points] How many cells are there, as a function of n? Prove your answer is correct.
(b) [8 points] In the worst case, exactly how many cells can a horizontal line cross, as a
function of n? Prove your answer is correct. Assume that n = 2k − 1 for some integer k.
[For full credit, you must give an exact answer. A tight asymptotic bound (with proof) is
worth 5 points. A correct recurrence is worth 3 points.]
(c) [5 points extra credit] In the worst case, how many cells can a diagonal line cross?

Incidentally, ‘kd-tree’ originally meant ‘k-dimensional tree’—for example, the specific data structure described here used to
be called a ‘2d-tree’—but current usage ignores this etymology. The phrase ‘d-dimensional kd-tree’ is now considered perfectly
standard, even though it’s just as redundant as ‘ATM machine’, ‘PIN number’, ‘HIV virus’, ‘PDF format’, ‘Mt. Fujiyama’, ‘Sahara
Desert’, ‘The La Brea Tar Pits’, or ‘and etc.’ On the other hand, ‘BASIC code’ is not redundant; ’Beginner’s All-Purpose Instruction
Code’ is a backronym. Hey, aren’t you supposed to be taking a test?

2
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3. A multistack consists of an infinite series of stacks S0 , S1 , S2 , . . . , where the ith stack Si can
hold up to 3i elements. Whenever a user attempts to push an element onto any full stack Si ,
we first move all the elements in Si to stack Si+1 to make room. But if Si+1 is already full, we
first move all its members to Si+2 , and so on. Moving a single element from one stack to the
next takes O(1) time.
×9

×3

Making room for one new element in a multistack.

(a) [1 point] In the worst case, how long does it take to push one more element onto a
multistack containing n elements?
(b) [9 points] Prove that the amortized cost of a push operation is O(log n), where n is the
maximum number of elements in the multistack. You can use any method you like.

3
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4. After graduating with a computer science degree, you find yourself working for a software
company that publishes a word processor. The program stores a document containing n characters, grouped into p paragraphs. Your manager asks you to implement a ‘Sort Paragraphs’
command that rearranges the paragraphs into alphabetical order.
Design and analyze and efficient paragraph-sorting algorithm, using the following pair of
routines as black boxes.
• C OMPARE PARAGRAPHS(i, j) compares the ith and jth paragraphs, and returns i or j depending on which paragraph should come first in the final sorted output. (Don’t worry
about ties.) This function runs in O(1) time, since almost any two paragraphs can be
compared by looking at just their first few characters!
• M OVE PARAGRAPH(i, j) ‘cuts’ out the ith paragraph and ‘pastes’ it back in as the jth paragraph. This function runs in O(ni ) time, where ni is the number of characters in the ith
paragraph. (So in particular, n1 + n2 + · · · + np = n.)
Here is an example of M OVE PARAGRAPH(7, 2):
Congress shall make no law respecting. . .
No soldier shall, in time of peace. . .
The right of the people to be secure. . .
No person shall be held to answer for. . .
In all criminal prosecutions, the. . .
In suits at common law, where the. . .
A well regulated militia, being. . .
Excessive bail shall not be required. . .
The enumeration in the Constitution. . .
The powers not delegated to the. . .

=⇒

Congress shall make no law respecting. . .
A well regulated militia, being. . .
No soldier shall, in time of peace. . .
The right of the people to be secure. . .
No person shall be held to answer for. . .
In all criminal prosecutions, the. . .
In suits at common law, where the. . .
Excessive bail shall not be required. . .
The enumeration in the Constitution. . .
The powers not delegated to the. . .

[Hint: For full credit, your algorithm should run in o(n log n) time when p = o(n).]
5. [1-unit grad students must answer this question.]
Describe and analyze an algorithm to randomly shuffle an array of n items, so that each of
the n! possible permutations is equally likely. Assume that you have a function R ANDOM (i, j)
that returns a random integer from the set {i, i + 1, . . . , j} in constant time.

[Hint: As a sanity check, you might want to confirm that for n = 3, all six permutations have probability 1/6. For full credit, your algorithm must run in Θ(n) time. A correct
algorithm that runs in Θ(n log n) time is worth 7 points.]

4
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From: "Josh Pepper" <jwpepper@uiuc.edu>
To: "Chris Neihengen" <neihenge@uiuc.edu>
Subject: FW: proof
Date: Fri, 29 Sep 2000 09:34:56 -0500
thought you might like this.
Problem: To prove that computer science 373 is indeed the work of Satan.
Proof: First, let us assume that everything in "Helping Yourself with
Numerology", by Helyn Hitchcock, is true.
Second, let us apply divide and conquer to this problem. There are main
parts:
1. The name of the course: "Combinatorial Algorithms"
2. The most important individual in the course, the "Recursion Fairy"
3. The number of this course: 373.
We examine these sequentially.
The name of the course. "Combinatorial Algorithms" can actually be
expressed as a single integer - 23 - since it has 23 letters.
The most important individual, the Recursion Fairy, can also be
expressed as a single integer - 14 - since it has 14 letters. In other
words:
COMBINATORIAL ALGORITHMS = 23
RECURSION FAIRY = 14
As a side note, a much shorter proof has already been published showing
that the Recursion Fairy is Lucifer, and that any class involving the
Fairy is from Lucifer, however, that proofs numerological significance
is slight.
Now we can move on to an analysis of the number of course, which holds
great meaning. The first assumtion we make is that the number of the
course, 373, is not actually a base 10 number. We can prove this
inductively by making a reasonable guess for the actual base, then
finding a new way to express the nature of the course, and if the answer
confirms what we assumed, then we’re right.
works.

That’s the way induction

What is a reasonable guess for the base of the course? The answer is
trivial, since the basest of all beings is the Recursion Fairy, the base
is 14. So a true base 10 representation of 373 (base 14) is 689. So we
see:
373 (base 14) = 689 (base 10)
Now since the nature of the course has absolutely nothing to do with
combinatorial algorithms (instead having much to do with the work of the
devil), we can subtract from the above result everything having to do
with combinatorial algorithms just by subtracting 23. Here we see that:
689 - 23 = 666
QED.
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1. Using any method you like, compute the following subgraphs for the weighted graph below.
Each subproblem is worth 3 points. Each incorrect edge costs you 1 point, but you cannot get
a negative score for any subproblem.
(a)
(b)
(c)
(d)

a depth-first search tree, starting at the top vertex;
a breadth-first search tree, starting at the top vertex;
a shortest path tree, starting at the top vertex;
the minimum spanning tree.

11

12

10

0

8

3

4

7

2

9

5

6

1

2. Suppose you are given a weighted undirected graph G (represented as an adjacency list)
and its minimum spanning tree T (which you already know how to compute). Describe and
analyze and algorithm to find the second-minimum spanning tree of G, i.e., the spanning tree
of G with smallest total weight except for T .
The minimum spanning tree and the second-minimum spanning tree differ by exactly one
edge. But which edge is different, and how is it different? That’s what your algorithm has to
figure out!

8

5

8

5

10
2
18

10
2

3

12

30

16

18

12

30

16

14

14
4

3

4

26

26

The minimum spanning tree and the second-minimum spanning tree of a graph.

3. (a) [4 pts] Prove that a connected acyclic graph with V vertices has exactly V − 1 edges.
(“It’s a tree!” is not a proof.)
(b) [4 pts] Describe and analyze an algorithm that determines whether a given graph is a
tree, where the graph is represented by an adjacency list.
(c) [2 pts] What is the running time of your algorithm from part (b) if the graph is represented by an adjacency matrix?

1
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4. Mulder and Scully have computed, for every road in the United States, the exact probability
that someone driving on that road won’t be abducted by aliens. Agent Mulder needs to drive
from Langley, Virginia to Area 51, Nevada. What route should he take so that he has the least
chance of being abducted?
More formally, you are given a directed graph G = (V, E), where every edge e has an independent safety probability p(e). The safety of a path is the product of the safety probabilities
of its edges. Design and analyze an algorithm to determine the safest path from a given start
vertex s to a given target vertex t.
Las Vegas, NV

0.2

1

0.
0.5

0.7
Langley, VA

0.

9

Memphis, TN

0.5
Area 51, AZ

With the probabilities shown above, if Mulder tries to drive directly from Langley to Area 51,
he has a 50% chance of getting there without being abducted. If he stops in Memphis, he has
a 0.7 × 0.9 = 63% chance of arriving safely. If he stops first in Memphis and then in Las Vegas,
he has a 1 − 0.7 × 0.1 × 0.5 = 96.5% chance of being abducted!1

5. [1-unit grad students must answer this question.]
Many string matching applications allow the following wild card characters in the pattern.
• The wild card ? represents an arbitrary single character. For example, the pattern s?r?ng
matches the strings string, sprung, and sarong.
• The wild card * represents an arbitrary string of zero or more characters. For example,
the pattern te*st* matches the strings test, tensest, and technostructuralism.
Both wild cards can occur in a single pattern. For example, the pattern f*a?? matches the
strings face, football, and flippityfloppitydingdongdang. On the other hand, neither
wild card can occur in the text.
Describe how to modify the Knuth-Morris-Pratt algorithm to support patterns with these wild
cards, and analyze the modified algorithm. Your algorithm should find the first substring in
the text that matches the pattern. An algorithm that supports only one of the two wild cards
is worth 5 points.
1

That’s how they got Elvis, you know.
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1. True, False, or Maybe
Indicate whether each of the following statments is always true, sometimes true, always
false, or unknown. Some of these questions are deliberately tricky, so read them carefully.
Each correct choice is worth +1, and each incorrect choice is worth −1. Guessing will hurt
you!
(a) Suppose S MARTA LGORITHM runs in Θ(n2 ) time and D UMB A LGORITHM runs in Θ(2n ) time
for all inputs of size n. (Thus, for each algorithm, the best-case and worst-case running
times are the same.) S MARTA LGORITHM is faster than D UMB A LGORITHM.

True

False

Sometimes

Nobody Knows

False

Sometimes

Nobody Knows

False

Sometimes

Nobody Knows

(b) Q UICK S ORT runs in O(n6 ) time.

True
(c) ⌊log2 n⌋ ≥ ⌈log2 n⌉

True

√
√
(d) The recurrence F (n) = n + 2 n · F ( n) has the solution F (n) = Θ(n log n).

True

False

Sometimes

Nobody Knows

(e) A Fibonacci heap with n nodes has depth Ω(log n).

True

False

Sometimes

Nobody Knows

(f) Suppose a graph G is represented by an adjacency matrix. It is possible to determine
whether G is an independent set without looking at every entry of the adjacency matrix.

True
(g) NP 6= co-NP

True

False

Sometimes

Nobody Knows

False

Sometimes

Nobody Knows

(h) Finding the smallest clique in a graph is NP-hard.

True

False

Sometimes

Nobody Knows

(i) A polynomial-time reduction from X to 3SAT proves that X is NP-hard.

True

False

Sometimes

Nobody Knows

(j) The correct answer for exactly three of these questions is “False”.

True

False
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2. Convex Hull
Suppose you are given the convex hull of a set of n points, and one additional point (x, y).
The convex hull is represented by an array of vertices in counterclockwise order, starting from
the leftmost vertex. Describe how to test in O(log n) time whether or not the additional point
(x, y) is inside the convex hull.
3. Finding the Largest Block
In your new job, you are working with screen images. These are represented using two
dimensional arrays where each element is a 1 or a 0, indicating whether that position of the
screen is illuminated. Design and analyze an efficient algorithm to find the largest rectangular
block of ones in such an array. For example, the largest rectangular block of ones in the array
shown below is in rows 2–4 and columns 2–3. [Hint: Use dynamic programming.]
1
1
0
1

0
1
1
1

1
1
1
1

0
0
1
0

0
1
1
0

4. The Hogwarts Sorting Hat
Every year, upon their arrival at Hogwarts School of Witchcraft and Wizardry, new students are sorted into one of four houses (Gryffindor, Hufflepuff, Ravenclaw, or Slytherin) by
the Hogwarts Sorting Hat. The student puts the Hat on their head, and the Hat tells the student which house they will join. This year, a failed experiment by Fred and George Weasley
filled almost all of Hogwarts with sticky brown goo, mere moments before the annual Sorting.
As a result, the Sorting had to take place in the basement hallways, where there was so little
room to move that the students had to stand in a long line.
After everyone learned what house they were in, the students tried to group together by
house, but there was too little room in the hallway for more than one student to move at a
time. Fortunately, the Sorting Hat took CS 373 many years ago, so it knew how to group the
students as quickly as possible. What method did the Sorting Hat use?
More formally, you are given an array of n items, where each item has one of four possible
values, possibly with a pointer to some additional data. Design and analyze an algorithm that
rearranges the items into four clusters in O(n) time using only O(1) extra space.
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5. The Egyptian Skyline
Suppose you are given a set of n pyramids in the plane. Each pyramid is a isosceles
triangle with two 45◦ edges and a horizontal edge on the x-axis. Each pyramid is represented
by the x- and y-coordinates of its topmost point. Your task is to compute the “skyline” formed
by these pyramids (the dark line shown below).

The skyline formed by these 12 pyramids has 16 vertices.

(a) Describe and analyze an algorithm that determines which pyramids are visible on the
skyline. These are the pyramids with black points in the figure above; the pyramids with
white points are not visible. [Hint: You’ve seen this problem before.]
(b) One you know which pyramids are visible, how would you compute the shape of the
skyline? Describe and analyze an algorithm to compute the left-to-right sequence of
skyline vertices, including the vertices between the pyramids and on the ground.
6. DNF-SAT
A boolean formula is in disjunctive normal form (DNF) if it consists of clauses of conjunctions (ANDs) joined together by disjunctions (ORs). For example, the formula
(a ∧ b ∧ c) ∨ (b ∧ c) ∨ (a ∧ b ∧ c)
is in disjunctive normal form. DNF-SAT is the problem that asks, given a boolean formula in
disjunctive normal form, whether that formula is satisfiable.
(a) Show that DNF-SAT is in P.
(b) What is wrong with the following argument that P=NP?
Suppose we are given a boolean formula in conjunctive normal form with at most three
literals per clause, and we want to know if it is satisfiable. We can use the distributive law
to construct an equivalent formula in disjunctive normal form. For example,
(a ∨ b ∨ c) ∧ (a ∨ b) ⇐⇒ (a ∧ b) ∨ (b ∧ a) ∨ (c ∧ a) ∨ (c ∧ b)
Now we can use the answer to part (a) to determine, in polynomial time, whether the
resulting DNF formula is satisfiable. We have just solved 3SAT in polynomial time! Since
3SAT is NP-hard, we must conclude that P=NP.

7. Magic 3-Coloring [1-unit graduate students must answer this question.]
The recursion fairy’s distant cousin, the reduction genie, shows up one day with a magical
gift for you—a box that determines in constant time whether or not a graph is 3-colorable. (A
graph is 3-colorable if you can color each of the vertices red, green, or blue, so that every edge
has do different colors.) The magic box does not tell you how to color the graph, just whether
or not it can be done. Devise and analyze an algorithm to 3-color any graph in polynomial
time using this magic box.
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Homework 0, due January 23, 2001 at the beginning of class

Name:
Net ID:

Alias:

Neatly print your name (first name first, with no comma), your network ID, and a short alias into
the boxes above. Do not sign your name. Do not write your Social Security number.
Staple this sheet of paper to the top of your homework.
Grades will be listed on the course web site by alias give us, so your alias should not resemble your
name or your Net ID. If you don’t give yourself an alias, we’ll give you one that you won’t like.
This homework tests your familiarity with the prerequisite material from CS 173, CS 225, and
CS 273—many of these problems have appeared on homeworks or exams in those classes—primarily
to help you identify gaps in your knowledge. You are responsible for filling those gaps on
your own. Parberry and Chapters 1–6 of CLR should be sufficient review, but you may want to
consult other texts as well.
Before you do anything else, read the Homework Instructions and FAQ on the CS 373 course web
page (http://www-courses.cs.uiuc.edu/∼cs373/hw/faq.html), and then check the box below. This
web page gives instructions on how to write and submit homeworks—staple your solutions together
in order, write your name and netID on every page, don’t turn in source code, analyze everything,
use good English and good logic, and so forth.

I have read the CS 373 Homework Instructions and FAQ.

Required Problems
1. (a) Prove that any positive integer can be written as the sum of distinct powers of 2. For
example: 42 = 25 + 23 + 21 , 25 = 24 + 23 + 20 , 17 = 24 + 20 . [Hint: ‘Write the number
in binary’ is not a proof; it just restates the problem.]
(b) Prove that any positive integer can be written as the sum of distinct nonconsecutive
Fibonacci numbers—if Fn appears in the sum, then neither Fn+1 nor Fn−1 will. For
example: 42 = F9 + F6 , 25 = F8 + F4 + F2 , 17 = F7 + F4 + F2 .
P
(c) Prove that any integer (positive, negative, or zero) can be written in the form i ±3i ,
where the exponents i are distinct non-negative integers. For example: 42 = 34 − 33 −
32 − 31 , 25 = 33 − 31 + 30 , 17 = 33 − 32 − 30 .
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2. Sort the following 20 functions from asymptotically smallest to asymptotically largest, indicating ties if there are any. You do not need to turn in proofs (in fact, please don’t turn in
proofs), but you should do them anyway just for practice.
1
lg lg n+1

22

nlg n
log1000 n

n2

n
lg∗ 2n
(lg n)n
lg1000 n

2lg

∗

n

(lg n)lg n
lg(1000) n

lg n

lg∗ n

⌊lg(n!)⌋

⌊lg n⌋!

n1/ lg n

1+

1
1000

n

nlg lg n

n1/1000

To simplify notation, write f (n) ≪ g(n) to mean f (n) = o(g(n)) and f (n) ≡ g(n) to mean
f (n) = Θ(g(n)). For example,
the functions n2 , n, n2 , n3 could be sorted either as n ≪
n
n
2
3
n ≡ 2 ≪ n or as n ≪ 2 ≡ n2 ≪ n3 .

3. Solve the following recurrences. State tight asymptotic bounds for each function in the form
Θ(f (n)) for some recognizable function f (n). You do not need to turn in proofs (in fact,
please don’t turn in proofs), but you should do them anyway just for practice. Assume
reasonable but nontrivial base cases if none are supplied. Extra credit will be given for more
exact solutions.
(a) A(n) = 5A(n/3) + n log n
(b) B(n) = min

0<k<n


B(k) + B(n − k) + 1 .

(c) C(n) = 4C(⌊n/2⌋ + 5) + n2
(d) D(n) = D(n − 1) + 1/n
√
√
E(n) = n + 2 n · E( n)

⋆ (e)

4. This problem asks you to simplify some recursively defined boolean formulas as much as
possible. In each case, prove that your answer is correct. Each proof can be just a few
sentences long, but it must be a proof.
(a) Suppose α0 = p, α1 = q, and αn = (αn−2 ∧ αn−1 ) for all n ≥ 2. Simplify αn as much as
possible. [Hint: What is α5 ?]
(b) Suppose β0 = p, β1 = q, and βn = (βn−2 ⇔ βn−1 ) for all n ≥ 2. Simplify βn as much as
possible. [Hint: What is β5 ?]
(c) Suppose γ0 = p, γ1 = q, and γn = (γn−2 ⇒ γn−1 ) for all n ≥ 2. Simplify γn as much as
possible. [Hint: What is γ5 ?]
(d) Suppose δ0 = p, δ1 = q, and δn = (δn−2 1 δn−1 ) for all n ≥ 2, where 1 is some boolean
function with two arguments. Find a boolean function 1 such that δn = δm if and only
if n − m is a multiple of 4. [Hint: There is only one such function.]
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5. Every year, upon their arrival at Hogwarts School of Witchcraft and Wizardry, new students
are sorted into one of four houses (Gryffindor, Hufflepuff, Ravenclaw, or Slytherin) by the
Hogwarts Sorting Hat. The student puts the Hat on their head, and the Hat tells the student
which house they will join. This year, a failed experiment by Fred and George Weasley filled
almost all of Hogwarts with sticky brown goo, mere moments before the annual Sorting. As
a result, the Sorting had to take place in the basement hallways, where there was so little
room to move that the students had to stand in a long line.
After everyone learned what house they were in, the students tried to group together by
house, but there was too little room in the hallway for more than one student to move at a
time. Fortunately, the Sorting Hat took CS 373 many years ago, so it knew how to group the
students as quickly as possible. What method did the Sorting Hat use?
More formally, you are given an array of n items, where each item has one of four possible values, possibly with a pointer to some additional data. Describe an algorithm1 that
rearranges the items into four clusters in O(n) time using only O(1) extra space.
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6. [This problem is required only for graduate students taking CS 373 for a full unit; anyone
else can submit a solution for extra credit.]
Penn and Teller have a special deck of fifty-two cards, with no face cards and nothing but
clubs—the ace, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, . . . , 52 of clubs. (They’re big cards.) Penn
shuffles the deck until each each of the 52! possible orderings of the cards is equally likely. He
then takes cards one at a time from the top of the deck and gives them to Teller, stopping as
soon as he gives Teller the three of clubs.
(a) On average, how many cards does Penn give Teller?
(b) On average, what is the smallest-numbered card that Penn gives Teller?
⋆ (c)

On average, what is the largest-numbered card that Penn gives Teller?

[Hint: Solve for an n-card deck and then set n = 52.] In each case, give exact answers and
prove that they are correct. If you have to appeal to “intuition” or “common sense”, your
answers are probably wrong!

1

Since you’ve read the Homework Instructions, you know what the phrase ‘describe an algorithm’ means. Right?
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Practice Problems
The remaining problems are entirely for your benefit; similar questions will appear in every homework. Don’t turn in solutions—we’ll just throw them out—but feel free to ask us about practice
questions during office hours and review sessions. Think of them as potential exam questions (hint,
hint). We’ll post solutions to some of the practice problems after the homeworks are due.
1. Recall the standard recursive definition of the Fibonacci numbers: F0 = 0, F1 = 1, and
Fn = Fn−1 + Fn−2 for all n ≥ 2. Prove the following identities for all positive integers
n and m.
(a) Fn is even if and only if n is divisible by 3.
n
P
(b)
Fi = Fn+2 − 1
(c)
⋆ (d)

i=0
Fn2 −

Fn+1 Fn−1 = (−1)n+1

If n is an integer multiple of m, then Fn is an integer multiple of Fm .

2. (a) Prove the following identity by induction:


2n
n




n  
X
n
n
=
.
k
n−k
k=0

(b) Give a non-inductive combinatorial proof of the same identity, by showing that the two
sides of the equation count exactly the same thing in two different ways. There is a
correct one-sentence proof.

3. A tournament is a directed graph with exactly one edge between every pair of vertices. (Think
of the nodes as players in a round-robin tournament, where each edge points from the winner
to the loser.) A Hamiltonian path is a sequence of directed edges, joined end to end, that visits
every vertex exactly once. Prove that every tournament contains at least one Hamiltonian
path.
2

3

1

4

6

5

A six-vertex tournament containing the Hamiltonian path 6 → 4 → 5 → 2 → 3 → 1.
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4. Solve the following recurrences. State tight asymptotic bounds for each function in the form
Θ(f (n)) for some recognizable function f (n). You do not need to turn in proofs (in fact,
please don’t turn in proofs), but you should do them anyway just for practice. Assume
reasonable but nontrivial base cases if none are supplied. Extra credit will be given for more
exact solutions.
(a) A(n) = A(n/2) + n
(b) B(n) = 2B(n/2) + n
⋆(c)

C(n) = n +

(d) D(n) =

1
2


C(n − 1) + C(3n/4)

max

n/3<k<2n/3

D(k) + D(n − k) + n



⋆ (e)

E(n) = 2E(n/2) + n/ lg n
⋆ (f) F (n) = F (n − 1) , where F (1) = 1 and F (2) = 2.
F (n − 2)

⋆ (g)

G(n) = G(n/2) + G(n/4) + G(n/6) + G(n/12) + n
⋆ (h) H(n) = n + √n · H(√n)
⋆ (i)

⋆ (j)

[Hint:

1
2

+

1
4

+

1
6

+

1
12

= 1.]

I(n) = (n − 1)(I(n − 1) + I(n − 2)), where F (0) = F (1) = 1

J(n) = 8J(n − 1) − 15J(n − 2) + 1

5. (a) Prove that 2⌈lg n⌉+⌊lg n⌋ = Θ(n2 ).

(b) Prove or disprove: 2⌊lg n⌋ = Θ 2⌈lg n⌉ .
⌊lg lg n⌋

(c) Prove or disprove: 22

⌈lg lg n⌉

= Θ 22


.

(d) Prove or disprove: If f (n) = O(g(n)), then log(f (n)) = O(log(g(n))).
(e) Prove or disprove: If f (n) = O(g(n)), then 2f (n) = O(2g(n) ).
⋆ (f)

Prove that logk n = o(n1/k ) for any positive integer k.

6. Evaluate the following summations; simplify your answers as much as possible. Significant
partial credit will be given for answers in the form Θ(f (n)) for some recognizable function
f (n).
(a)

i
i X
n X
X
1
i=1 j=1 k=j

⋆ (b)

i
i X
n X
X
1
i=1 j=1 k=j

(c)

i

j

n X
i X
i
X
1
k
i=1 j=1 k=j
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7. Suppose you have a pointer to the head of singly linked list. Normally, each node in the list
only has a pointer to the next element, and the last node’s pointer is Null. Unfortunately,
your list might have been corrupted by a bug in somebody else’s code2 , so that the last node
has a pointer back to some other node in the list instead.

Top: A standard linked list. Bottom: A corrupted linked list.

Describe an algorithm that determines whether the linked list is corrupted or not. Your
algorithm must not modify the list. For full credit, your algorithm should run in O(n) time,
where n is the number of nodes in the list, and use O(1) extra space (not counting the list
itself).
⋆ 8.

An ant is walking along a rubber band, starting at the left end. Once every second, the ant
walks one inch to the right, and then you make the rubber band one inch longer by pulling on
the right end. The rubber band stretches uniformly, so stretching the rubber band also pulls
the ant to the right. The initial length of the rubber band is n inches, so after t seconds, the
rubber band is n + t inches long.

t=0

t=1

t=2

Every second, the ant walks an inch, and then the rubber band is stretched an inch longer.

(a) How far has the ant moved after t seconds, as a function of n and t? Set up a recurrence
and (for full credit) give an exact closed-form solution. [Hint: What fraction of the
rubber band’s length has the ant walked?]
(b) How long does it take the ant to get to the right end of the rubber band? For full credit,
give an answer of the form f (n) + Θ(1) for some explicit function f (n).
9. (a) A domino is a 2 × 1 or 1 × 2 rectangle. How many different ways are there to completely
fill a 2 × n rectangle with n dominos? Set up a recurrence relation and give an exact
closed-form solution.
2

After all, your code is always completely 100% bug-free. Isn’t that right, Mr. Gates?

6
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(b) A slab is a three-dimensional box with dimensions 1 × 2 × 2, 2 × 1 × 2, or 2 × 2 × 1. How
many different ways are there to fill a 2 × 2 × n box with n slabs? Set up a recurrence
relation and give an exact closed-form solution.

A 2 × 10 rectangle filled with ten dominos, and a 2 × 2 × 10 box filled with ten slabs.

10. Professor George O’Jungle has a favorite 26-node binary tree, whose nodes are labeled by
letters of the alphabet. The preorder and postorder sequences of nodes are as follows:
preorder: M N H C R S K W T G D X I Y A J P O E Z V B U L Q F
postorder: C W T K S G R H D N A O E P J Y Z I B Q L F U V X M
Draw Professor O’Jungle’s binary tree, and give the inorder sequence of nodes.
11. Alice and Bob each have a fair n-sided die. Alice rolls her die once. Bob then repeatedly
throws his die until he rolls a number at least as big as the number Alice rolled. Each time
Bob rolls, he pays Alice $1. (For example, if Alice rolls a 5, and Bob rolls a 4, then a 3, then
a 1, then a 5, the game ends and Alice gets $4. If Alice rolls a 1, then no matter what Bob
rolls, the game will end immediately, and Alice will get $1.)
Exactly how much money does Alice expect to win at this game? Prove that your answer
is correct. If you have to appeal to ‘intuition’ or ‘common sense’, your answer is probably
wrong!
12. Prove that for any nonnegative parameters a and b, the following algorithms terminate and
produce identical output.
SlowEuclid(a, b) :
if b > a
return SlowEuclid(b, a)
else if b = 0
return a
else
return SlowEuclid(b, a − b)

FastEuclid(a, b) :
if b = 0
return a
else
return FastEuclid(b, a mod b)
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Name:
Net ID:

Alias:

U 3/4 1

Name:
Net ID:

Alias:

U 3/4 1

Name:
Net ID:

Alias:

U 3/4 1

Starting with Homework 1, homeworks may be done in teams of up to three people. Each team
turns in just one solution, and every member of a team gets the same grade. Since 1-unit graduate
students are required to solve problems that are worth extra credit for other students, 1-unit grad
students may not be on the same team as 3/4-unit grad students or undergraduates.
Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes above.
Please also tell us whether you are an undergraduate, 3/4-unit grad student, or 1-unit grad student
by circling U, 3/4 , or 1, respectively. Staple this sheet to the top of your homework.

Required Problems
1. Suppose you are a simple shopkeeper living in a country with n different types of coins, with
values 1 = c[1] < c[2] < · · · < c[n]. (In the U.S., for example, n = 6 and the values are
1, 5, 10, 25, 50 and 100 cents.) Your beloved and belevolent dictator, El Generalissimo, has
decreed that whenever you give a customer change, you must use the smallest possible number
of coins, so as not to wear out the image of El Generalissimo lovingly engraved on each coin
by servants of the Royal Treasury.
(a) In the United States, there is a simple greedy algorithm that always results in the
smallest number of coins: subtract the largest coin and recursively give change for the
remainder. El Generalissimo does not approve of American capitalist greed. Show that
there is a set of coin values for which the greedy algorithm does not always give the
smallest possible of coins.
(b) Describe and analyze a dynamic programming algorithm to determine, given a target
amount A and a sorted array c[1 .. n] of coin values, the smallest number of coins needed
to make A cents in change. You can assume that c[1] = 1, so that it is possible to make
change for any amount A.
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2. Consider the following sorting algorithm:
StupidSort(A[0 .. n − 1]) :
if n = 2 and A[0] > A[1]
swap A[0] ↔ A[1]
else if n > 2
m ← ⌈2n/3⌉
StupidSort(A[0 .. m − 1])
StupidSort(A[n − m .. n − 1])
StupidSort(A[0 .. m − 1])

(a) Prove that StupidSort actually sorts its input.
(b) Would the algorithm still sort correctly if we replaced the line m ← ⌈2n/3⌉ with
m ← ⌊2n/3⌋? Justify your answer.
(c) State a recurrence (including the base case(s)) for the number of comparisons executed
by StupidSort.

(d) Solve the recurrence, and prove that your solution is correct. [Hint: Ignore the ceiling.]
Does the algorithm deserve its name?

⋆ (e) Show that the number of swaps executed by StupidSort is at most n .
2

3. The following randomized algorithm selects the rth smallest element in an unsorted array
A[1 .. n]. For example, to find the smallest element, you would call RandomSelect(A, 1);
to find the median element, you would call RandomSelect(A, ⌊n/2⌋). Recall from lecture
that Partition splits the array into three parts by comparing the pivot element A[p] to every
other element of the array, using n − 1 comparisons altogether, and returns the new index of
the pivot element.
RandomSelect(A[1 .. n], r) :
p ← Random(1, n)
k ← Partition(A[1 .. n], p)

if r < k
return RandomSelect(A[1 .. k − 1], r)
else if r > k
return RandomSelect(A[k + 1 .. n], r − k)
else
return A[k]

(a) State a recurrence for the expected running time of RandomSelect, as a function of
n and r.
(b) What is the exact probability that RandomSelect compares the ith smallest and jth
smallest elements in the input array? The correct answer is a simple function of i, j,
and r. [Hint: Check your answer by trying a few small examples.]
(c) Show that for any n and r, the expected running time of RandomSelect is Θ(n). You
can use either the recurrence from part (a) or the probabilities from part (b). For extra
credit, find the exact expected number of comparisons, as a function of n and r.
(d) What is the expected number of times that RandomSelect calls itself recursively?
2
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4. What excitement! The Champaign Spinners and the Urbana Dreamweavers have advanced to
meet each other in the World Series of Basketweaving! The World Champions will be decided
by a best-of- 2n−1 series of head-to-head weaving matches, and the first to win n matches will
take home the coveted Golden Basket (for example, a best-of-7 series requiring four match
wins, but we will keep the generalized case). We know that for any given match there is a
constant probability p that Champaign will win, and a subsequent probability q = 1 − p that
Urbana will win.
Let P (i, j) be the probability that Champaign will win the series given that they still need
i more victories, whereas Urbana needs j more victories for the championship. P (0, j) = 1,
1 ≤ j ≤ n, because Champaign needs no more victories to win. P (i, 0) = 0, 1 ≤ i ≤ n, as
Champaign cannot possibly win if Urbana already has. P (0, 0) is meaningless. Champaign
wins any particular match with probability p and loses with probability q, so
P (i, j) = p · P (i − 1, j) + q · P (i, j − 1)
for any i ≥ 1 and j ≥ 1.

Create and analyze an O(n2 )-time dynamic programming algorithm that takes the parameters n, p and q and returns the probability that Champaign will win the series (that is,
calculate P (n, n)).
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5. The traditional Devonian/Cornish drinking song “The Barley Mow” has the following pseudolyrics1 , where container [i] is the name of a container that holds 2i ounces of beer.2
BarleyMow(n):
“Here’s a health to the barley-mow, my brave boys,”
“Here’s a health to the barley-mow!”
“We’ll drink it out of the jolly brown bowl,”
“Here’s a health to the barley-mow!”
“Here’s a health to the barley-mow, my brave boys,”
“Here’s a health to the barley-mow!”
for i ← 1 to n
“We’ll drink it out of the container [i], boys,”
“Here’s a health to the barley-mow!”
for j ← i downto 1
“The container [j],”
“And the jolly brown bowl!”
“Here’s a health to the barley-mow!”
“Here’s a health to the barley-mow, my brave boys,”
“Here’s a health to the barley-mow!”
(a) Suppose each container name container [i] is a single word, and you can sing four words a
second. How long would it take you to sing BarleyMow(n)? (Give a tight asymptotic
bound.)
(b) If you want to sing this song for n > 20, you’ll have to make up your own container
names, and to avoid repetition, these names will get progressively longer as n increases3 .
Suppose container [n] has Θ(log n) syllables, and you can sing six syllables per second.
Now how long would it take you to sing BarleyMow(n)? (Give a tight asymptotic
bound.)
(c) Suppose each time you mention the name of a container, you drink the corresponding
amount of beer: one ounce for the jolly brown bowl, and 2i ounces for each container [i].
Assuming for purposes of this problem that you are at least 21 years old, exactly how
many ounces of beer would you drink if you sang BarleyMow(n)? (Give an exact
answer, not just an asymptotic bound.)

1

Pseudolyrics are to lyrics as pseudocode is to code.
One version of the song uses the following containers: nipperkin, gill pot, half-pint, pint, quart, pottle, gallon,
half-anker, anker, firkin, half-barrel, barrel, hogshead, pipe, well, river, and ocean. Every container in this list is
twice as big as its predecessor, except that a firkin is actually 2.25 ankers, and the last three units are just silly.
3
“We’ll drink it out of the hemisemidemiyottapint, boys!”
2
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6. [This problem is required only for graduate students taking CS 373 for a full unit; anyone else
can submit a solution for extra credit.]
Suppose we want to display a paragraph of text on a computer screen. The text consists
of n words, where the ith word is pi pixels wide. We want to break the paragraph into several
lines, each exactly P pixels long. Depending on which words we put on each line, we will
need to insert different amounts of white space between the words. The paragraph should be
fully justified, meaning that the first word on each line starts at its leftmost pixel, and except
for the last line, the last character on each line ends at its rightmost pixel. There must be at
least one pixel of whitespace between any two words on the same line.
Define the slop of a paragraph layout as the sum over all lines, except the last, of the cube
of the number of extra white-space pixels in each line (not counting the one pixel required
between every adjacent pair of words). Specifically, if a line contains
words i through j, then
P
the amount of extra white space on that line is P − j + i − jk=i pk . Describe a dynamic
programming algorithm to print the paragraph with minimum slop.

5
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Practice Problems
1. Give an O(n2 ) algorithm to find the longest increasing subsequence of a sequence of numbers.
The elements of the subsequence need not be adjacent in the sequence. For example, the
sequence h1, 5, 3, 2, 4i has longest increasing subsequence h1, 3, 4i.
2. You are at a political convention with n delegates. Each delegate is a member of exactly
one political party. It is impossible to tell which political party a delegate belongs to. However, you can check whether any two delegates are in the same party or not by introducing
them to each other. (Members of the same party always greet each other with smiles and
friendly handshakes; members of different parties always greet each other with angry stares
and insults.)
(a) Suppose a majority (more than half) of the delegates are from the same political party.
Give an efficient algorithm that identifies a member of the majority party.
(b) Suppose exactly k political parties are represented at the convention and one party has
a plurality: more delegates belong to that party than to any other. Present a practical procedure to pick a person from the plurality party as parsimoniously as possible.
(Please.)

3. Give an algorithm that finds the second smallest of n elements in at most n + ⌈lg n⌉ − 2
comparisons. [Hint: divide and conquer to find the smallest; where is the second smallest?]

4. Some graphics hardware includes support for an operation called blit, or block transfer, which
quickly copies a rectangular chunk of a pixelmap (a two-dimensional array of pixel values)
from one location to another. This is a two-dimensional version of the standard C library
function memcpy().
Suppose we want to rotate an n × n pixelmap 90◦ clockwise. One way to do this is to split the
pixelmap into four n/2 × n/2 blocks, move each block to its proper position using a sequence
of five blits, and then recursively rotate each block. Alternately, we can first recursively rotate
the blocks and blit them into place afterwards.
C A
D B

A B
C D

A B
C D

B D
A C
Two algorithms for rotating a pixelmap.
Black arrows indicate blitting the blocks into place.
White arrows indicate recursively rotating the blocks.

The following sequence of pictures shows the first algorithm (blit then recurse) in action.
6
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In the following questions, assume n is a power of two.
(a) Prove that both versions of the algorithm are correct. [Hint: If you exploit all the
available symmetries, your proof will only be a half of a page long.]
(b) Exactly how many blits does the algorithm perform?
(c) What is the algorithm’s running time if a k × k blit takes O(k2 ) time?

(d) What if a k × k blit takes only O(k) time?

5. A company is planning a party for its employees. The employees in the company are organized
into a strict hierarchy, that is, a tree with the company president at the root. The organizers
of the party have assigned a real number to each employee measuring how ‘fun’ the employee
is. In order to keep things social, there is one restriction on the guest list: an employee cannot
attend the party if their immediate supervisor is present. On the other hand, the president
of the company must attend the party, even though she has a negative fun rating; it’s her
company, after all. Give an algorithm that makes a guest list for the party that maximizes
the sum of the ‘fun’ ratings of the guests.
6. Suppose you have a subroutine that can find the median of a set of n items (i.e., the ⌊n/2⌋
smallest) in O(n) time. Give an algorithm to find the kth biggest element (for arbitrary k)
in O(n) time.
7. You’re walking along the beach and you stub your toe on something in the sand. You dig
around it and find that it is a treasure chest full of gold bricks of different (integral) weight.
Your knapsack can only carry up to weight n before it breaks apart. You want to put as
much in it as possible without going over, but you cannot break the gold bricks up.
(a) Suppose that the gold bricks have the weights 1, 2, 4, 8, . . . , 2k , k ≥ 1. Describe and
prove correct a greedy algorithm that fills the knapsack as much as possible without
going over.
(b) Give a set of 3 weight values for which the greedy algorithm does not yield an optimal
solution and show why.
(c) Give a dynamic programming algorithm that yields an optimal solution for an arbitrary
set of gold brick values.
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Starting with Homework 1, homeworks may be done in teams of up to three people. Each team
turns in just one solution, and every member of a team gets the same grade. Since 1-unit graduate
students are required to solve problems that are worth extra credit for other students, 1-unit grad
students may not be on the same team as 3/4-unit grad students or undergraduates.
Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes above.
Please also tell us whether you are an undergraduate, 3/4-unit grad student, or 1-unit grad student
by circling U, 3/4 , or 1, respectively. Staple this sheet to the top of your homework.

Required Problems
1. Suppose we are given two sorted arrays A[1 .. n] and B[1 .. n] and an integer k. Describe an
algorithm to find the kth smallest element in the union of A and B. (For example, if k = 1,
your algorithm should return the smallest element of A ∪ B; if k = n, our algorithm should
return the median of A ∪ B.) You can assume that the arrays contain no duplicates. For full
credit, your algorithm should run in Θ(log n) time. [Hint: First try to solve the special case
k = n.]
2. Say that a binary search tree is augmented if every node v also stores |v|, the size of its
subtree.
(a) Show that a rotation in an augmented binary tree can be performed in constant time.
(b) Describe an algorithm ScapegoatSelect(k) that selects the kth smallest item in an
augmented scapegoat tree in O(log n) worst-case time.
(c) Describe an algorithm SplaySelect(k) that selects the kth smallest item in an augmented splay tree in O(log n) amortized time.
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(d) Describe an algorithm TreapSelect(k) that selects the kth smallest item in an augmented treap in O(log n) expected time.
3. (a) Prove that only one subtree gets rebalanced in a scapegoat tree insertion.
(b) Prove that I(v) = 0 in every node of a perfectly balanced tree. (Recall that I(v) =
max{0, |T | − |s| − 1}, where T is the child of greater height and s the child of lesser
height, and |v| is the number of nodes in subtree v. A perfectly balanced tree has two
perfectly balanced subtrees, each with as close to half the nodes as possible.)
⋆ (c)

Show that you can rebuild a fully balanced binary tree from an unbalanced tree in O(n)
time using only O(log n) additional memory.

4. Suppose we can insert or delete an element into a hash table in constant time. In order to
ensure that our hash table is always big enough, without wasting a lot of memory, we will
use the following global rebuilding rules:
• After an insertion, if the table is more than 3/4 full, we allocate a new table twice as big
as our current table, insert everything into the new table, and then free the old table.
• After a deletion, if the table is less than 1/4 full, we we allocate a new table half as big
as our current table, insert everything into the new table, and then free the old table.
Show that for any sequence of insertions and deletions, the amortized time per operation
is still a constant. Do not use the potential method (it makes it much more difficult).
5. A multistack consists of an infinite series of stacks S0 , S1 , S2 , . . . , where the ith stack Si can
hold up to 3i elements. Whenever a user attempts to push an element onto any full stack Si ,
we first move all the elements in Si to stack Si+1 to make room. But if Si+1 is already full,
we first move all its members to Si+2 , and so on. Moving a single element from one stack to
the next takes O(1) time.
×9

×3

Making room for one new element in a multistack.

(a) [1 point] In the worst case, how long does it take to push one more element onto a
multistack containing n elements?
(b) [9 points] Prove that the amortized cost of a push operation is O(log n), where n is the
maximum number of elements in the multistack. You can use any method you like.
2
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6. [This problem is required only for graduate students taking CS 373 for a full unit; anyone else
can submit a solution for extra credit.]
Death knocks on your door one cold blustery morning and challenges you to a game.
Death knows that you are an algorithms student, so instead of the traditional game of chess,
Death presents you with a complete binary tree with 4n leaves, each colored either black or
white. There is a token at the root of the tree. To play the game, you and Death will take
turns moving the token from its current node to one of its children. The game will end after
2n moves, when the token lands on a leaf. If the final leaf is black, you die; if it’s white, you
will live forever. You move first, so Death gets the last turn.
You can decide whether it’s worth playing or not as follows. Imagine that the nodes at
even levels (where it’s your turn) are or gates, the nodes at odd levels (where it’s Death’s
turn) are and gates. Each gate gets its input from its children and passes its output to its
parent. White and black stand for True and False. If the output at the top of the tree is
True, then you can win and live forever! If the output at the top of the tree is False, you
should challenge Death to a game of Twister instead.
(a) (2 pts) Describe and analyze a deterministic algorithm to determine whether or not you
can win. [Hint: This is easy!]
(b) (8 pts) Unfortunately, Death won’t let you even look at every node in the tree. Describe
a randomized algorithm that determines whether you can win in Θ(3n ) expected time.
[Hint: Consider the case n = 1.]

∨
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∧

∨
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∨
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∧

∨
∧

∧
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Practice Problems
1. (a) Show that it is possible to transform any n-node binary search tree into any other n-node
binary search tree using at most 2n − 2 rotations.
⋆ (b)

Use fewer than 2n − 2 rotations. Nobody knows how few rotations are required in the
worst case. There is an algorithm that can transform any tree to any other in at most
2n − 6 rotations, and there are pairs of trees that are 2n − 10 rotations apart. These are
the best bounds known.

2. Faster Longest Increasing Subsequence(LIS)
Give an O(n log n) algorithm to find the longest increasing subsequence of a sequence of
numbers. [Hint: In the dynamic programming solution, you don’t really have to look back at
all previous items. There was a practice problem on HW 1 that asked for an O(n2 ) algorithm
for this. If you are having difficulty, look at the solution provided in the HW 1 solutions.]
3. Amortization
(a) Modify the binary double-counter (see class notes Sept 12) to support a new operation
Sign, which determines whether the number being stored is positive, negative, or zero,
in constant time. The amortized time to increment or decrement the counter should still
be a constant.
[Hint: Suppose p is the number of significant bits in P , and n is the number of significant
bits in N . For example, if P = 17 = 100012 and N = 0, then p = 5 and n = 0. Then
p − n always has the same sign as P − N . Assume you can update p and n in O(1) time.]

⋆ (b)
⋆ 4.

Do the same but now you can’t assume that p and n can be updated in O(1) time.

Amortization
Suppose instead of powers of two, we represent integers as the sum of Fibonacci numbers.
In other words, instead of an array of bits, we keep an array of ‘fits’, where the ith least
significant fit indicates whether the sum includes the ith Fibonacci number Fi . For example,
the fit string 101110 represents the number F6 + F4 + F3 + F2 = 8 + 3 + 2 + 1 = 14. Describe
algorithms to increment and decrement a fit string in constant amortized time. [Hint: Most
numbers can be represented by more than one fit string. This is not the same representation
as on Homework 0.]

5. Detecting overlap
(a) You are given a list of ranges represented by min and max (e.g., [1,3], [4,5], [4,9], [6,8],
[7,10]). Give an O(n log n)-time algorithm that decides whether or not a set of ranges
contains a pair that overlaps. You need not report all intersections. If a range completely
covers another, they are overlapping, even if the boundaries do not intersect.
(b) You are given a list of rectangles represented by min and max x- and y-coordinates. Give
an O(n log n)-time algorithm that decides whet her or not a set of rectangles contains a
pair that overlaps (with the same qualifications as above). [Hint: sweep a vertical line
from left to right, performing some processing whenever an end-point is encountered.
Use a balanced search tree to maintain any extra info you might need.]

4
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6. Comparison of Amortized Analysis Methods
A sequence of n operations is performed on a data structure. The ith operation costs i if i is
an exact power of 2, and 1 otherwise. That is operation i costs f (i), where:

i, i = 2k ,
f (i) =
1, otherwise
Determine the amortized cost per operation using the following methods of analysis:
(a) Aggregate method
(b) Accounting method
⋆ (c)

Potential method
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Starting with Homework 1, homeworks may be done in teams of up to three people. Each team
turns in just one solution, and every member of a team gets the same grade. Since 1-unit graduate
students are required to solve problems that are worth extra credit for other students, 1-unit grad
students may not be on the same team as 3/4-unit grad students or undergraduates.
Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes above.
Please also tell us whether you are an undergraduate, 3/4-unit grad student, or 1-unit grad student
by circling U, 3/4 , or 1, respectively. Staple this sheet to the top of your homework.

Required Problems
1. Hashing:
A hash table of size m is used to store n items with n ≤ m/2. Open addressing is used for
collision resolution.
(a) Assuming uniform hashing, show that for i = 1, 2, . . . , n, the probability that the ith
insertion requires strictly more than k probes is at most 2−k .
(b) Show that for i = 1, 2, . . . , n, the probability that the ith insertion requires more than
2 lg n probes is at most 1/n2 .
Let the random variable Xi denote the number of probes required by the ith insertion.
You have shown in part (b) that Pr{Xi > 2 lg n} ≤ 1/n2 . Let the random variable X =
max1≤i≤n Xi denote the maximum number of probes required by any of the n insertions.
(c) Show that Pr{X > 2 lg n} ≤ 1/n.

(d) Show that the expected length of the longest probe sequence is E[X] = O(lg n).
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2. Reliable Network:
Suppose you are given a graph of a computer network G = (V, E) and a function r(u, v) that
gives a reliability value for every edge (u, v) ∈ E such that 0 ≤ r(u, v) ≤ 1. The reliability
value gives the probability that the network connection corresponding to that edge will not
fail. Describe and analyze an algorithm to find the most reliable path from a given source
vertex s to a given target vertex t.
3. Aerophobia:
After graduating you find a job with Aerophobes-R′ -Us, the leading traveling agency for
aerophobic people. Your job is to build a system to help customers plan airplane trips from
one city to another. All of your customers are afraid of flying so the trip should be as short
as possible.
In other words, a person wants to fly from city A to city B in the shortest possible time.
S/he turns to the traveling agent who knows all the departure and arrival times of all the
flights on the planet. Give an algorithm that will allow the agent to choose an optimal route
to minimize the total time in transit. Hint: rather than modify Dijkstra’s algorithm, modify
the data. The total transit time is from departure to arrival at the destination, so it will
include layover time (time waiting for a connecting flight).
4. The Seven Bridges of Königsberg:
During the eighteenth century the city of Königsberg in East Prussia was divided into four
sections by the Pregel river. Seven bridges connected these regions, as shown below. It was
said that residents spent their Sunday walks trying to find a way to walk about the city so
as to cross each bridge exactly once and then return to their starting point.

(a) Show how the residents of the city could accomplish such a walk or prove no such walk
exists.
(b) Given any undirected graph G = (V, E), give an algorithm that finds a cycle in the
graph that visits every edge exactly once, or says that it can’t be done.
5. Minimum Spanning Tree changes:
Suppose you have a graph G and an MST of that graph (i.e. the MST has already been
constructed).
(a) Give an algorithm to update the MST when an edge is added to G.
(b) Give an algorithm to update the MST when an edge is deleted from G.
(c) Give an algorithm to update the MST when a vertex (and possibly edges to it) is added
to G.

2
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6. Nesting Envelopes
[This problem is required only for graduate students taking CS 373 for a full unit; anyone
else can submit a solution for extra credit.] You are given an unlimited number of each of
n different types of envelopes. The dimensions of envelope type i are xi × yi . In nesting
envelopes inside one another, you can place envelope A inside envelope B if and only if the
dimensions A are strictly smaller than the dimensions of B. Design and analyze an algorithm
to determine the largest number of envelopes that can be nested inside one another.

Practice Problems
1. Makefiles:
In order to facilitate recompiling programs from multiple source files when only a small
number of files have been updated, there is a UNIX utility called ‘make’ that only recompiles
those files that were changed after the most recent compilation, and any intermediate files in
the compilation that depend on those that were changed. A Makefile is typically composed
of a list of source files that must be compiled. Each of these source files is dependent on some
of the other files which are listed. Thus a source file must be recompiled if a file on which it
depends is changed.
Assuming you have a list of which files have been recently changed, as well as a list for
each source file of the files on which it depends, design an algorithm to recompile only those
necessary. DO NOT worry about the details of parsing a Makefile.
⋆2.

Let the hash function for a table of size m be

√

h(x) = ⌊Amx⌋ mod m

where A = φ̂ = 5−1
2 . Show that this gives the best possible spread, i.e. if the x are hashed
in order, x + 1 will be hashed in the largest remaining contiguous interval.
3. The incidence matrix of an undirected graph G = (V, E) is a |V | × |E| matrix B = (bij ) such
that

1 (i, j) ∈ E,
bij =
0 (i, j) ∈
/ E.
(a) Describe what all the entries of the matrix product BB T represent (B T is the matrix
transpose). Justify.
(b) Describe what all the entries of the matrix product B T B represent. Justify.
⋆(c)

Let C = BB T − 2A. Let C ′ be C with the first row and column removed. Show that
det C ′ is the number of spanning trees. (A is the adjacency matrix of G, with zeroes on
the diagonal).

4. o(V 2 ) Adjacency Matrix Algorithms

(a) Give an O(V ) algorithm to decide whether a directed graph contains a sink in an adjacency matrix representation. A sink is a vertex with in-degree V − 1.
3
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(b) An undirected graph is a scorpion if it has a vertex of degree 1 (the sting) connected
to a vertex of degree two (the tail) connected to a vertex of degree V − 2 (the body)
connected to the other V − 3 vertices (the feet). Some of the feet may be connected to
other feet.
Design an algorithm that decides whether a given adjacency matrix represents a scorpion
by examining only O(V ) of the entries.
(c) Show that it is impossible to decide whether G has at least one edge in O(V ) time.
5. Shortest Cycle:
Given an undirected graph G = (V, E), and a weight function f : E → R on the edges,
give an algorithm that finds (in time polynomial in V and E) a cycle of smallest weight in G.
6. Longest Simple Path:
Let graph G = (V, E), |V | = n . A simple path of G, is a path that does not contain the
same vertex twice. Use dynamic programming to design an algorithm (not polynomial time)
to find a simple path of maximum length in G. Hint: It can be done in O(nc 2n ) time, for
some constant c.
7. Minimum Spanning Tree:
Suppose all edge weights in a graph G are equal. Give an algorithm to compute an MST.
8. Transitive reduction:
Give an algorithm to construct a transitive reduction of a directed graph G, i.e. a graph GT R
with the fewest edges (but with the same vertices) such that there is a path from a to b in G
iff there is also such a path in GT R .
0
1
2
3
4
295 +234 +173 +112 +51

9. (a) What is 52

mod 6?

(b) What is the capital of Nebraska? Hint: It is not Omaha. It is named after a famous
president of the United States that was not George Washington. The distance from the
Earth to the Moon averages roughly 384,000 km.
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Homeworks may be done in teams of up to three people. Each team turns in just one solution, and
every member of a team gets the same grade. Since 1-unit graduate students are required to solve
problems that are worth extra credit for other students, 1-unit grad students may not be on
the same team as 3/4-unit grad students or undergraduates.
Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes above.
Please also tell us whether you are an undergraduate, 3/4-unit grad student, or 1-unit grad student
by circling U, 3/4 , or 1, respectively. Staple this sheet to the top of your homework.

Required Problems
1. Suppose we have n points scattered inside a two-dimensional box. A kd-tree recursively
subdivides the rectangle as follows. First we split the box into two smaller boxes with a
vertical line, then we split each of those boxes with horizontal lines, and so on, always
alternating between horizontal and vertical splits. Each time we split a box, the splitting line
partitions the rest of the interior points as evenly as possible by passing through a median
point inside the box (not on the boundary). If a box doesn’t contain any points, we don’t
split it any more; these final empty boxes are called cells.

=⇒
=⇒
=⇒
Successive divisions of a kd-tree for 15 points. The dashed line crosses four cells.
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An example staircase as in problem 3.

(a) How many cells are there, as a function of n? Prove your answer is correct.
(b) In the worst case, exactly how many cells can a horizontal line cross, as a function of n?
Prove your answer is correct. Assume that n = 2k − 1 for some integer k.
(c) Suppose we have n points stored in a kd-tree. Describe an algorithm that counts the
√
number of points above a horizontal line (such as the dashed line in the figure) in O( n)
time.

⋆ (d)

[Optional: 5 pts extra credit] Find an algorithm that counts the number of points that
√
lie inside a rectangle R and show that it takes O( n) time. You may assume that the
sides of the rectangle are parallel to the sides of the box.

2. Circle Intersection [This problem is worth 20 points]
Describe an algorithm to decide, given n circles in the plane, whether any two of them
intersect, in O(n log n) time. Each circle is specified by three numbers: its radius and the xand y-coordinates of its center.
We only care about intersections between circle boundaries; concentric circles do not
intersect. What general position assumptions does your algorithm require? [Hint: Modify
an algorithm for detecting line segment intersections, but describe your modifications very
carefully! There are at least two very different solutions.]
3. Staircases
You are given a set of points in the first quadrant. A left-up point of this set is defined to be
a point that has no points both greater than it in both coordinates. The left-up subset of a
set of points then forms a staircase (see figure).
(a) Prove that left-up points do not necessarily lie on the convex hull.
(b) Give an O(n log n) algorithm to find the staircase of a set of points.
2
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(c) Assume that points are chosen uniformly at random within a rectangle. What is the
average number of points in a staircase? Justify. Hint: you will be able to give an exact
answer rather than just asymptotics. You have seen the same analysis before.

4. Convex Layers
Given a set Q of points in the plane, define the convex layers of Q inductively as follows: The
first convex layer of Q is just the convex hull of Q. For all i > 1, the ith convex layer is the
convex hull of Q after the vertices of the first i − 1 layers have been removed.
Give an O(n2 )-time algorithm to find all convex layers of a given set of n points.

A set of points with four convex layers.

5. [This problem is required only for graduate students taking CS 373 for a full unit; anyone else
can submit a solution for extra credit.] Solve the travelling salesman problem for points in
convex position (ie, the vertices of a convex polygon). Finding the shortest cycle that visits
every point is easy – it’s just the convex hull. Finding the shortest path that visits evey point
is a little harder, because the path can cross through the interior.
(a) Show that the optimal path cannot be one that crosses itself.
(b) Describe an O(n2 ) time dynamic programming algorithm to solve the problem.
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Practice Problems
1. Basic Computation (assume two dimensions and exact arithmetic)
(a) Intersection: Extend the basic algorithm to determine if two line segments intersect by
taking care of all degenerate cases.
(b) Simplicity: Give an O(n log n) algorithm to determine whether an n-vertex polygon is
simple.
(c) Area: Give an algorithm to compute the area of a simple n-polygon (not necessarily
convex) in O(n) time.
(d) Inside: Give an algorithm to determine whether a point is within a simple n-polygon
(not necessarily convex) in O(n) time.
2. External Diagonals and Mouths
(a) A pair of polygon vertices defines an external diagonal if the line segment between them
is completely outside the polygon. Show that every nonconvex polygon has at least one
external diagonal.
(b) Three consective polygon vertices p, q, r form a mouth if p and r define an external
diagonal. Show that every nonconvex polygon has at least one mouth.

An external diagonal

A mouth

3. On-Line Convex Hull
We are given the set of points one point at a time. After receiving each point, we must
compute the convex hull of all those points so far. Give an algorithm to solve this problem in
O(n2 ) (We could obviously use Graham’s scan n times for an O(n2 log n) algorithm). Hint:
How do you maintain the convex hull?
4. Another On-Line Convex Hull Algorithm
(a) Given an n-polygon and a point outside the polygon, give an algorithm to find a tangent.
⋆ (b)

Suppose you have found both tangents. Give an algorithm to remove the points from
the polygon that are within the angle formed by the tangents (as segments!) and the
opposite side of the polygon.
4
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(c) Use the above to give an algorithm to compute the convex hull on-line in O(n log n)

5. Order of the size of the convex hull
The convex hull on n ≥ 3 points can have anywhere from 3 to n points. The average case
depends on the distribution.
(a) Prove that if a set of points is chosen randomly within a given rectangle then the average
size of the convex hull is O(log n).
⋆ (b)

Prove that if a set of points is chosen randomly within a given circle then the average
size of the convex hull is O(n1/3 ).

6. Ghostbusters and Ghosts
A group of n ghostbusters is battling n ghosts. Each ghostbuster can shoot a single energy
beam at a ghost, eradicating it. A stream goes in a straight line and terminates when it hits
a ghost. The ghostbusters must all fire at the same time and no two energy beams may cross
(it would be bad). The positions of the ghosts and ghostbusters is fixed in the plane (assume
that no three points are collinear).
(a) Prove that for any configuration of ghosts and ghostbusters there exists such a noncrossing matching.
(b) Show that there exists a line passing through one ghostbuster and one ghost such that
the number of ghostbusters on one side of the line equals the number of ghosts on the
same side. Give an efficient algorithm to find such a line.
(c) Give an efficient divide and conquer algorithm to pair ghostbusters and ghosts so that
no two streams cross.
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Alias:
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Name:
Net ID:

Alias:

U 3/4 1

Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes above.
Please also tell us whether you are an undergraduate, 3/4-unit grad student, or 1-unit grad student
by circling U, 3/4 , or 1, respectively. Staple this sheet to the top of your homework.

RequiredProblems
1. Prove that finding the second smallest of n elements takes EXACTLY n + ⌈lg n⌉ − 2 comparisons in the worst case. Prove for both upper and lower bounds. Hint: find the (first)
smallest using an elimination tournament.

2. Fibonacci strings are defined as follows:
F1 = “b”,

F2 = “a”,

and Fn = Fn−1 Fn−2 , (n > 2)

where the recursive rule uses concatenation of strings, so F3 is “ab”, F4 is “aba”. Note that
the length of Fn is the nth Fibonacci number.
(a) Prove that in any Fibonacci string there are no two b’s adjacent and no three a’s.
(b) Give the unoptimized and optimized ‘prefix’ (fail) function for F7 .
(c) Prove that, in searching for the Fibonacci string Fk , the unoptimized KMP algorithm
can shift ⌈k/2⌉ times in a row trying to match the last character of the pattern. In other
words, prove that there is a chain of failure links m → f ail[m] → f ail[f ail[m]] → . . . of
length ⌈k/2⌉, and find an example text T that would cause KMP to traverse this entire
chain at a single text position.
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(d) Prove that the unoptimized KMP algorithm can shift k − 2 times in a row at the same
text position when searching for Fk . Again, you need to find an example text T that
would cause KMP to traverse this entire chain on the same text character.
(e) How do the failure chains in parts (c) and (d) change if we use the optimized failure
function instead?

3. Two-stage sorting
(a) Suppose we are given an array A[1..n] of distinct integers. Describe an algorithm that
splits A into n/k subarrays, each with k elements, such that the elements of each subarray
A[(i − 1)k + 1..ik] are sorted. Your algorithm should run in O(n log k) time.

(b) Given an array A[1..n] that is already split into n/k sorted subarrays as in part (a),
describe an algorithm that sorts the entire array in O(n log(n/k)) time.
(c) Prove that your algorithm from part (a) is optimal.
(d) Prove that your alogrithm from part (b) is optimal.

4 14 7

1 3

1 2

4 7

3 4

3 1

14

20 11 9 5

5

5 6

9 11 13

7 8

13 12 19 10 16 17 2
w
w
(a)

20

10 12 16 17 19
w
w
(b)

9 10 11 12 13 14

2

8 6

6 8

18 15

15 18

15 16 17 18 19 20

4. Show how to extend the Rabin-Karp fingerprinting method to handle the problem of looking
for a given m × m pattern in an n × n array of characters. (The pattern may be shifted
horizontally and vertically, but it may not be rotated.)
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5. Death knocks on your door once more on a warm spring day. He remembers that you are an
algorithms student and that you soundly defeated him last time and are now living out your
immortality. Death is in a bit of a quandry. He has been losing a lot and doesn’t know why.
He wants you to prove a lower bound on your deterministic algorithm so that he can reap
more souls. If you have forgotten, the game goes like this: It is a complete binary tree with
4n leaves, each colored black or white. There is a toke at the root of the tree. To play the
game, you and Death took turns movin the token from its current node to one of its children.
The game ends after 2n moves, when the token lands on a leaf. If the final leaf is black, the
player dies; if it’s white, you will live forever. You move first, so Death gets the last turn.
You decided whether it’s worth playing or not as follows. Imagine that the nodes at even
levels (where it’s your turn) are or gates, the nodes at odd levels (where it’s Death’s turn)
are and gates. Each gate gets its input from its children and passes its output to its parent.
White and black stand for True and False. If the output at the top of the tree is True,
then you can win and live forever! If the output at the top of the tree is False, you should’ve
challenge Death to a game of Twister instead.
Prove that any deterministic algorithm must examine every leaf of the tree in the worst
case. Since there are 4n leaves, this implies that any deterministic algorithm must take Ω(4n )
time in the worst case. Use an adversary argument, or in other words, assume Death cheats.

∨
∧

∧

∨
∧

∨
∧

∧

∨
∧

∧

∨
∧

∧

∧

6. [This problem is required only for graduate students taking CS 373 for a full unit; anyone else
can submit a solution for extra credit.]
Lower Bounds on Adjacency Matrix Representations of Graphs
(a) Prove that the time to determine if an undirected graph has a cycle is Ω(V 2 ).
(b) Prove that the time to determine if there is a path between two nodes in an undirected
graph is Ω(V 2 ).

Practice Problems
1. String matching with wild-cards
Suppose you have an alphabet for patterns that includes a ‘gap’ or wild-card character; any
length string of any characters can match this additional character. For example if ‘∗’ is the
wild-card, then the pattern ‘foo*bar*nad’ can be found in ‘foofoowangbarnad’. Modify the
computation of the prefix function to correctly match strings using KMP.
3
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2. Prove that there is no comparison sort whose running time is linear for at least 1/2 of the n!
inputs of length n. What about at least 1/n? What about at least 1/2n ?.

3. Prove that 2n − 1 comparisons are necessary in the worst case to merge two sorted lists
containing n elements each.

4. Find asymptotic upper and lower bounds to lg(n!) without Stirling’s approximation (Hint:
use integration).

5. Given a sequence of n elements of n/k blocks (k elements per block) all elements in a block
are less than those to the right in sequence, show that you cannot have the whole sequence
sorted in better than Ω(n lg k). Note that the entire sequence would be sorted if each of the
n/k blocks were individually sorted in place. Also note that combining the lower bounds for
each block is not adequate (that only gives an upper bound).

6. Show how to find the occurrences of pattern P in text T by computing the prefix function of
the string P T (the concatenation of P and T ).
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Name:
Net ID:
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Name:
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Alias:
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Starting with Homework 1, homeworks may be done in teams of up to three people. Each team
turns in just one solution, and every member of a team gets the same grade. Since 1-unit graduate
students are required to solve problems that are worth extra credit for other students, 1-unit grad
students may not be on the same team as 3/4-unit grad students or undergraduates.
Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes above.
Please also tell us whether you are an undergraduate, 3/4-unit grad student, or 1-unit grad student
by circling U, 3/4 , or 1, respectively. Staple this sheet to the top of your homework.
Note: You will be held accountable for the appropriate responses for answers (e.g. give models,
proofs, analyses, etc). For NP-complete problems you should prove everything rigorously, i.e. for
showing that it is in NP, give a description of a certificate and a poly time algorithm to verify it,
and for showing NP-hardness, you must show that your reduction is polytime (by similarly proving
something about the algorithm that does the transformation) and proving both directions of the
‘if and only if’ (a solution of one is a solution of the other) of the many-one reduction.

Required Problems
1. Complexity
(a) Prove that P ⊆ co-NP.

(b) Show that if NP 6= co-NP, then every NP-complete problem is not a member of co-NP.
2. 2-CNF-SAT
Prove that deciding satisfiability when all clauses have at most 2 literals is in P.

3. Graph Problems
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(a) SUBGRAPH-ISOMORPHISM
Show that the problem of deciding whether one graph is a subgraph of another is NPcomplete.
(b) LONGEST-PATH
Show that the problem of deciding whether an unweighted undirected graph has a path
of length greater than k is NP-complete.
4. PARTITION, SUBSET-SUM
PARTITION is the problem of deciding, given a set of numbers, whether there exists a subset
whose sum equals the
P complement, i.e. given S = s1 , s2 . . . , sn , does there exist a
Psum of the
′
subset S such that s∈S ′ s = t∈S−S ′ t. SUBSET-SUM is the problem of deciding, given a
set of numbers and a target sum, whether there exists a subset whose sumP
equals the target,
i.e. given S = s1 , s2 . . . , sn and k, does there exist a subset S ′ such that s∈S ′ s = k. Give
two reduction, one in both directions.
5. BIN-PACKING Consider the bin-packing problem: given a finite set U of n items and the
positive integer size s(u) of each item u ∈ U , can U be partitioned into k disjoint sets
U1 , . . . , Uk such that the sum of the sizes of the items in each set does not exceed B? Show
that the bin-packing problem is NP-Complete. [Hint: Use the result from the previous
problem.]

6. 3SUM
[This problem is required only for graduate students taking CS 373 for a full unit; anyone else
can submit a solution for extra credit.]
Describe an algorithm that solves the following problem as quickly as possible: Given a set of
n numbers, does it contain three elements whose sum is zero? For example, your algorithm
should answer True for the set {−5, −17, 7, −4, 3, −2, 4}, since −5 + 7 + (−2) = 0, and False
for the set {−6, 7, −4, −13, −2, 5, 13}.
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Figure 1. Gadget for PLANAR-3-COLOR.

Figure 2. Gadget for DEGREE-4-PLANAR-3-COLOR.

Practice Problems
1. Consider finding the median of 5 numbers by using only comparisons. What is the exact
worst case number of comparisons needed to find the median. Justify (exhibit a set that
cannot be done in one less comparisons). Do the same for 6 numbers.
2. EXACT-COVER-BY-4-SETS
The EXACT-COVER-BY-3-SETS problem is defines as the following: given a finite set X
with |X| = 3q and a collection C of 3-element subsets of X, does C contain an exact cover
for X, that is, a subcollection C ′ ⊆ C such that every element of X occurs in exactly one
member of C ′ ?
Given that EXACT-COVER-BY-3-SETS is NP-complete, show that EXACT-COVER-BY4-SETS is also NP-complete.
3. PLANAR-3-COLOR
Using 3-COLOR, and the ‘gadget’ in figure 3, prove that the problem of deciding whether a
planar graph can be 3-colored is NP-complete. Hint: show that the gadget can be 3-colored,
and then replace any crossings in a planar embedding with the gadget appropriately.
4. DEGREE-4-PLANAR-3-COLOR
Using the previous result, and the ‘gadget’ in figure 4, prove that the problem of deciding
whether a planar graph with no vertex of degree greater than four can be 3-colored is NPcomplete. Hint: show that you can replace any vertex with degree greater than 4 with a
collection of gadgets connected in such a way that no degree is greater than four.
5. Poly time subroutines can lead to exponential algorithms
Show that an algorithm that makes at most a constant number of calls to polynomial-time
subroutines runs in polynomial time, but that a polynomial number of calls to polynomialtime subroutines may result in an exponential-time algorithm.
3
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6. (a) Prove that if G is an undirected bipartite graph with an odd number of vertices, then G is
nonhamiltonian. Give a polynomial time algorithm algorithm for finding a hamiltonian
cycle in an undirected bipartite graph or establishing that it does not exist.
(b) Show that the hamiltonian-path problem can be solved in polynomial time on directed
acyclic graphs by giving an efficient algorithm for the problem.
(c) Explain why the results in previous questions do not contradict the facts that both
HAM-CYCLE and HAM-PATH are NP-complete problems.
7. Consider the following pairs of problems:
(a) MIN SPANNING TREE and MAX SPANNING TREE
(b) SHORTEST PATH and LONGEST PATH
(c) TRAVELING SALESMAN PROBLEM and VACATION TOUR PROBLEM (the longest
tour is sought).
(d) MIN CUT and MAX CUT (between s and t)
(e) EDGE COVER and VERTEX COVER
(f) TRANSITIVE REDUCTION and MIN EQUIVALENT DIGRAPH
(all of these seem dual or opposites, except the last, which are just two versions of minimal
representation of a graph).
Which of these pairs are polytime equivalent and which are not? Why?
⋆8.

GRAPH-ISOMORPHISM
Consider the problem of deciding whether one graph is isomorphic to another.
(a) Give a brute force algorithm to decide this.
(b) Give a dynamic programming algorithm to decide this.
(c) Give an efficient probabilistic algorithm to decide this.
(d) Either prove that this problem is NP-complete, give a poly time algorithm for it, or
prove that neither case occurs.

9. Prove that PRIMALITY (Given n, is n prime?) is in NP ∩ co-NP. Hint: co-NP is easy
(what’s a certificate for showing that a number is composite?). For NP, consider a certificate
involving primitive roots and recursively their primitive roots. Show that knowing this tree
of primitive roots can be checked to be correct and used to show that n is prime, and that
this check takes poly time.
10. How much wood would a woodchuck chuck if a woodchuck could chuck wood?
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Write your answers in the separate answer booklet.
1. Multiple Choice: Each question below has one of the following answers.
(a) Θ(1)

(b) Θ(log n)

(c) Θ(n)

(d) Θ(n log n)

(e) Θ(n2 )

For each question, write the letter that corresponds to your answer. You do not need to justify
your answers. Each correct answer earns you 1 point, but each incorrect answer costs you 12
point. You cannot score below zero.
(a) What is

n
P

Hi ?

lg
Pn

2i ?

i=1

(b) What is

i=1

(c) How many digits do you need to write n! in decimal?
(d) What is the solution of the recurrence T (n) = 16T (n/4) + n?
(e) What is the solution of the recurrence T (n) = T (n − 2) + lg n?

 √ 
∗ 2
(f) What is the solution of the recurrence T (n) = 4T n+51
− n + 17n − 28 log (n ) + 6?
4

(g) What is the worst-case running time of randomized quicksort?

(h) The expected time for inserting one item into a treap is O(log n). What is the worst-case
time for a sequence of n insertions into an initially empty treap?
(i) The amortized time for inserting one item into an n-node splay tree is O(log n). What is
the worst-case time for a sequence of n insertions into an initially empty splay tree?
(j) In the worst case, how long does it take to solve the traveling salesman problem for
10, 000, 000, 000, 000, 000 cities?

2. What is the exact expected number of nodes in a skip list storing n keys, not counting the
sentinel nodes at the beginning and end of each level? Justify your answer. A correct Θ()
bound (with justification) is worth 5 points.
−∞
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7
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7
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3. Suppose we have a stack of n pancakes of all different sizes. We want to sort the pancakes so
that smaller pancakes are on top of larger pancakes. The only operation we can perform is a
flip — insert a spatula under the top k pancakes, for some k between 1 and n, turn them all
over, and put them back on top of the stack.

Flipping the top three pancakes

(a) (3 pts) Describe an algorithm to sort an arbitrary stack of n pancakes using flips.
(b) (3 pts) Prove that your algorithm is correct.
(c) (2 pts) Exactly how many flips does your sorting algorithm perform in the worst case?
A correct Θ() bound is worth one point.
(d) (2 pts) Suppose one side of each pancake is burned. Exactly how many flips do you
need to sort the pancakes, so that the burned side of every pancake is on the bottom? A
correct Θ() bound is worth one point.

4. Suppose we want to maintain a set of values in a data structure subject to the following
operations:
• I NSERT (x): Add x to the set (if it isn’t already there).
• D ELETE R ANGE (a, b): Delete every element x in the range a ≤ x ≤ b. For example, if the
set was {1, 5, 3, 4, 8}, then D ELETE R ANGE (4, 6) would change the set to {1, 3, 8}.
Describe and analyze a data structure that supports these operations, such that the amortized
cost of either operation is O(log n). [Hint: Use a data structure you saw in class. If you use
the same I NSERT algorithm, just say so—you don’t need to describe it again in your answer.]
5. [1-unit grad students must answer this question.]
A shuffle of two strings X and Y is formed by interspersing the characters into a new string,
keeping the characters of X and Y in the same order. For example, ‘bananaananas’ is a shuffle
of ‘banana’ and ‘ananas’ in several different ways.
bananaananas

bananaananas

bananaananas

The strings ‘prodgyrnamammiincg’ and ‘dyprongarmammicing’ are both shuffles of ‘dynamic’ and
‘programming’:
prodgyrnamammiincg

dyprongarmammicing

Given three strings A[1 .. m], B[1 .. n], and C[1 .. m + n], describe and analyze an algorithm to
determine whether C is a shuffle of A and B. For full credit, your algorithm should run in
Θ(mn) time.
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1. Using any method you like, compute the following subgraphs for the weighted graph below.
Each subproblem is worth 3 points. Each incorrect edge costs you 1 point, but you cannot get
a negative score for any subproblem.
(a)
(b)
(c)
(d)

a depth-first search tree, starting at the top vertex;
a breadth-first search tree, starting at the top vertex;
a shortest path tree, starting at the top vertex;
the maximum spanning tree.

10

3

7
5

2

1

12
11

4
9

8
6

0

2. (a) [4 pts] Prove that a connected acyclic undirected graph with V vertices has exactly V −1
edges. (“It’s a tree!” is not a proof.)
(b) [4 pts] Describe and analyze an algorithm that determines whether a given undirected
graph is a tree, where the graph is represented by an adjacency list.
(c) [2 pts] What is the running time of your algorithm from part (b) if the graph is represented by an adjacency matrix?

3. Suppose we want to sketch the Manhattan skyline (minus the interesting bits like the Empire
State and Chrysler builings). You are given a set of n rectangles, each rectangle represented
by its left and right x-coordinates and its height. The bottom of each rectangle is on the
x-axis. Describe and analyze an efficient algorithm to compute the vertices of the skyline.

A set of rectangles and its skyline. Compute the sequence of white points.

1
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4. Suppose we model a computer network as a weighted undirected graph, where each vertex represents a computer and each edge represents a direct network connection between
two computers. The weight of each edge represents the bandwidth of that connection—the
number of bytes that can flow from one computer to the other in one second.1 We want to
implement a point-to-point network protocol that uses a single dedicated path to communicate between any pair of computers. Naturally, when two computers need to communciate,
we should use the path with the highest bandwidth. The bandwidth of a path is the minimum
bandwidth of its edges.
Describe an algorithm to compute the maximum bandwidth path between every pair of computers in the network. Assume that the graph is represented as an adjacency list.

5. [1-unit grad students must answer this question.]
Let P be a set of points in the plane. Recall that the staircase of P contains all the points in P
that have no other point in P both above and to the right. We can define the staircase layers
of P recursively as follows. The first staircase layer is just the staircase; for all i > 1, the ith
staircase layer is the staircase of P after the first i − 1 staircase layers have been deleted.

Describe and analyze an algorithm to compute the staircase layers of P in O(n2 ) time.2 Your
algorithm should label each point with an integer describing which staircase layer it belongs
to. You can assume that no two points have the same x- or y-coordinates.

A set of points and its six staircase layers.

1

Notice the bandwidth is symmetric; there are no cable modems or wireless phones. Don’t worry about systems-level
stuff like network load and latency. After all, this is a theory class!
2
This is not the fastest possible running time for this problem.

2

CS 373

Final Exam Questions (May 7, 2001)

Spring 2001

You must turn in this question sheet with your answers.
1. Déjà vu
Prove that any positive integer can be written as the sum of distinct nonconsecutive Fibonacci
numbers—if Fn appears in the sum, then neither Fn+1 nor Fn−1 will. For example: 42 =
F9 + F6 , 25 = F8 + F4 + F2 , and 17 = F7 + F4 + F2 . You must give a complete, self-contained
proof, not just a reference to the posted homework solutions.

2. L’esprit d’escalier
Recall that the staircase of a set of points consists of the points with no other point both above
and to the right. Describe a method to maintain the staircase as new points are added to
the set. Specifically, describe and analyze a data structure that stores the staircase of a set of
points, and an algorithm I NSERT (x, y) that adds the point (x, y) to the set and returns T RUE
or FALSE to indicate whether the staircase has changed. Your data structure should use O(n)
space, and your I NSERT algorithm should run in O(log n) amortized time.
(x,y)

TRUE

(x,y)

FALSE

3. Engage le jeu que je le gagne
A palindrome is a text string that is exactly the same as its reversal, such as DEED, RACECAR,
or SAIPPUAKAUPPIAS.1
(a) Describe and analyze an algorithm to find the longest prefix of a given string that is also a
palindrome. For example, the longest palindrome prefix of ILLINOISURBANACHAMPAIGN
is ILLI, and the longest palindrome prefix of HYAKUGOJYUUICHI2 is the single letter S.
For full credit, your algorithm should run in O(n) time.
(b) Describe and analyze an algorithm to find the length of the longest subsequence of a given
string that is also a palindrome. For example, the longest palindrome subsequence of
ILLINOISURBANACHAMPAIGN is NIAACAAIN (or NIAAHAAIN), and the longest palindrome
subsequence of HYAKUGOJYUUICHI is HUUUH3 (or HUGUH or HUYUH or. . . ). You do not need
to compute the actual subsequence; just its length. For full credit, your algorithm should
run in O(n2 ) time.

1

Finnish for ‘soap dealer’.
Japanese for ‘one hundred fifty-one’.
3
English for ‘What the heck are you talking about?’
2

1
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4. Toute votre base sont appartiennent à nous
Prove that exactly 2n − 1 comparisons are required in the worst case to merge two sorted
arrays, each with n distinct elements. Describe and analyze an algorithm to prove the upper
bound, and use an adversary argument to prove the lower bound. You must give a complete,
self-contained solution, not just a reference to the posted homework solutions.4
5. Plus ça change, plus ça même chose
A domino is a 2×1 rectangle divided into two squares, with a certain number of pips (dots) in
each square. In most domino games, the players lay down dominos at either end of a single
chain. Adjacent dominos in the chain must have matching numbers. (See the figure below.)
Describe and analyze an efficient algorithm, or prove that it is NP-hard, to determine whether
a given set of n dominos can be lined up in a single chain. For example, for the set of dominos
shown below, the correct output is T RUE.

Top: A set of nine dominos
Bottom: The entire set lined up in a single chain

6. Ceci n’est pas une pipe
Consider the following pair of problems:
• B OX D EPTH : Given a set of n axis-aligned rectangles in the plane and an integer k, decide
whether any point in the plane is covered by k or more rectangles.
• M AXC LIQUE : Given a graph with n vertices and an integer k, decide whether the graph
contains a clique with k or more vertices.
(a) Describe and analyze a reduction of one of these problems to the other.
(b) M AXC LIQUE is NP-hard. What does your answer to part (a) imply about the complexity
of B OX D EPTH?
7. C’est magique! [1-unit graduate students must answer this question.]
The recursion fairy’s cousin, the reduction genie, shows up one day with a magical gift for
you—a box that determines in constant time the size of the largest clique in any given graph.
(Recall that a clique is a subgraph where every pair of vertices is joined by an edge.) The
magic box does not tell you where the largest clique is, only its size. Describe and analyze an
algorithm to actually find the largest clique in a given graph in polynomial time, using this
magic box.

4

The posted solution for this Homework 5 practice problem was incorrect. So don’t use it!

2

CS 373: Combinatorial Algorithms, Fall 2002
Homework 0, due September 5, 2002 at the beginning of class

Name:
Net ID:

Alias:

U G

Neatly print your name (first name first, with no comma), your network ID, and an alias of your
choice into the boxes above. Circle U if you are an undergraduate, and G if you are a graduate
student. Do not sign your name. Do not write your Social Security number. Staple this
sheet of paper to the top of your homework.
Grades will be listed on the course web site by alias give us, so your alias should not resemble your
name or your Net ID. If you don’t give yourself an alias, we’ll give you one that you won’t like.
Before you do anything else, please read the Homework Instructions and FAQ on the CS 373
course web page (http://www-courses.cs.uiuc.edu/˜cs373/hwx/faq.html) and then check the box
below. There are 300 students in CS 373 this semester; we are quite serious about giving zeros to
homeworks that don’t follow the instructions.

I have read the CS 373 Homework Instructions and FAQ.
Every CS 373 homework has the same basic structure. There are six required problems, some with
several subproblems. Each problem is worth 10 points. Only graduate students are required to
answer problem 6; undergraduates can turn in a solution for extra credit. There are several practice
problems at the end. Stars indicate problems we think are hard.
This homework tests your familiarity with the prerequisite material from CS 173, CS 225, and
CS 273, primarily to help you identify gaps in your knowledge. You are responsible for filling
those gaps on your own. Rosen (the 173/273 textbook), CLRS (especially Chapters 1–7, 10,
12, and A–C), and the lecture notes on recurrences should be sufficient review, but you may want
to consult other texts as well.

CS 373

Homework 0 (due 9/5/02)

Fall 2002

Required Problems
1. Sort the following functions from asymptotically smallest to asymptotically largest, indicating
ties if there are any. Please don’t turn in proofs, but you should do them anyway to make
sure you’re right (and for practice).
1

n

n2

lg n

n lg n

nlg n

(lg n)n

(lg n)lg n

nlg lg n

n1/ lg n

log1000 n

lg1000 n

lg(1000) n

lg(n1000 )

1+

n
1
1000

To simplify notation, write f (n)  g(n) to mean f (n) = o(g(n)) and f (n) ≡ g(n) to mean
f (n) = Θ(g(n)). For example,
the functions n2 , n, n2 , n3 could be sorted either as n 
n
n
2
3
n ≡ 2  n or as n  2 ≡ n2  n3 .

2. Solve these recurrences. State tight asymptotic bounds for each function in the form Θ(f (n))
for some recognizable function f (n). Please don’t turn in proofs, but you should do them
anyway just for practice. Assume reasonable but nontrivial base cases, and state them if they
affect your solution. Extra credit will be given for more exact solutions. [Hint: Most of these
are very easy.]
A(n) = 2A(n/2) + n

F (n) = 9F (bn/3c + 9) + n2

B(n) = 3B(n/2) + n

G(n) = 3G(n − 1)/5G(n − 2)
√
H(n) = 2H( n) + 1

C(n) = 2C(n/3) + n
D(n) = 2D(n − 1) + 1
E(n) = max

1≤k≤n/2

I(n) =

E(k) + E(n − k) + n



∗



min

I(k) + I(n − k) + k

J(n) = max

J(k) + J(n − k) + k

1≤k≤n/2
1≤k≤n/2



3. Recall that a binary tree is full if every node has either two children (an internal node) or no
children (a leaf). Give at least four different proofs of the following fact:
In any full binary tree, the number of leaves is exactly one more than the number
of internal nodes.
For full credit, each proof must be self-contained, the proof must be substantially different
from each other, and at least one proof must not use induction. For each n, your nth correct
proof is worth n points, so you need four proofs to get full credit. Each correct proof beyond
the fourth earns you extra credit. [Hint: I know of at least six different proofs.]

2

CS 373

Homework 0 (due 9/5/02)

Fall 2002

4. Most of you are probably familiar with the story behind the Tower of Hanoı̈ puzzle: 1
At the great temple of Benares, there is a brass plate on which three vertical diamond
shafts are fixed. On the shafts are mounted n golden disks of decreasing size.2 At the time
of creation, the god Brahma placed all of the disks on one pin, in order of size with the
largest at the bottom. The Hindu priests unceasingly transfer the disks from peg to peg,
one at a time, never placing a larger disk on a smaller one. When all of the disks have been
transferred to the last pin, the universe will end.

Recently the temple at Benares was relocated to southern California, where the monks are
considerably more laid back about their job. At the “Towers of Hollywood”, the golden disks
were replaced with painted plywood, and the diamond shafts were replaced with Plexiglas.
More importantly, the restriction on the order of the disks was relaxed. While the disks are
being moved, the bottom disk on any pin must be the largest disk on that pin, but disks
further up in the stack can be in any order. However, after all the disks have been moved,
they must be in sorted order again.

The Towers of Hollywood.

Describe an algorithm3 that moves a stack of n disks from one pin to the another using the
smallest possible number of moves. For full credit, your algorithm should be non-recursive,
but a recursive algorithm is worth significant partial credit. Exactly how many moves does
your algorithm perform? [Hint: The Hollywood monks can bring about the end of the universe
quite a bit faster than the original monks at Benares could.]
The problem of computing the minimum number of moves was posed in the most recent issue
of the American Mathematical Monthly (August/September 2002). No solution has been
published yet.

1

The puzzle and the accompanying story were both invented by the French mathematician Eduoard Lucas in 1883.
See http://www.cs.wm.edu/˜pkstoc/toh.html
2
In the original legend, n = 64. In the 1883 wooden puzzle, n = 8.
3
Since you’ve read the Homework Instructions, you know exactly what this phrase means.

3

CS 373

Homework 0 (due 9/5/02)

Fall 2002

5. On their long journey from Denmark to England, Rosencrantz and Guildenstern amuse themselves by playing the following game with a fair coin. First Rosencrantz flips the coin over
and over until it comes up tails. Then Guildenstern flips the coin over and over until he gets
as many heads in a row as Rosencrantz got on his turn. Here are three typical games:
Rosencrantz: H H T
Guildenstern: H T H H
Rosencrantz: T
Guildenstern: (no flips)
Rosencrantz: H H H T
Guildenstern: T H H T H H T H T H H H
(a) What is the expected number of flips in one of Rosencrantz’s turns?
(b) Suppose Rosencrantz flips k heads in a row on his turn. What is the expected number
of flips in Guildenstern’s next turn?
(c) What is the expected total number of flips (by both Rosencrantz and Guildenstern) in
a single game?
Prove your answers are correct. If you have to appeal to “intuition” or “common sense”, your
answer is almost certainly wrong! You must give exact answers for full credit, but asymptotic
bounds are worth significant partial credit.
6. [This problem is required only for graduate students (including I2CS students); undergrads
can submit a solution for extra credit.]
Tatami are rectangular mats used to tile floors in traditional Japanese houses. Exact dimensions of tatami mats vary from one region of Japan to the next, but they are always twice as
long in one dimension than in the other. (In Tokyo, the standard size is 180cm×90cm.)
(a) How many different ways are there to tile a 2 × n rectangular room with 1 × 2 tatami
mats? Set up a recurrence and derive an exact closed-form solution. [Hint: The answer
involves a familiar recursive sequence.]
(b) According to tradition, tatami mats are always arranged so that four corners never meet.
Thus, the first two arrangements below are traditional, but not the third.

Two traditional tatami arrangements and one non-traditional arrangement.

How many different traditional ways are there to tile a 3 × n rectangular room with 1 × 2
tatami mats? Set up a recurrence and derive an exact closed-form solution.
? (c)

[5 points extra credit] How many different traditional ways are there to tile an n × n
square with 1 × 2 tatami mats? Prove your answer is correct.
4
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Homework 0 (due 9/5/02)

Fall 2002

Practice Problems
These problems are only for your benefit; other problems can be found in previous semesters’
homeworks on the course web site. You are strongly encouraged to do some of these problems as
additional practice. Think of them as potential exam questions (hint, hint). Feel free to ask about
any of these questions on the course newsgroup, during office hours, or during review sessions.
1. Removing any edge from a binary tree with n nodes partitions it into two smaller binary
trees. If both trees have at least d(n − 1)/3e nodes, we say that the partition is balanced.
(a) Prove that every binary tree with more than one vertex has a balanced partition. [Hint:
I know of at least two different proofs.]
(b) If each smaller tree has more than bn/3c nodes, we say that the partition is strictly
balanced. Show that for every n, there is an n-node binary tree with no strictly balanced
partition.

2. Describe an algorithm CountToTenToThe(n) that prints the integers from 1 to 10n .
Assume you have a subroutine PrintDigit(d) that prints any integer d between 0 and 9,
and another subroutine PrintSpace that prints a space character. Both subroutines run in
O(1) time. You may want to write (and analyze) a separate subroutine PrintInteger to
print an arbitrary integer.
Since integer variables cannot store arbitrarily large values in most programming languages, your algorithm must not store any value larger than max{10, n} in any single integer
variable. Thus, the following algorithm is not correct:
BogusCountToTenToThe(n):
for i ← 1 to Power(10, n)
PrintInteger(i)
(So what exactly can you pass to PrintInteger?)
What is the running time of your algorithm (as a function of n)? How many digits and
spaces does it print? How much space does it use?

3. I’m sure you remember the following simple rules for taking derivatives:
Simple cases:

d
dx α

= 0 for any constant α, and

d
dx x

d
Linearity: dx
(f (x) + g(x)) = f 0 (x) + g 0 (x)
d
The product rule: dx
(f (x) · g(x)) = f 0 (x) · g(x) +
d
The chain rule: dx
(f (g(x)) = f 0 (g(x)) · g 0 (x)

=1

f (x) · g 0 (x)

d c
Using only these rules and induction, prove that dx
x = cxc−1 for any integer c 6= −1. Do
not use limits, integrals, or any other concepts from calculus, except for the simple identities
listed above. [Hint: Don’t forget about negative values of c!]

5
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Homework 0 (due 9/5/02)
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4. This problem asks you to calculate the total resistance between two points in a series-parallel
resistor network. Don’t worry if you haven’t taken a circuits class; everything you need to
know can be summed up in two sentences and a picture.
The total resistance of two resistors in series is the sum of their individual resistances.
The total resistance of two resistors in parallel is the reciprocal of the sum of the reciprocals of their individual resistances.
x
x

y

x+y
y

1
1/x + 1/y

Equivalence laws for series-parallel resistor networks.

What is the exact total resistance4 of the following resistor networks as a function of n? Prove
your answers are correct. [Hint: Use induction. Duh.]
(a) A complete binary tree with depth n, with a 1Ω resistor at every node, and a common
wire joining all the leaves. Resistance is measured between the root and the leaves.

A balanced binary resistor tree with depth 3.

(b) A totally unbalanced full binary tree with depth n (every internal node has two children,
one of which is a leaf) with a 1Ω resistor at every node, and a common wire joining all
the leaves. Resistance is measured between the root and the leaves.

A totally unbalanced binary resistor tree with depth 4.
? (c)

A ladder with n rungs, with a 1Ω resistor on every edge. Resistance is measured between
the bottom of the legs.

A resistor ladder with 5 rungs.

4
The ISO standard unit of resistance is the Ohm, written with the symbol Ω. Don’t confuse this with the
asymptotic notation Ω(f (n))!

6

  
 !"$#% &('*)+,.-0// 132547698:2;=<?>@BADCE6GFH6JILKM6N4PO6Q;R>TSU@0V$WXW5V7YKZV$[H\^]$_H\^]$_
`a$bGc$d
`ecgfihkjRd
lZmonoapqd
`a$bGc$d
`ecgfihkjRd
lZmonoapqd
`a$bGc$d
`ecgfihkjRd
lZmonoapqd
rsEtLcvuxw5uyaTtLp
zZu{aTtLp
^o|T}¤ ~¡oq,}x y¥{¦,,,§X,¡~"oUy"¢y¨oT£x ~°¨ooL~N:±U~} ©¯© o¦¥{B²Lqª, BE o~=P~o }«Q{",{T ,~,J~¬"5$¢¡o~,+gxyyLy¢o¢,¬T ¬®$xEo}"®Mo} ¯o, £
³.6J´HCµo;=6NA·¶;=2XO¸o6N4º¹
» X|T,}¯xo~o¬,xÇ~$o~} £vÈ¡¼5¦®¥£¤§Ê,ÉËÅ¥{~½²®yÌÍ¾ ÎÐ¿NÏÑ~ To}~}yxB~(°~ qD¬®  °+¡~À|T}(ÒTÁ}y¢X¯Ã}ÂÃ,¢5ÄDÓ"Ôq}y ,To¬}H$Å,,vy¢$~ £Æ
ÕÖ×ØâãvÙÚ{äoåÅÛÃä°æ çJÜxÝè5éÞ½ßyäèà^áêìëÅéHëÅíHëÅé¢äTî"èïåÅêðäòñ¢óõôXí"ö{÷ôQñHîåÅèøäî,íùñç÷Åú
âãväoåÅä°æ çJè5éäèêìëÅéHëÅíHëÅé¢äTî"èïåÅêðäòñ¢óõôXí"öûÅú
âÊâãvü5äoä°åÅæä°êð°æ çJýè5åÅþ ÿ é5þäèëgêìëÅéHí ëÅëÑíHí ëÅ{é¢ëÅäTéî"ä èïoåÅí"êðäòê ñ¢ñEóõôXîåõí"íööMûÅÿú î í"öMê ÷õú
ââãvãväoäoåÅåÅä°ä°ææ çJçJè5è5ééääèèêìêìëÅëÅéHéHëÅëÅíHíHëÅëÅé¢é¢äTäTî"î"èïèïåÅåÅêðêðäòäòñ¢ñ¢óõóõôXôXí"í"ö{ö÷ûÅú ôQñHîåÅèøäî,íùñç÷Åú
âÊâãvü5äoä°åõæä¤êð°æ çQýè5åÅß þðÿ é5þäèëgêìëÅéHí ¢ëÅëgíHí ëÅyé¢ëÅäTéî"ä èïåõê äòñóõô$í"öûÅú ÷£î íùñç^÷õú
ââ9ãvÿ¢äoåõýLä¤â ëÅæxçQééäè5ä éí"äêðèñLêìëÅîéHåõíëÅíHöMÿëÅé¢î äTí"÷õî"ú öMèïê åõûÅêú äòñóõô$í"ö{÷£ô9ñHîå èøäî,íùñç÷Åú
âãväoåõä¤æ çQè5éäèêìëÅéHëÅíHëÅé¢äTî"èïåõê äòñóõô$í"öûÅú
k"¬® y£¤M T",¬":o}¬®  °L¡~ qy~¡H,È¡¦¥£¯¤§Ê,ÉËÅ¥{²®ÌÍ Îò~Ï~J5~, =Ç°E¯¤,U~¤¬UDH~~ (}¤$Å,,^v¯kB,Qo~¬
{,=


















  "!$# &%

 ')(*+-,.0/ 12
43   "!$# (5%
76
8

9 $:<;

>=
Q:

@?*A-BDC$EGF HJILK N9 M P: O

9

RS)TUWVXUY[Z[\^]0T_]0`ba4cUWZ4]0TdeZ4UZfa4cUW`Q]Xghg^]"i-\hTdj]0T alkm\^TUY[ZnfT\^oopUY[q'\^T$r$dX\hg^g8os]maPrckmg^`ut o\^T aPr$o\^TXaPrv ekmYaPros]ma[a4g^UmrdXkmg^g^]0T$r
c kmg^`ut&kmTq0UYrbkmTq0UYrxwY[q \^T$rxckmg^`utzykmY[Y[Ug rxyk0Y[Y[Ug rxc]0dXZ[cUPkm{$rbo\^opU0r8iDUg^g r8Y[\hVXUYrbkmT{2]'jUPkmT$|_}xV UY~j]0T alkm\^TUY\^Ta4c\^Zg^\^Za\^Z

aNi\^jU>kmZy\^dkmZ\ha4ZDoY[U{UjUZ[Z4]0YrU'jUo5aa4ck a)kwY[q \^T\^Z-kmja4ekmg^gh~'| 0kmTqXUY[ZPrk0T{a4cU>gukmZ[aDa4cY[UU>eT\7a4Z)kmY[ULeZ[a-Z[\^g^gh~0|



  ! "!$##%

&('")*),+"## +

 1k" 3y¤}¢3È¡¦ ¥£§ÊÉËÅ¥{²®,ÌÍ +Ïq}y~E.ï- ,¯   ©oª^¯x½~ "Çg ¯¤,¬ª~U~0/~ ^¯x½~ "}¤Uy,^(¯kB"¬® ,o=~¬ 
{, =
¬ k y¤¤ND ¢=¬{¡}ª3o2v~ ¯ ,  B¬5°  oJ~,ª}5}4,D£¯BB¢$ 0¬{¢®$ °ÐÇ¡~£0Ó Ç=Ô ¯ , ©£¬®x"N~Å,No¢}¬¡} ¬,È¡¦¥£§Ê{ÉË ¥M²®Ì~ÍÎòÏÊ 
6 ~Å,5y¤",qo}~, }y¢5¯¤, E"¤Ó » ÇQ²87¤É¤È§:9<;0}" ¤¯ ¬
vÃy,^¯xT oo~¬5¯ { ,Ã£M~0~v¯¤, o
U~¤L 8² 7¤É¤È§$Ç£,5 4^£^

9 L:<;

M

9

M :

?*A-BDC$EGF HJILK 9NM :PO

Q:

9

9 :<;

?*A-BDC$EGF HJILK 9M :"O

9

Q:

Ók ~kL½y¤  ¯¤,X©¢}y®¤¤Çv¯¤ ®>=:   ~ k { oo,¬UB~o}£LùX~NN¯ ° o©U¯¤o} ¨BÈ¡É"¥x¥{~½¦,+§(,X®oBE~ DXo}}~¬¡} 
B¤¡
U~ L~"To~BH ,~o}Ro> ?}(y~$,o}½ ^U£"^$°yo~@ =
 U~ L   ~o}RB,A = ~@ B  Jo~B,
M

;

=

9 $:

C

9 L:

9M

M :

5oU~ LDKXU½,¬~ oE©NMH°X}^~¯ *O(~0PR/kQ ¡kÇg~0~B,DDÍ »E3¢E3EGF ¬¡}ªÏ^Í H»  SE3EIKZE ÏÊÇ,}, ªïH~ªo5o}D¬", ¤(J,D%N$~0~/xo}5DDÍ "O ÏùÍ Q ¬¡}Ïò
|T}L  ~o}Ro¬ ^o¬®T Ke$~Ñ{L,TÅ,¢X
U V(WIX Y(ZX[ Z \(]
DDÍ H» E3EIEGF Ï^Í H» E3EIE Ï 82
~¾,H ¾,DiÁ,¬® L¤¿Tï~  $ ¢v¯0 x(¬½,y  "0X~o}}yX¬, 
¾,Î _¾ Pa^T` J"¬b oU (\   °W U YcX " DDÍ » E3EIEGF Ï^Í » E3EIE Ï
K Ò b U V(WIX YZ"X[ Z \(]
DÍ »HEIE3E ÎòÏùÍ »E3E3E ` Ï
KdTb U V(WIX YZ"X[ Z \(]
DÍ H» EIE3E ÎòÏùÍ `Ae H» EIE3E Ï
K fgb U V(WIX YZ"X[ Z \(]
DÍ Î e H» EIE3EGF ÏùÍ H» EIE3E ` Ï
Khib U V(WIX YZ"X[ Z \(]
DÍ Î e »HEIE3EGF ÏùÍ `Ae »E3EIE Ï
¾,¾ ¿,£^o£¬ï$o}j ^Tk
K Elknmo b Î Pa`
K Elk3p rÎ qtsvu_w bxK Ò P Kd P Kf P K h
oy K
|oT}}£Ã"~Ç£¬¡}}~U ,Å ~o}¢,¬o}~M°k£~,"x5¡¤E"|{o~¬®{ ,¨,SM~°H¯ ~¤toOz PGQM°E£, AoK ¤¡5,ÃB~"¬® o»~~ } ¯O ¬} ^F o¬®o 
j» } Q } ¡Çy} ~½xoL~5"¬¡}= ¨}Ão}E¬® "¬ï5¢QkL~",¬o}"MÇ£o}
0~ /kÑ¬ ,$~$®o= X ìXLo¢¯I /B 
Ó
M

9

I

:

9

DB

EA-B

;

:

)I)I 'E
DB
DB
DB
DB

I
I
I
I

9

M

BDE8E 9

M :

9
EA)B
EA)B
EA)B
EA)B

M :

BDExE
BDExE
BDExE
BDExE

9

N:

9
9
9

:

9

M :

=

:

9

M :
:

M :



  ! "!$##%
1

2

3

4

5

6

7

&('")*),+"## +

8

1
2

(6,4)

3
4
5

(2,2)

White

White

Black

6
7

White

8

Black

White

White

9

(b)

10

(a)







!"#"$&%(')*,+-+.**/01 23+.4+53$

( 4^

U \ W U YcXg(|T}D M°¬E,J¬¡} 



~


o


}

~
5














~


o





~











~
o


}
G




¬¬¡}x¤¡gL^0~ v/k"k£v^~v{EB,~~~~ °"M" Jo¬o,}Ho¯ HKq$|}y°¯Hv~I/°Çoo}NyI/xxy"¬ïïo"^Ho£¢¬ïoo¬¡}E"x xË oÅ²}L$ £$ £~°Åï B¯
oo}£}J~¯¤~,oz ~½?g£¬B=" ¬®"U o(V(¯ WI X J,Y(ZX[ ¯BZ L\(]kD¬"Í »JE3~E3EGF  oÏùxÍ »JE3E3oEH~Ï ï~ o~½~ o}"5^o£¬®"J{Å,
 ÑU~i 5DN{EB DdX  o~B{¤~ ~¤~o~}° LoÇy®ogB,~X}X~¬o}}o}J,BJ,¢N¢o~N$~J}yy¤~,B$HL¬®£^~¡ D ° ~°ùx 
®¡T¬¡}0o}y¢$}H ,}°yT~¢¬¡}Ã£( M¤yÐ
 Ñ Bi (= £x oK:{~5ù¢¬¡D} ~y5 =%¯B£oN "K 6 _ É,ìX§ÊÈ ¤ËÅ¥ ~£ ^H =%¡~ N = K:~$Ho X}~¬¡}0~T~ B,}~¬
6

-IfI 'E

87

9

:9

<9

I

9M

DB

E8A-B

BDExE 9

M :

M

= ?>

@

:

; 0;

87

A@

BDC

:

GF

E ?>

H

JI

K@

=

S

T

L<"# NMPOQSR&T

U(V% +5W+.*3

M(S,T)

QX,2T$

o6 ¢¡¬¡É}7~ËJ,_É9TU~¤¢L,¡ ¬o}~~},~}~Ã }R¢o¡B¬o®}¬o~,BÃXx}}o~H0¬¡}%D~ ¬®0 /°,x¡$~~o}0=¢D¢¡¡"¬¡¬o,}}%^~D,EE ~¤$°¯ oL}¤o}ko~¬®ù¡"$Dª ,D°ù,¡°L¯© ,~Tyo}}¯ 
¢¡¬¡}"0"T,5=£yK
YF

F

9

C

87



  ! "!$##%

&('")*),+"## +

È¡É¥'¤Ë(yÌ¦ Ëõ39§² É)®¦_ËB9*§õÌoËò² ¦¥+xË Ìo¦² Ì ² ¦7,¥§õÌo9 ;É®È¦ÌoÌ ² ËõÌo§ É , £É,§Ê²ï§¤²¥£§ÐËÅ¥{ÈI9ËÅ¥   ï§¤²¥£§"!$#%x¥¤²®Ì ÌoÉ &
Ñ^o% ¡-B¬o}Í »EP E3oEIHE P ÏQ{,B00®- o } "È¡,¬¦¡¥ }D.8² {7ª,~{°,Q~°o,~ o,}£D¬¡}½o}X,/ °{oQ~o£~ £¯¤MÇÑ2~1T0}{B,(y Ç £ªy¤
o}£Ë Å² H*-Bo}Í ÎÐÏ=~y ,~°4oo¬E¤To½0 {-BÍ"Î +e »£Ï¬o}© }yD¢o}-B(Í » ÏP E3{E3E P $-ByÍ ÏN ~¡ ~BBy¢o} Ão}¬® ° I / }k
U~ LD~BH  ~o}Ro¬ HD},"^È ;¤IÈ 9 ËÐÈ5o,T 2 -
 6 ¦¥M¦§Ê¦¥ËòÈ5o $ 2 - ~E o}£X X¬® o$~où   X~^o¡¢o~,Ñ
F

H

XI

F

I

;

PM

>

9

JI

M

M

:

; 0;

9 $:

9 L:

=

F

P[2]

P[2]
P[1]

P[1]

P[3]

P[3]

P[4]

P[9]

P[4]

P[9]

P[5]

P[5]
P[8]

P[8]

P[6]

P[7]

P[6]

P[7]

3

(a)

L:1#0 #0!,+JV

$&%(

54

0

(b)

63

:0#0 #0!+SV

$

oÌ ¦ ,²(o}£°¯0} ^oT X,2-.E£^$yB ,o,~¬
¬ U~ {,~°:-BÍ< ;>,= ~ÏÊo }3¬ (L},o^ ,8-i^ï~¢Ty ~¤9-BÍ » ÏÑ£z?~}~
d?
7 .

9 :

=



  ! "!$##%

&('")*),+"## +

¶ ;=YK=µq6R¶;=2OD¸o6N4º¹
|4T}^X"o}¢~}~P ,¡,¬ ïo~¬® ,ÑÅH0¤o5~{¯ ,  Xo}¯ " jDM°y"^3o~?,£¼x  ~ DB¬~*} ,o5o~,££*k~_ 
"~ Q|}~0 go}L,Ty,o°~½=I/ M°"^o~,£ }~°Ç}~¤ ¡
»  Åk  y¤o}XDy}y,¢J¯¤ , 0"xX ~  Q0o}{¤ ¬¡0}¬¡},Eoy °ªo"x £ QH¬}¡}"{¬o ¤o J¬,¬® ox£~^JBo"¤o$}D}  ¬¡}¢$¬¡~, 
  6 X¢¬¡}Ã^¯  ¯B"¤U}H¬o}¬¡ T  }HR M¤y"I 2
o}HR M°£~BB~½¢o¯0y¢  Ç
 o}½oBR M° y^X¬®0 o}y¢ï~Ç D *£  ½ ,¯ ~}¬o}"¬o ~D¢x¯ ~ o}
¬ o}~,}°R BM°£¤^$¬o}£BL ~H¡   £ ~ }¤ xL ¯~}¬¡}"¬¡,H~HD¢x¯~o}
N*,¬O(¡PR} Q Jo~B $¯ =+£~B" ¤/MÇÅ¯ J   R M°X£}~¬¡}O EB"¤R M¤5yÅ  Q O Ç¯¤o  ©Q ~¬~¤¤ ÐN¼tOPGQ (,Xx,½o Qo}£ *O(PR,Q ~¤Q~ 
{ ~o~¤,
{U ,~TB~o } LQ,y ,~To }P ,o}£~,}L3?o~,"Bx$ovE}}~¬ov ¤ ¯BRoM°}"yH¤"oÑ,(}y"¢,v,XEL~$°}B}U~y¢E,J°o¢o }o }¬¡"}~,0¬¡(,,,vT E,^ ¡¤¯Ãx~B ®½Xyo}U~¤,
°¢o}°¯EÃR M°y $o},TU¯o}J ¨ }y¢"Xx~ T$,}Q5"^~~yD~~ BD(~D g,¯¤o q( ,/~x}~ ~ No}T°yq,{x ½
Ók }¿ ,^o^J» ¬¤Æ » |o}, 9² o£È}£I9 Ë J¤¬®²¡É¥ §õ"Ìo¬ï&É ¡.J3² U9 Ë ¥ ,~¤<®B_É 9²Q É ¥ yyÌ¦ ~39°²oQ~D~Do}o}$½,,2 1q~, ( xvy¢~ ~ª}"o}
oo}}DÅ,x(o~y~o "0¢oÆÊDy ~3 ¤M°(~H B,ÃULo}£|}{  ¯ko,Bq~½M ~BG  ~ 1 «9ÆÊ¬  ÇÑ£~¡( xo~, ~
  Q,ÁN°¯H}y9  ^o"H}yv$~B~ ¯o} .¤¯L^o~¬ïo~U J¢o°~ Lo)

®Ë
õ
Ê
§

¦
£
¥
Ð
Ë
È
o§Ê~}&¦ ,xÌ~}°$X ¬",oB1v,~Ç£ }DHy~ ¯k}¤ o5B { ^~½¢yÆòï ~BB~¤|T"ÇM}£H,~~oÇÑ}}o, Ão~U$y}y¤~H¬ï~o^ï¯,^E~,¢}°H}D  yB,¬¤o^0({B,o~°}"EÇg^ ï^o~~B¬ïo{¯ª ~¤"½ /
9

M

;

X:

M

<9

9 $:

9 L:

9

L:

9 :

9

L:

9

9

:

9

:

b:

9

9

:

9

87

O

9

>

*;

0E

:

F

SI

F

M

9 .:

>

9

 

9 :

 N/0 #< 4

:

  (a)
/



  :40

')  #0!,+J )% #0 $&% ')



 (b)

&% (' )

2!, 0+8  $)') ,+ #3&( 32#0!+

 ,+ #3#% #0 

#0!,+ V ,+ 

E

 ,:

&* V /

"#3$

) 
 







/,/+5 



 !" #$
 0* +

# W

,//+5 , <"# W

$

1$

$



  ! "!$##%

&('")*),+"## +

o¼ }£"Q¬~({(ùHyB  ~¤¡d QÆò}£~B¤T(}X,o~oB}  O ÆÊ¬T° xox~y¢o~$~Í D~¤02  xx¬"o~{ Q~H ~~ ¬5}¤" Ç¤~J°¡,~0~¯ ,~B
{ ~~~o~$Å,$}UùDy¡T,o}(o  Ï
C  J,0X ~ 0({ ¯k ,y£~ 0X,N  ¤^o~¬®"J~o}X½, 1 B¯¤Ç ¯¤  ~ 
~~^U   o}{U,~°¬oJ~BÑÇxo}}¢®½¤Çk¯ Ò  P 0E3EIE ¢P = ~ Ç¤UX}}y¢ ¯¤,Ô 0 Bt~O  Ô }¤PRQ Ô {ï J,5D"DooLL~{,½¯¯x o,}y~JM{,~¯xU $,y~o}
¬ÁN,£"}¬~L¡¬,Ç=¯B (ï"  // NX~¬®~¬£Ç{¬®¯¤N~½,g}y ¢ TxT~¯¤°, ½k¯o~~B°~o~¬~BB{~  (o } }U,k¬®{ X®{,¬"¤£^o~5~¬®,"$=,oª}5oo}}~DHB{~o,¯x ¬,,"yB gxxo~o~,, Ç
o} {Å ~¤¢¡¬T¡o} }¤ o }/Ão,}QH}®Lù{ ¯k X,}~¯¤¬o}, ïx"¬®~L9o¦¥ ¡9¦H¥ Ç{¯¤9¦,¥ §õË "Ã² o0°o}ÃH }¬$° ox~y~¬¢oT"¯¤,  
=Çxo}Hy~T¯¤,T,y 
ko}£ÇT ¯k~ ~£}¬o }ÃÀùE{{ oÄD¯k y, y¯x=,~£ ÑÇ~y(£o}y¢EXy°¡ xBT~  v{Çk¯¤ 0,~,("¬ï B ~¬T 
9M

:

9

=

>;

M

29

M

9

:

<9

87

9

L:

9

87

JI

JI

;

F

JI

Q:

;

8

9

10

9

11

12

13

4
5

6

10

4

4

14

7
14

6

6

3
2

5

1

1

 

(a)
'),+8  

%*



3

/

    "!
   

W0

<0,+8 





/

(     


UY[Y[]XY   {\hZ[a    

(b)
+  333$)&%(

) 

W1



/

,2 /
O

U

O

W1

0"" 0

R



(c)
+5 333$)-')0 #&,3

) 

&31:"



$ ')+-+.+SV

U*$



ù1 UB/ ${~,$¯ ¯xÇ£,3¯¤M°,y~"ÆÊ0~""}yo9$|TÎ }T~yª» BÇ¯kÎ' & ®£{xÇy ~¯k£ 0,y Î)(~q*~Î)(,~ + Q¤Å¯,` "¬®B~~» P ~ÓBP(~E E¤E P.^oo}-~¬®"» x  ~ {Ô P ¬Ô"!EP yE E E P  Ô$#%Ã o,} 
Ò   Ã£0  °¯}"¨õNÅÒ  1   }X ~¬J 2 JÂ ,  ¯¤Ç
©5x3 ?Xo} N{®ù/
|T}Hx~{¬{®ù0o}UùBy ¯k  £=~"T~
&54 Ò 9Ô 8;: 4 Ò
w3u u3u P   6 6 ~^ < P =Ô 8 =Ô 8: E
(,7 Ò < 7 9Ô 8 + Ò
1 B¯ Ç  $ ¯¤^o /,X~o}H~B~ ?£¬"¢o~,ÑÇ~¡,x¬®~½o Ç£~$}H~^¡£¬®(oDo}
¬,M¤"{o~,¬®£"~~B~ ?",B¤  ¬ ~{¢ . ?, ï|}H"¤¡Ñ X~To}L "¤
J¬,,£ ^ï¬°%T~B BÇx$}o}y¢HEx¯ ~  %m P?>A@ N~¢Tko~}"H©$~^¡~o}%£¬®yù,o~o}o}yy¢ ~°¬" %m ¬¬®½}0x ~B m° P?>A>A@ @ ( ~
U~ L@B f N~BH, ~o} o ?£0o}  o}£$B~~B~ ", P  ï
87

R

M

9

R

:

9

9 :

9

:

R

:

9

9

9

9M

:

:

87

9

:

:

 
 !"$#% &('*)+,.-0// 1324658792;:=<?>A@,BDCE53FHGICE:KJLBEM8NOPQ5SRUTV5W4YX5S:Z>;[QO>]\;\^>YM_Ta``;bdc$eIbdc$efRgh4gji
kml]npo$q
kroKsZtvuwq
xzy|{}l~q
 
kml]npo$q
kroKsZtvuwq

xzy|{}l~q

 

kml]npo$q
kroKsZtvuwq

xzy|{}l~q

 

¢,¬«_djQEL®|p¯^Q|¡¢,]|°¯ ¡¢,j¤L±²¨¢¦¬£³¯,¤,}¥_,¦}¡³"d§¢¢j¨}QI|D©d¨j"´dE¢,|¢µj£j|£¶«=ª
¢½»¨jÃÁ£¾"Á²Q»¨|ÃÊ¡»¨D½³|¿ËÂÀ_¼ÀÁvjº|Ì¡+º»¨·¼Àv¿À}» ¾"¦¬Á²|½,Í ¶°¸U¡¢Ed¨}ªW¹0º»¨¼.½¾¿À¼ÀÁ²ÂL¾½µÃ»vÄZÂÀÅ¨¾ÆÇÁ*ÅLÂm¾ÈÉÁ
ÎÙ8£",|j£¶U¢£Újjv|££S¢¢Ë(;³¡vÏ|Ð¡¢}Ñ}ª,(Î;|+ÒjÓ°ÏÐ|}ÑÔª¢U¨¡$|¯,£}Õ,,"ÏÖ}ÑK³°¢Û}ÜÝj"¢U¶×U,8¯,},,j|¨_|vIIØE|¦¬¡¢¦¬£¢·¯Þß8,°«à°¤ª
|½"ÈÉjÁ²LÁv"¦¾vÔéj½¶«êU£¶ÅLë$¤DìË±»¢ÔìÇ¢Á²£ºEëíÅ¡¢ºÚ(Á²j»¨¡¢îÈï¬^ìÀºÅÆË¡ð×°ÁÃÊ|µ»¨½"½Çç×ÌL,ÂÀ¢Á²(¼S¡¢Í ,_jL¤Eáµâ³ãEäIå_æIÅL¿rÃ¿À½¾ ¿À½Á+¼Ëç¸èSÁ²ºÁÂL¾
ñ.5SòIC°ó:=5WBõô:=2;X³ö5W46J
Û¤;÷¢¡^jI",Ú¦}]¡·¢Ç¦¬||¡¢£¶°×£I£"v;;¯À||¡¢I£QªL|¡ù°¤_¢Ó|(¦¬Ú®Q¦¬0j^¨jSÚ|ø,¨²]L}(¬ú_¢øvL}£¶]¤U$÷¨L,¬^ú¦}¡µL,£¶£¶} ª
jQ,®££_"=ª¢$, ¦" ¦¬¨|I°v®¨D£¶; ¦,¨dÔv]³¤
ÏÐÑÓ"|v¦ jL¦¬¨¨ûjÚ|,¨¨£¶²ù²®|Qj£¯¢,Ú|d¶Ú¡¦p£¯,|j¶×|¡¢jü ||ý¢¡¢¨U|,¡¢£dQÕ¦"j¯j"dEL£¶¤þ8ÿ  ¡¢!""$ #
!% $#'& (

Ï×LÑ·Ó²"L|¦¦¬jL0®²¨°L]£¶²ù®¦¬(}¨¨jÚ|,¨ù"Lj×£,¯,||¶|¡¢0av|Iý¢¢®D£¡¯;£,|Õ¶j¡¯-"dWL,£¶"¤*) ¡WÚÇ¡ +ÿ,
ÏÖ¦Ñ|Ó¶|"¡¢|¦ßjL¦¨û¶¨¡¢£¶_²ù¬%j£¢¯,Údj|¶Ú¦$¡¢ S}¨ý,¨ù¡£=¤Õ) |¯¡d_ÚÇ¨|¡¢ j+}ÿ££ËdEL|d£¶|Üh¦¤/,j.Ç;¬·³L¦¬£|¯"Ü
²E !GF°7LH!$I#-,8K¦¬JLK¨!LjMNÚ|,J ¨O]!LPN|CG¸?!G|Q³R"%;IS87JT"U0V7,M/¢& ( £¯,j¶¡¢0 1325467'8 9:%;"<>=?%;@5$ABDC!
L||Òúï£¤,¦¡ ¦,jªj"¦¬¶«µëh¿ÀðÖðQ¦¬|"¶"ª],H""|¦¬|L ¡j<W¦¬v£¯,|¶|¡¢

LÅ ÃÁ,_EÅº `baïéj¼Ë¿ÉÁdcKeafKeahggQaLê
k ¤l_,¨jÚ]¡¢(×,££;¯£¯,|¶|¡¢nm

XZY\[K][

^

É»¨ðÖðjahggQa
i

o,p q'rso,tuvwv6p xy{z|~}' :
<K}R$
 | ?'O
<K}R$
G 3  Ty}< 
¡¢     | U :¤ £ O
U 3  Ty}< 
 | G '¥z| {
<K}R$
z| {'  | {

½

²d± Ô¢vj³³¤¡¨sªh «,¦¬Q¨ª®°¯°±'Ï?±²§ª «¨²³Ñ;$£££W£8jj¡v|¢´³|U|¡¢}E¨¢ I²|° LvI|L¬ú_¨©§(f¢/|¨(¢j¢¦£¦}¢¡ |¶|«¡^«¦,d Ü
L|°Ô0Ú$´v££¶££¶¤
ÏÐµÑ )E|¡¯¡S®Ú8,|d¡¢²$·²|L,"¦ÚÔ¦^D|¨¢=¤ ¢¯Q|]¡L«£¯,|¶|¡¢ ¤·¶¨dÕE,¢W¢dW¨D¯¶«
Ï×LÑÔÓ"|,¦jLÚsE+¸º¹hw{£¯,³|£¶,|¡¢£¶wª¢¼¡¨»³ÏÖøÉ¨ÑW|¤£¶|¡v ´³"; ÜÝ£®|}ªj³|¡«j0Lj°Ü

¤®±²¢¨0ÅÔj¤SÆ½º|Ç|W¯¾DÃ+¶«çÖÂDÇ}îU¿É¾^¢¨Ú$°|¦j¬¬]UÉ¯,"}¯"¡ZW¾À¡¨¿.]ÏV,Á¨Â¦¬ÃU(Ñ=j|¯,"«"¡É¸|$¶ß¡Uú¡_(¯^,}Úd¢|¡K¢ª²¯;Új££K¡¢"IÚ|¦«j|¢Ú¦¦¬
Ä
"Ä ¸¯|ÔÈ Ñ}¤8ÅÔÒúO¤ )+,(¡$||¢ýª¨ ^j$¨¦}¡$³jý$¨;0¶¡ ¡I|¡¢jI³££¢"d°;jY;,¦"Ë¯¨£¶|h¡KÏ ]É;¡¢E££ÀjjL££"d;| ²¢Ä E¢LN$Å 
ÉÀ |¡¢Ú(|I|¡¢¸££";¢¯ dËÊÌÁ0ÊÍ k ³"mUÞ×,|£¶U}¨ ªÉ¢Ú¦¯,
«×Òújj,Y|UÚ¦0"¡|°"Ä jjÎ£¶¢I©Ã ¡ÅÔ;¤-|¡ÏÚ¦}¡||¯,¦¬³jv«|}¡¢³}¢h(£S££Ë«¯,""dQ¯,Ú"¦úQ_ |¡¡+U°¯jÚ,,U}¦¬D¢¡¢¬·"¦ÔU¦¬£,¨_«µd¯Ú¡¦¡ÚIjªÀUj¢|Ô¡(³£¶¡j"¦jüÔ££¶"¦ Ô££Ð¦¤,¢¥W¢¦¯¬¯,¤
)¡¨Q;|¸j($L|Dh¡¢Ú$¢j¡¢®¦¬"ú|_$DËj¯|¯,¢«¯Dj¡ÚQ¦¬"ú$_|(¨|²ÜÝL,«v"0;j,°Ç|¡ "¡¯QjIv||(³¢j¬«¢¯,;£I«vdj·£ÕÜÝ£²],¨¡¤
vÐ6ÑhDÒG¤DÓVÐ Ñ K¡¨]"¯,¤ÇÎ;,Ú¦¬^$¶¡",¦}¡¦,v|},¦Ô,0|¡¢^²¢EL_,É«j|Ú¦· ¾Z¦j,j
Æ®ÓÇE¢||¡¢Ú¯³¯,¡¢U£¯¦Lj,¶v¡¯0A,¦¬¦Ô¢v||²}ï¦¦¬"¢£¯=ª8j¤ j¶)+¡¡«U¦ "ªSj££É|·¡Ú¢Äj«¢|d·|0¯,¡DD¡ Ä Üíj«¯¢"¬«j|·$L¤®¶¦,¡*±²v³| },£Õ¦Ô|£¶ª*«jU¡|·¯,û«L°E¬Zú_¡¢ÅÝÜí«|û"j|j·¡V£¶ ¤
Ä Üí«d·¨0¡>ÅÝÜí«j|·V¤
k

XZY\[K][

^

ÅLÃÁ,_EÅº `baïéj¼Ë¿ÉÁdcKeafKeahggQaLê

É»¨ðÖðjahggQa
i

A
A
S

B

T

Contraction of
edge (S,B)

S,B
C

of
on ) have
i
t
c A ll
tra e(T, e wi ult
n
g
Co edg er ed e res

C

T

h m
eit sa
e: the

t
No

S,B

T,A

Contraction of
edge (C,TA)

S,B

T,A,C

C

ÏÐÑà^¶«Üh¦$Ú¬·]¢·³¢£v,|Õ ££¶¯j¡û££Ý+ÏV»$ÏjÛT¡¢Ô ÚÕ¦}¡+ÖÑj|ÑÔ¡¢¤¶¨¢djÕ¢,£¶¢h;¨¡¨d_E|¡¢¤ÚD£¯,|¶¡ ý¢¢¢D Ä Ü Å
×Ø Ó?ÑhÙÛÚÜ,Ó?Ñ7ÝÞ¹'SDÓßwÒUáàhÜ,âVã

ä

Ï×LÑà^,¶¢«;D¨ d_·¤ £US¯,}¢¡µj¨¦}¡ |¡®¡jDjZ»³Ï k ÖÑ$v¢° Ä ÜVÅ$Üh¦¬}¤¶¨d|¸

¤·Ó²"L|¦¦¬jLwm²ý¢¦"|û,;||"¨U¡¨³j¢¢d}E¡¸££";¢¯,L}|¢ªÇ,¦¡%å»³ÏÖ£,¯SøÉÑ
 ì vD|¡¢I¢}Ddj¨¦¬|¢j¤
æ\çUèé ³ê²ëËDÏ ìVáÑ mÇÒh¨jd®E¢r£ví
 ì ×|, ¡¢Q¨ÔDd||¨¦Ô|¤
æïî ³7«³7ëK³KDÏ ìVáÑ mSÓ®£|U£vð
æ ñ ¬:òó¯ë³hô>õ è°ö DÏ ìVáÑ m¦$¬¢j¡E²¢EL®,S£v® ¡¢°¨}j||¢¦¬|°£|¡¨µ,
"´£VZìÀ¤
æ\÷Rø?è°ù·úíû ôÎõ è°ö DÏ üÑ mO¦]|0¡¢ýv|¡ j££d$£³v]¡U¢}Ddj¨¦¬|¢j¤
Ó"|¦jLD¨£¶ùU¡D£¯j¶¡;¡®¢£®",¦¡¡"jU},¨¤þQGíÿ>J; 
"º!GQ !QðVQ!AQ!<!GI (
½

LÅ ÃÁ,_EÅº `baïéj¼Ë¿ÉÁdcKeafKeahggQaLê
iÉ»¨ðÖðjahggQa
 ¤LÆ ÞÛ+<<+àÒáÓVÐ6ÒáÓDD¸º¹h+º¹h+j|j"WQj¬WV,S¸| jÔ££¶D||"D¢¢¶«||EÏÐj¢¦}¡,8¡
v|¯,}Ñ¨j¢¢d}¡Q×,££$¢¯,L|¨m
õ ö ³ ¯°³¯°³Qm3¦$¬¢j E¢r|j¶ú´¢¢Id||¯D|¡¢Qh0j"¤
æ
  Ï×Çv¢ÑÔ¤
æ\÷Rø?è°ù 1ø?è ÏIáÑ m3¦$¬||¡¢Q|££"d$£v;d,|"0
  Ï×Çv¢ÑÔ¤
æïî ³7«³7ëK³ 1ø?è Ï IáÑ mSÓ£¬(|¡¢Q|££"d$£v;d,|"0
 ì  D¤
æ\çUèé ³ê²ëËÏ  ÂUìVáÑ m8Òú¢jj$£í
æ
¢³« ù Ï ¤É]Â¡U¦¬¬áÑ m¦]|¢jûv]¢¢j¬ßj¶ú|´¢j¶ú";´¢jI¦"¬djÔ=¢¤ ¯££Ç¡£v}Qd,| 
æïî ³Qê³7õ é ³³ û Ï  ÂUì:ÂáÑ m¦]£Õ,¦(0£R
,Ö£Ú¤ ÑsÉ]¡¢Q¢;ÚEL,v;|¦¬ |ì£¶0| Dr|¡¢$Q¶¢¡²EQj.££dWj!¢¯ZL¤$ìÉÏÖ¤ Òú" $#ïìÉªv¡

ì%°3
¤
É¡¢Q¢;Ú;°v|$|¦¬|£¶0|°¡Q¢²(
æïî ³7«³7ëK³KÏ  ÂUìVáÑ mSÓ£¬I£vð
.j|j¢¯ZìÉ¤
ÆH|³¢£]]UQ¢£¡ÚS¨Ô^j||¢¦¬|]Ú8(¨j^¡¢"ÜÝ||"°¢¨jE||,ª;¡j
L,¦}v¡|¢²+d¶}j"Djû"£¤ ³« "ªSÏ  &LÂ',vÑ³E¦"ï¶}E£¸D£¦}¡¢£ÚVvª_|" %L$¶¡ïE|¡¢µ¸¶°££j$¯¡¢¯¦}¡¢¨£Ú=ªW¨ûù"
ù
£¯,j¶¡¢¤
æ ÒúÀ¶¡$QÉ¡U´¢¢"Ú$³úªj|¢||¡¢Q¡$,¢,¤
æ ÒúË¡U|v,^,
|¯,¡vÏ&}Ñ_,; £¸;Ï&Ú^}ÑÔjª,£¦£¡;$|¡¶¡ ¢|j¡¢Uj²¢,£®¶h,( ÛTÔ k¤ª|¡¢ |"¦¬¢||¶«£¶ ³« ù ^;¶|¡¶|¡¢

°ÚEj££Q|¡¡j²,U*

ªÀ¡¢|¦j¶«£¶ ³7« ù 
æ ±²³£Õ|£¶ªË|¡¢j²,U)
;¶|¡ °}¨£¶0¦}¡¢j ¦¡¢£Ú   ¤
ÏÐÑÚÙ8|»³«ÏÖ£,¯W¡¨øÉÉÑÔª¸;O ¡6Ñ|_ø¡¢¿ Ê-Üí& Ê/. jÊ-"^w|Ê |¤Oþ"+QG :ÎJ¢w, A¼ I? JTª78Î¡ÇB¬·%LL"% ¦ ¬|E "J;(MËj¢9:%²¢s¢¯]Û|% E8ø"0DK J E !*³« 16ù QÏ %; "H# Â'  Ñ
V"á¡¨!<!3]2*|¡¢4Q!%|CH1¢¢I?!54$7¯D6"US8Q(>ÚC$ K»³J;DÏÖCº£!s,¯S>øÉ>ÑM-=B% EÓD?!µÜ-AÜÓß\Ü àh!38ÒGÐ?4% ?I*º9QÓD"ºÓDDJ91¤ %:1 I #<; (*÷¢I¬·²¦j"¶"ªÀ¢j«
Ï×LÑ¦"±²¡³.$¡I£",¦}¡vSE|¡¢$³¶,¡³L};¦|"¢££ î ³«³³'« ë³ 1ø¨?µ è ª »çGÏjè:Û"é Ñ³7ê²¢ëËª ¶|î ³¨Qê£³7õ é ,¤³]Ï ³É]û ¡ªËÚ8¨ ¢î£³8«³7¡¨ë³ 
«d0,}»Ï×£¯SøÀÑS;¶¡¡¯¡ù ¢j¢£¶h¤ Ñ

XZY\[K][

¤

^

@ BAáÚÜÓ?âBàhÒGÐ?+ºÞ Ó?âíÒU+¸¹'Ó{ÒG+sÐ6Ñh(CÐ6ÒjßwÒU?6¹hw+LâD¹+ºÑDâL
6Ñ â¹º Þ ÓDjÛâºÐw¹7DÓVÐ ÑCÐ Ò + wDÒG0ÒG+ ÓDM N

Ý;Ó?Ñ²ßED+FGHIGJCÐ ÒÎ(CG¹7?¹²ÑhÓ?LK6ÑÐ6ÑQ+>+<âº+
ÿ
É]¡¸££$¢¯U}¢,ù£¯,|¶|¡¢ßj£¦¬Ç¡¢Lü¡j££jS£³vS0¨jd"j}
OQP Ûª¤Ú¤Úª øSRí¤I÷¢^·£ªL0ý¢¨ ¡³j££"d(£v"ªµ_£Ú¦££Oô>õ è°ù ¬:ò5ª³7«³hë8Ï O ÂÛ"ÑT
¡¨ý¢J¢W: õ:|ê²¡¢ë Uë ¬ "Õj¢£¶£¡;v|ª,E v_|^¢£Ú¡|¦"]£¨£ô>d}õ è°vù °¬:¦¬ò5ªh³¨«³j¢ë8¯®Ï |O ¡¢Â9]UÕ¢ø¶Ô «kI,V 8Ñ}£¤¦]"¦£ £ÀOQ×|P,X fR^£"¦«¬|¢dj
,¡|¡¢Q]¶«£,$£ø vøè K"¤ ¡I|}ª¨j¢¯Dµø Í%Û^¦¬¨|Új,¨]£¶¯,|¡¢ª¨¨|¬¢j¨_|¡¢^¢ ¢¬·
ä

ÅLÃÁ,_EÅº `baïéj¼Ë¿ÉÁdcKeafKeahggQaLê
iÉ»¨ðÖðjahggQa
ôÎõ è:ù ¬ò>ª³7«³ëÏ OQP Z
Û YY|ø RÂUüÑ m
X\[ ô>õ è°ù ¬:òIÏ|Û Â|øÉÑ
ý [ W°õ:ê²ë ø ë ø ¬ è Ï OP Z
Û YY|ø RÂ X Ñ
· ü&] jý|¼ ô>õ ¬ò5ªh³«³ë8Ï OQP Û Y/Yý5ÍïÛRÂUüÑ
£ÚjQj·ü&# |¼ ý ô>õ è°ù ¬ò5ªh³«³ë8Ï OQP ý^.9ZÛ YY|ø RÂ üÍ ýÑ
£Új j| OQP ý_è°R ù
ÏÐÑL±v}|¡Dø|¨¦-¢ü²j|¤ ¨¦E×|¡¢E·²L"¦Ô |¢¢¯|E,5 ô>õ è°ù ¬ò5ªh³«³ëËªV,(¸¢¢¦¬,
Ï×LÑµ)j¡££;dÚI£¡-+ÿ }<(W|¨¡¢³£¶¢ú0E|¡| ô> õ è°Éù ¡¢¬:¦ò5¬ªh³j|«"¦³Ô°ë¢¦¬d¨QÚ|E|¡¢j>§Ð¡£³j×¢¢¦¬££|"d;,¨jÛ §|¨,ªK|¨¢¡ ª
¢N ü²ð¤ þ)`*Q!TCbaZ#J²46"% <A!"1#dV"$#778-%,4!;Aï M-%;II*!ch% M9KI?!áT& (
ÏÖ¦Ñ¦"±²¡0ï¨j|^¡¶_¡¸__¡¢³^|øµ¦¨|Û |ü²¨ªv¦¬|^¡¢×j·²3L¦¬dUÏÐj¢ÑS,¢¢|¡¢¯I^|,;ð ô>£¶õè°]ù ¬×jò53ªh³«³jIëÏÖLÚ* Ñ}¤ÇdD÷¨Ï×,øÀÑ}*¤ ·v.S,
¦j"¶"ª¢ý¨¡¢µ+}ÿ_·²L¦¬v¢°]Ë¦,|Új¢ª¢,;°×¨¦ÔÀø¨Nü²¤
ÏÖµÑ ) ¡;Ú¡I¬·"¦¬|"0v¢°]É|¡ ô>õ è°ù ¬:ò5ªh³«³ë¦££Ú$¶|£Ë|"¦¬¢||¶«£¶

XZY\[K][

^



XZY\[K][

^

ÅLÃÁ,_EÅº `baïéj¼Ë¿ÉÁdcKeafKeahggQaLê

É»¨ðÖðjahggQa
i

ô:=M)eÀT=óe5wô:=2XDö5W46J
Û¤²Ó;|¡_|²¡¢²_¦}²;,|Q,¢²£¯,$|¶|¢¡¢I¦d£Ú¨¢£¢d"ªjd°¨d,|"¢,¯K|¨¡¢®¦}|¡}££¶¯,"]£V¯v,®DÀ¯v¦¡¢"|¤ª¢ÓÓ¡¡
¢É]j¡"jj}Ú$I ,$¶¡µQ|¦¡¢,³j¢²£¬UI,¢W¨|¡¢Djjj¤IZ;ÉÀ¶|¡ ¢£Õä Ö£"¡¢³¯«ªL,ª¦}K¡¦+£,|¢Ó¶|¡¢¡¢$£Õ,£¦£ÇÔ,°;¡¢¶j¨,¤
""««"¢¯0ª;¡¡D,¡,¸|,6£Õ¶¢I¢¦_,|jIvI£ú¤DÒúV| ¡¢ý,¢¢³¨£L_£"¶I=¦}Ú_¡¢£Ú£Õ|¦}LKªvµ¤ É]0¡¯fTK°¶3$g S£;£W¡¶¨ªvÕ ;k ø££
£¶«Q¸|¬«B¤ .Ç«(ý¢dª¨jÓ¡¯,]|¡¢(£Õ,d$|¢|=¤
.S, ¦ ¦Ú^;¡¡$¶h g d¡¢£Õ¯,$¢,,$¸££"¤ÇÒú¯¢^|¡$¡Q;;¬«
£«j06Ñ£ÚDÏ¸0;¯v¡|"E¤W¶3 ¥Wg ,¦¡¢¯v||¢Q¯|,Ñ}]|¶Z¬}$ê¢¯v;×|,ªw|¡¢E¶};¢²¦}¡¢"£Ú^|^¢£¬«¨,£|Új³"$Ï¸;¶¡¢$|E¶h g ($Ó³¶|}"¡]g ;j|"Ñ ¤
) ¡¢¶|¨µ¢£Õ¦} dÔ¢µ¸

i>êQ¯°³µ¢ ÷ õ:« é ³L¤UÒúÇ¡D,I^¡°|µÇ¡¢Ej°Ú,

i>ê¯°³Vª
¦}¡¡¨££¢,¯IÓ¦®" |;¡µ¨E ¯v£¶³«U(×·j«É_;3Új]dÒúË$¡¨Ud,",=¤ ^;¡I| Ë¡I||UÚ ÷ õ:« é ³Lª¨,|¡£Ú
ÏÐÑ;Ó"=|¤ð¦jLí¢%*¨ð£¶!ù%H#" ( |ÚdÚ¦0£¯,|¶¡ |¬|;¡|¡¢E°,°û¦"
Ï×LÑ0ÞÒG6Ñ×,ÐjÞÓ/kT+£¶£ª]¯,Ó|¶|¡¢A¡%¡¨," g £¬|,*"¬«E$*¡¢£²|,¡¢°«¦d%û; dD¡Ï ½ Ö ÑU|·¤H"¦Ó®Ô"|¦||¤
LQG)`3JTh  E !G">VK!>Cº% º!;ø ¿.Û & (
∨
∧

∧
∨

∨
∧

∧

∧

∨
∧

∧

∨
∧

∧

∧

¤ 9¢²^UÚ$^|¡¢¡¢Q/+¯ÿ,,<¢®¢v¢¯°¨(¨_¢²,Ë""(,¦}¡£«j£²{¶£Ú¨ddEdÕ,|,¢¯ ¢,j_ª3¤ ÑQÐw(¦¬v¯¡¢j£

½

k ð)

¤®±²£¯,¢j¶j¡¢Uw_³³ý¢|E¯¨0¶«¡¢sývú_¡ 0j|,j|££""µd;£j}³ vOQ$P ÛZ YY||ø ¡¢RÇI¢¢m,l  P ÛZ, YY|O ø R8¢¨µlµ¤(ÏÐ÷¢¯$·>ý¤QÓ£ª"¢|¦¬3|ýÛLD¿aÛ ª
|¬,¢^|£¯¡¢,E|¶|¡¢"Õj¡¢µ,£Ú  O jn l| ¤ Ñ¼.Ç¡¢Ej¦"££,j|j£¢³E|¡®( |¡¢Oo³n |l!TL(Rý-¦¿ÔøªLQ£¢¯¢,£|Ú¶¦¡| "¤5|¡.Ç£Ú 
ý£¯,¿Hj3ø ¶& ( ¡¢§j¡¢£ÚµL¢£D||pdDÏÖ£,¯SøÀÑ;|¤ÛLQrq·"U<Î"H# HJÛºJTI6!ÛK!9B!<CG{% IjCá%6á!
@

  
 !"$#% &('*)+,.-0// 132547698:2<;>=@?BACEDE6GFIHKJL2<M6N;POQRA0S$T<TRSGUJVS<?BWYX$Z[WYX$Z
\]$^G_$`
\a_cbIdfeP`
gVhjij]kl`
\]$^G_$`
\a_cbIdfeP`
gVhjij]kl`
\]$^G_$`
\a_cbIdfeP`
gVhjij]kl`
mnpoq_srut5rv]woqk
xVry]woqk
~Yj}}zw{}|j~l~,{uv By¡,,,¢<B,|~K"}jRv"v£jwB~~u|®£jj~q|°:¯R|E}{¤¤~j¡y±¥q~l¦,~}¥pj|~>~¨|j{}§©y",yw~,|,}N|ª"5$j|,+cuvvqvj,w«ªª¬$upj{"¬Lj{}j,}
².6N³[DE´j;>6°C¶µ;>2<M ·j6°4¹¸
º 7»¼½§9«({v$},B~}}(¬~wv¾ª¬"| ¿~ª"y,®wjB|~|À
»Áy½§9Ìv«ÍÆujÎ{Ï ÐEÏÑ.Âv»ÄÏÓÃ}Òf½EÏÑ ÅGºÆ ÔÕ |Ç<{}«0+ÐÖ}u|~quj{},05ª{|vÁ"$ªÈ,j+jE¾{}ª|,{®¥ÉÒ»ËÊwj"{}ª0ª{|{v¿$Ây»ÁÃ}~j½¿~Å 
{y|Ù"{ª¬ Õ 0¾Ï ÃÀÏuª|~j{}~Eu®jE"v~ Õ ª©{0<f|}j"{ ~|×~<ª~}}~Rjj¿p{vÃv(KØ.{yB}Ùu"ª¬u"~<Ú,v~wy¾~ª¬~"|}ÚjÜ½ p{v~Û
Ý »Äª½jÞf|{} (É~{v|°¿,Úª"ß »Ä,°àc½w|[}Ù||¥À¥¾ ª} |vY jÁÖ®v¾ª¬"¥|Úß »Äàc½
á 5Þf}~vE~Ej{[ ª"}×[{v|~~{×YB,B }|~q¬j¥$×}~B|Ú®R|}®jÚ{ Õ ${|j,{~{,}È[}w,¿~Yj||}ª,~YÈq®R°j|¥¥, qâÛ¦ Õ ju¿R<| 
~Rj{(Á,<|} À}|}| ~ã
ä Ø,~w¾j,<ª¥}|~®Ywj|È, }Õ |yÕ j|{~$ÈY<«<|Y~Nf¥j{}|w j|{v®0¿jå{æ(ç[Á}¬a Õ È5 ÕuªRj{(¬ÉÙRj{}$BÛ$0|ª5,~N,} |
ä Ø,~w¾j,<<¿ª}}®|w ÈÕ }|K jÕ {|R~Y}<B«|~$Yfj~j{}~|{v |®º ¿æç¿j{Á( Õ ¬a(È[ Õ fª"jq{pÙaRj{}B({v09,~w,} |
Þ~Yfj{}|cI jª¬{5~ÁR"Nê~y¡è®,¢~ª¬(p{9B|v~,Yj®|,|¾~(>¥¬j{}}uj»Ä||,<~ Õ {~¿|¥pYjª|{é" j|B up|ë¥yª5Èy½Èj||~
åu<Øì"~YÈ,ªj |$~×{(ísâYîs¯[æcîcjâÛ{}íl[¯ì~YÈªy9âñ~YªÈj}|ª}¾j{ Õ ¥¿~YÈ}ª"~|® ~¥ ~Y®,jª~ñ,R ,uvïY"ª¬jj~jð|,,ª~ªã ~j~¿|~ }
äÉòwócôõ »Áö>½ãN,}~$öjEj{Rj,Ú,K{[~Y,ªv



  "! #!$ % &

'(#)*)+%# %

Éä ò-,/. ã©¥"«"~{Rj¥j}~$|
jØaEèj{}BÁ5|~5qísâYís¯[æ¥îc"âÛ«îl"¯:0Ù,ÈP[~{(ª¬vj,}ªjy<9âÛ{vYj|ª}~¾® jÕ ~¿Bè£}B,À|¥f}ïª¬¥~ð®®j~Û¿®j~v(j,|,}}~ã 
ä 0-23K5ó 45ó 4 »ÄöL½ÈãN,}~wöÚj¿{(Á,®$K{Bè®,
1
ä 6743K5ó 45ó 4 ã9 «~{B¥®$j{}B,ªcj{[è}q~$|"
1
8 ~|}EÛ ~Y,ªf~$0¿¥,5{v ¯¿» º ½}||À~vª Õ ~{"a{:j¿~|E¾jBEè®RÁ,
<j{}|ª{ ",j{}ª{p~Y,Èyªj ,|~B~ }0-¾,2ªj¿3K5ó y4}óÌ 4 »Á|¼ , Õ 674#3c5ó 4 5ó ª"4  |¦ª ~YÈ(Õ ¥u,°|é"uq|¥,-9N{,«¦R~{}ªª}~ ~
j~YÈªj¥{}È}~5ß u» º|}½°¤|¥~YÈª ¤|¥¥È|v½È :,0jòw{ócô¿õ ,ªj{ -òòwóc,/ô. õ  -ò ,/. yÙ "%

ç<ØR{|~¥~Yj,ª¬ °Õ |~<Á};Ù=j{}±?>¬0¢*;Ë¡#@~j~}AB¥;C=EDGÚFEH±I{vA(|}{ |~|~Kj|<,$$J }[|~jR},"} q¥¤~~Àª¬5j}|"s í|,¥K}{¥}®jy~¿j~{}~
Á,$| vj|,~w$|j{j{}B|«}}|¿j|¥~ã
ä KL25U MCSN °MCO/ÊwPQM*RQ4 }T» |S©¿½ãRjÊw| ã°ß »ÄàR|N~àK½Y j| Jñu|~×È~ª¬j}p{vBª,®È|~j{}E¥~

ä ßV4 »ÄOX©YyàKõ ½[» ZÚÎöL½Èã*Êw] \_^a` 0 |pö|~|b ZÚðpd cegf V0 |p"¨Êw}|}|¥ã
W
ä ^ 4 N>5ó X"2 e PGP [» ZÚÎö>½ã9Êwj}¥}ju"~°,cv¥®j~©|h ZÚ©Êw}|}[j|¥,ã©ß »Äàc½È
ä 674$PG4$N4 i» ZÎöL½ÈãNÊw¥"«(öÚÁj Z |söÚ|~$|k ZÚ°Êw}|} |¥ã°ß »Ä,°àc½È
1
8}|~~j|}"¿~"É0q0}f¤u®v~Yjª¥{ªÈ|®ªj»Á|¼"$ ~ Õ Õ $~~N{}j{}ym,l~Rª®|{*~|nJÛ~Þ}|YjÌu|~È½5 îcJñ,u®|~0|~j{}É¥ª¬|jpª }oÚ¤p¬j<~Y{|f{¤ªÈj0i» }lwªÞu/î ~o¦ª¬½Õ|"|~|~,°vf|~p~~|y|<  J
|¥l$Þfî ~soGj{v°È|~°[B~}|~Yª¬jj|}ª¬° Õ v5N~5,yÙÛ9|í~N¬|Ì$ J¥}|~j }Õ j"[~Yj,È5[Qå ~q[Å ª¬jsá }r t ~°á $u t |j{ Bá vá t rÕBá Gá w uÕQáv¥Õ  ~
á w ¥~
zKy ÈEx~¦ª¬ j}¥~w5j||Ly al$xÞf+î o »Á$}È"zÓ~Y-xªÈj½°} {Õ BE~¥®jª{Ú {pªª¬|9|~Yj| Jñu|~
zK}|E~j|~"p~Yj¥ª¬®w|jU {g l$Þf«î o¹ Õ |E~~YjYj|ªÈjJñu |~Õ R0{|0Èpy~Yj,}<ªÈj,u|<¥|j{ á ásr r J ~|é(¥|~~°|  J
uRÌf|~KâÛ(j{}|~Kª,~ Õ °ª"[ªp|lÛ sá r Jñ~|éN~YjªÈj"~>|®5w~| á u Jñ~|éN~Yjª¬
{"¬« Õ j{}(0u0vq á u Jñ~|éB~YjªÈj Õ ~ER<|À" y"wj{}|~wfª~j~9âñ
 Bá  Jñ~|é Õ¥B~Yj}Eª¬{($Á,|,$|°ªãNís|ª¬|À{ B~j5 ~Y-á |N Jñ~~|éªj{0¥j~Y{vj$ª¬Ù<wjÀ{v,ª},®®j||«~9~j}y{}<1| Õ ¥j{©(| ~
y[È|E~~jª¬j}~wÁ,pK}y1¥| ~$Á á  J ~|é"ÚÈ¥~YjªÈj"~<Ù5U } W|jê"~YjÚ á  Jñ~|é"
á



  "! #!$ % &

'(#)*)+%# %

Before insertion: 39 elements total
25
22

21

20

25

After insertion: 40 elements total

23

       !"#$%'&()%&*,+

~ ¥ jª}«{+¥jj{{} 00ª ¥ª¬®|®j~pÇÁÁ,< |j|~{}~qY j||lw~ ÞuJñ/îYujo||~ Jñu|È%~~ÈÇ ª¬~j}ÈÚª¬j¾~Y}jé|~EªÈj ÙEzK×|+uz{zw¬|{}~pj¥*~[ª"j { ® 67  4$Õ PGá 4$  NJñ~4 x|é"~Y 
|~j~ jj{v|,B$J |}q|~j~}""É~ á  È ~Yj®jª¬~BÚ¤¥~j|,{®j{~Yj ,áÚ |~("~|~ ~ j{>j±¢ ±á A¦~|é¥, ®~:¿z{v× z ~¥,ª,L,wð< ~|ïY,~Y
«Ìuª|¾"~l Õj{ª"? Jñ è®Y}jÒ~9Õ <y{{|ªj${ |,~9È|||¾¬j ÆB ~|éE<|~9,À|ª¬|¥~j|"p Jñ®} |~jº ¿" ,ªj{ }B~Yjj|,ª¬Àlâñ" ~©|¥uÒ }
ª},|~j"ªÈj"|p*»Ä|¼Ó ~Õ j{}ª¬Ej}j,~9K®âñpEvvYjR|ª¬°¾ Õ ¥wª~(~Yjw, áv½ Õ Jñ~|é¿"q|}~|Y×j|,$}Jñ[uª¬|~j"ªÈjE|,È°~Y|j~ª¬|  J Õ
<~Yj{},"L*á Ø|~$j{}B¥~~¥"~YwÚy~Y"j,"%j{v|%$j|{}~|~ á -Jñ~|éj{0|~w"è|v JñL}|E~j{"5j,ÈL×f}~YjEyªÈjc Õ¥*~ 
,á {Ñ¤Eà |Õ ~$Y{j|,B$Jñà×u||~j~j{(%,ÈÈ>f}~Eyª¬jw}s~E|Ç¥}®j~wª¬~"ªÈ"j|,|*j{_ l$}Þf~Yî jo¹">È ¿~Yj}Ò ª¬|~E, ~E
9N,sï|~j }«({B}|¿|¥"~K{(Á"<|} j{}_ l$Þfî o¹,yj|~ã
ä jV{4 O$XYyõ_"~V f *$[» {ZÚ~ ÎlwöL½ÈÞuã9/î Þ®o jª{¿È¿Á,~Y©ö¥ªÈ| j}{~ $Zª°Êwª¬}| |¿v||¥~Yã°j|ß  »ÄJñ,u |~v àc½° ,j~YL ÈJ Rª",~~, ª¬j}~
W
ä jKL{2KEô 4XnN _"V ~f *i» jZ{}a ÎöLl$½ÈÞfã¿î âÛo7~EÈö%p~Y|®ªÈj}{0a ªZ ,Õ "¥ªÈju|u|Ùf|$p|~{(ª¬| "Jñ}ªÈj|~j|,Ú"~}"ª ~~~Nª¬jÊ$}}$~J

|}¿j|¥,ã°ß »Ä, v àK½¥,|é"L
ä j67{4$PG¿4$N4_V~f ®¿[» ZÚ{ Îö>lw½Þuã©î/ê5o RÈö¦Á~Yj, ª¬j{}( ª,Z Õ "ªÈj|}0|uÀ||×~<Yj{}|Ç Jñju{}|~|~Èq¥~,<$ª¬,j}~Y" ~
1
~vªNÊw}|} |¥ã°ß »Ä, v àK½w |é>
 y9Ì}jª{}v(,{Ú~5}ª¬,¥j} Õ "~{~|EÚÙ"<0|0|,~}$ ®JË0,y ~Ùj 8 |,$ Jñís|~ª¬j}qj{R~~
»¼½§9ß »Äàc«½N¥jj,{Lpj||%¥,Ú ~pwàÉ¥®j~ Õ  ~"èª,wà ª¬~ªuj|« c M 2 vjj|,~[È~
»Áy½jÞf|{} (É|9j{vÀ$,K®j{}~7"è®` }ªvjj|,O ~$4 fVª4 ª¬N$Õ c vM2 ÙÕ [ 0` c2"jM*,{}72 c vjj,|y,~°|,"~~° ,0ß » ½
2"M*,2
M2
å
-

/.

-

1032 465

7032 4#5

8

8

8

9032 465

:8

;

=;

?;

$<

><

$<

@ A

CB

7DE<

=F

D

CB

CB



  "! #!$ % &

'(#)*)+%# %

»Äª½h:}®"" ~(ª¬y¡,¢~|u~(}|®0<|j{¦v ©8 âY~}|ß  » Jñís½N|j|¥BÈ~Yj |~YÀjª,ª¬ª¬ Bj§9{«(~"~<}vj{ ~Yª,¥"~~|u


D

 IDk=G; = #F>7¡G;ÄF ¢+H± D =¬¡Q; =H }¢*>j;Ë± ¡ ;C>j¡s±I>EA×± ¡,H¢*> D ¬E¡B>j> ±IAsB;Ä>¢ DGA #D,¢ ± =È¢ A±¢*= [;Á EH AB;Á 1=È¢ A±¢*= u A±?> B> DGAB=
ÞâÛf},vj{}~p|,~Yjj~ ¤Õ |,w~Yjvj~[5%Û jÕ +<|j~ "Õ ~0p|j~p,~B{,~ } xu~Ez wÕ íl<|{}v0,ª{ª¬|°h®|Ë{ÇEv~Y~ 
j~|{},p }x}|x|$jª"{~Yj¥® |~wxuj w¥º ||Æ uº,ª¬º|ª"ºÆ[ j"~®5${"~¬jÚ{}~°"ª¬j{{}RB¥®~}E35vg |x}ª¬5~}t~|}j¥{}m|t |Ëjª{0,t íl~Y|Èvv ®v5Å ª¥ª¬|Lt ,få }|t¤Eé"yá 0t* j|º¥ Å ,N íº ç}{<N|®¬ê5Ìã~j oÚª¬|v~Y  Õ
f}Eyj~wªy(}~®"0¥,R{v,axu~Yj|}

 




.





'

 

)( *
&+ ,



  

  



"!$#%

.-

0/

1/32

/54

/ 6

/

87

.9

ç

;:

&



  "! #!$ % &

'(#)*)+%# %

µ ;>U<HKJ>´Hl6Pµ;>2M¿·j6°4¹¸
zïw{}~Y<"~j{}|{}|¨×,}} ,ÉªÈj}|ª¬}Ù,ÀÁ[~ 0~j~5|yÇ,}Ù<Ej{}"~q¿è®v}"}~Yj|x},~êu5|}z ¿ë¥ªB|*{~},j}~5j|,~ *«f|Qz 
~"~~|~©z{|}0cj{~q,~wv,j®|¾>Ì} è®}"~Yj|,~[»Ä{}|® Õ {|¬½
º <{Ø ,$H*¢ ; =jT¢ ¿D å 0 ª¬¥~|~Y®j~w~ 9Ú{}|}$ x«}|jwqq~~|w~$9~Y¥,uªf~©~ jS pr Î S~u {IÎ S v Î Õ¥${Bjj{} a |Ë®j¥{ Á~Y},>ª~Y ÈS ª  ª"S  Õ
~ xx}j~~Y<5¥¥""««[pcK|jj{}~wq¥E¥v~~$j|  S S  jÕ ~YÈª~  S , À/ u oÚj«u|}[ ®~|}ÚBlu5¥| S $ Á/u,P|~RB",~YuÈ,ªjÁ} Õ
 "v
j{}B}ÌfwÈ"~<ß¥» º ½Nj|¥,




'





-







×9

×3

$  *":

$

  =# $ &  ( +

¼» ½âÛª,®j{}¥||}, j~Yà×Eª,~¥ Õ®{~  ,uf"~[|qÈ j ~{+,¥,¥¥®q,®j¦pj|~Y,ª
»Áy½f§9}E«y5jw{K{B ¥®j,~||é"j{(ª¬E~Yw|s~YÈq,ªjy ~{09©,Úyª"|0~[|~®ß 0»Ä¥,N¬àKj{}½ uÕ ${Rà¦|,|~ j{}RÌf|E
á <ªØ.,{v|~|~{ ÚÈ"}~pujN|~>|é  |~R~Új0~Yjpà|j~<<|{¦à á [¯Rv×,}}"~~||~R~" Á,
»¼½0|Ø5~~~j |,|"}è||Ù"~$ ~Yj{v|ªÈ~j{0|¥ Õ ,~{R"j3{jk{}EÁ,7v|q"~$Å |~º Î <á ¥Î ~Y Îà á Õ j {} 0},v}||Û¤j{pj{}h|
»Áy½áÞf{}N.à×{vvB"Ù~w|~|$Å$¥º Î á~Y Î º à Îàv  Õ j{}¿v||ñj{({g | |~Yj|,è®}|"~(¥,p{v
î9NÀ,ÚÇ{v{¤«~{}},< Ç|«Çv|¾}YÚ »Äv½B j}{}¥,§9Í j{}+®á Ev°à ÚÔ ,¿}º à vv "¤~Úîc"¬è®E}j|{}0 ®£},j{ «,| |¾|~ |>Å 
Ì u $  ujRj{(Ìf|E3f}Ey $,sv"~wè®|"®®0,K{Bà×|~|~
»Äª½Þf{}:j{v5§9Í á °à Ô º àl
»Äv½Þf{}:j{v${B¬Ìuv"ª¬"0j{cj{}B}~$y[~"èª(|~ LÅaß¥»Á°àc½È
D

D























"!



















@

$#*9 

:



  "! #!$ % &

'(#)*)+%# %

åu<Ø~"Ì}è,ª¬$ªy5"c$à, váfÕ jj|,º ~,|~{yY<Á,|~¥©zw{,Ú<p|~wyE~Yjj| ªÈj|°ª¬9~Yzw~{}s» *|Y|Ë½Õ{0<{}vj,ã j|,ª~Y~<|9|/|9|~
s»*|Y½9Å |jº Î Î |l,Å {á Y<Î |~
êj¥|}R{q |éª~Y$v$vj|,Ú~|¿{BÁ,$| ¥{f~w,9vu~|~ã
»¼½0Ø,®j(¥{u
»Áy½0Ø5ªª,®|¿¥{u
Ý »Äª½§K,j®|¾>¥¬j{f



  !"$#%'&)( *+-,..,
/10325476-098;:=<?>A@)BC4EDGFHBH8JIK@MLNO>QPSRUTV03WH4C8-X3YM>AZ\[M[MZL]T^Z9X`_!aMb`cdb9b
egfHhjilk
e=i$monpqk
rgsutvf)wxk
egfHhjilk
e=i$monpqk
rgsutvf)wxk
egfHhjilk
e=i$monpqk
rgsutvf)wxk
y{z%|i$}~`}7f)|w
}f)|w
\K )K;QC; HQK+u%  KH7K+KulK ;`) V¡¢ KVu V¡¢
+Vu£¤¢¦¥7§©¨%  ¢Cuª+«x¬ ª+K+  KUo® ¢ K ¯JJ+-¢ °9±+Ku²  
KK; K¡J+`9+vV¡¢?+Vu£+u$³)K ²1§;¥7´µK¶ ;¤·9;K%9 ¸lv¯¯KJO
¹4»º)BH¼!8u4$@¾½8u03WH¿À4x25I
Á M;K¡ u£uÂ
Ã ¨§;Ä¡Åu¥ÆÇ´¥¸¨Q¶VJ¯+uS+ KS9¬±È ¯± ²«KuV%·±xuSu°u²É¡¢ Q3°u+¶¯±J
Ê CK Kx+KËVJÌ ?¶u²+? G;K¡ÎÍÏK-+K¢u£JÐ9KuQ¢ ¯1JV;Q£?Ñ
+K`9 KKuC+` uÓÒ Ã5Ô ÆÇ¤ÕdÖ×¨§;¥OÕÆ¥ÙØÆ£¨!Ú  MJÛ£Ku¯±`;®Ku¯±+uJVuuÐvÜ"uu
uOÐV¡¢9°Ë¶×9°©²°+±ÈÈKv¯+²;¯
¢°`+¡JM°©²Q+;K¡ u£M¯±£¢ M¢9 JvM;KÌÝM¢Q+;KÀ¢%¡J+U
2

3

1

4

%Þ ßÏàâáuã äå"æèçÏådáMçÏéê¢æÏëvì+í\å"ëuçUîéëç!ì+àÓë¢àÓë¢ïxçÏð¢å»ñ¸ì+í\àóòâçÏé±ë¢àôì+ë9õ;ìçÏð3ö»÷ùø$÷ûú]÷ûü7÷ ý»÷ÿþ
 Ã ¯;K;KÀ£Â
; Vu7\+ K
OMK$KÎVJ® C¯×+JÐ©¢lMK$JVu¢$£ K®¯KKJ¯+MK
¯×+J V;\¢ ¯uK;ÐÎ`x £9¶M  KuË² uÐÎ+K`¢ÈÎ Ko ×+×+V`u¯;£uu9Ku
++u°+ K¤QJ¯ J£ O ]xux ¯± J ¢¡ Ð®x QËuJ+u- -+K¡¢
9K©»¢ÈÎ Kû ×+K»¶® U  GvU© K ; »9 Î¯J¢ Ë\K;¢UÐ ÑÐ  S¢¤Æ Åu§uØOÚ·§ uÕ
ÅuÕ´¥ Ö ±Ä ÅÆJØOÚVÐC`À¢Ë²Gx1KËKu   Ì%¡¢S;3 K K ¢+V%¶¢ \u²Î


6







5













!

)

+* -,/. 0&(1



2



"$#

3



%

'& (%



 

  !"!!## $

%'&()(*##

 ¯± VJ+K3KK+ KU Vx ¶¯±²ÐV +KMJx+K)JÈVµK ¢+V)u¯;KËuJQ
¢ ¯¤£ ¤ 9KK¶Û£K
Ê Ò¤ °+¡J?u°² + K,+«KÎVu`¡v?¢1v¯±KKK ¯AÀuV ²ÙK;¢J?¡ `K ²
+.-0/)JVu
Ê Ò ;¯± ª¢ ;×+K¾+ ¬¢ªv¯±KKK ¯%À K² KK¢KS°©ªÙ¢K

 476896:9;=<?>*>9>*@ ¢ ;×+K
1 32CÑu++K¤ u¯±¤v+uA;S KÍ!;K+¯%K+JAJ+SC5
VJ¯ J  ¯¶v3¯J¢ uu£+u¡¤Q ¯%ÑH+K Aó¡¢C B® °Ì¡¢3KµJK+K
¢ ;×+KÐË °%l;¢KM×+D +ÙKËKu9vCKVuÐK¯±K¶·ÀF
 E HGJI »ÀJÈJ+¤ux·Ñ;
+;KV. K];¦Kuu+VJ¯ ÐÀÌ Ë²·+°QËu;uL +Ð]u¯ ¡¯Axu ;£+J1V u¯±J +Í
°u+ÈA;¢KQ+¡JxÑ;+¯u]+K¶»ÈÎKu£À¢¡·¡u°Ë ;u]CHJvJx\²µ+lKu¯)¯+`   ²
+ K\¶9 KQ GÆËÖ K§;ÅuÕ!¨!ÚÎÇNM












 

 



1

 PCu ;Ë·;+Â
O 3

\ x1¡¢K+uuRQ ¢SQ 9 V KJSv¥7´Õ ©Ú u§;Å  TQ \¯J¢S%;K KJ ÑUQË²
\ KK KQ;  JV;,V À¢  ²ÐÎ?  "xAJV;JXWl ZY¯+¤¡¢[Q ¶9;V¢ KJ
Ñ\Q^Ë²¤vKV KAJV;LWl¢¡¤K ±+ KAJV;7Y¸
Ê DÒ ]O±7 Q{KK;+KQQµK ¯±©¡¢K%+u¢¡1K©JÌxQ\ £l+ -K
J¯±Q¯+K¢¢·u» Q ¢Q;KÌ J Ã +K K?KK¶Û£K)¯±©]Ñ;x ¡JVuÐ£K¢°MJ
Qû D
 Q O  KuË+
Ê Ò¤) °uÌ;¢
Ð¯±+¯)¢ ¢ ;+KE+ ¡K?J¯±¤¯K¢¢J\+uÐ Q Ñ
Ê ¯¢Ò ; Vu$M¢KU!Ð ^-Ð9K©9°u+ ¯J] C+KM¡¢K3+uJ;¡\;¢K Ì7Cx?°+ ¯u
¢?¯±KKJ¯+JË²¤¢¤JV`7 K ²®Ku²¢`Ku ;Ë·;+H \Ku°Ë ;¡²V KJO$¢°
+¡J9Ñ;)¢Ë²¢K  9Ku ;¢K_ ^  M¯;Ku¯±+uO
` 3PCx;\K;KKKKuÂ
a KK© ²;    ° Ì+ K%;] Ê Q¡V;¡² K  uÒx¯;QKV+\±x
¯+¡J?Ax £u?Ð b Ð· `v ;KJJv¯+ÙJV;uKuu£+Q¯±µKK¶¯u¢ ¡¢K9 V
 +K·u¯ ¡uù¯¡¢K` d cH" e ¤ ª¢ ¯ùKËK % KJ^-°¢ K;gÐ fih£ÐHJu£ KGK
u°©\ÀJ+¡¯±²¢ Ju¯Kj e ¡ ¯u$) °  ÈÎu¡v¯+Ml kÐ¢¡% K KA UJV;
¡ V9¶Î+°;¢ KJ  K+K µ»Kµ ¯±?m ku;Ð¸²;\Ü" 3+KK ¶-²Vu ¤VJ¯ V
9K¶¯¤J+C+µ;K`J n¯3xuJ¯ ¡u¤u°u+
VÑ;  ²Ð$%u«\ £+Ì+ÙV+++o nQ¯À °u +Ù°u Ì¢ ;ÙK¡¢«
¢ÈÎ Kÿ+K;KKKKu]3°)¢Q ;K5+¡J»9   ¢¬)K±xµVuK Ku7?¯+£©
¢%;V+ ¢U¡¢¤Î²MK ¯¤A;V+?J?++o nQ¯;
#



1

&

.

#

#



#

#









#



2

























 



 

  !"!!## $

%'&()(*##

 Ã  Í"®¢ +Í a K+JÍ®J+UÂ
ÚÎÕ Ø·Åu§ ÖÀ´Ç Õ 1Åu´ uÄ¡ÕèÅu´ ÿ§;¥Ö §;Å ÅÆ Ä¸Æ£¨´ u¨ÏÄ K´¥¸¨ ¦¨Æ vÕè¥
§;Å¬Æ ÄOÖèÖ`Ä¡¥OÕ!¨
Æ¥ ¡§;¥7´´¢Ö v´ ±Æ¥ ±Ä uÇÕ!¨3Æ v§£ÖÓÄ·¨ÏÕ§;¥ §;Å¤´ ©¨ÏÅÆ Åu´ Õ!¨
) °u¢KV u¯±JOÐËËxu£+uOÐÎ¯;Ku¯±JQ;¢K
ÐËx)9¶Q+Ì °M)V¶¢¯
°uª +K¢ ×Í!¡ +ÍdK+uÍ!¡J+ªK;K u% \K  R@ ¢JQ+K+ + ¢Í Á
 Ü ¯¡¯±²µJ+×È ^¢±+Kx¢ + L+¤¢È {¯+¡J MKJË+]K)K+J$¡J+
"Cu¤°u+¶¯±J x¢ K


.

'&

,



.

.

%

*

. 0&

)

-,

1

)

.

*

. 0*



%

*

.



1



)

)

 







 





)(



"!





#%$'&

"*

R@

  + 
,.-

0/1

 · ?  + .+¢È·ÐV9Ku7b
 b /3ÀH 

G 32

4

B$'& 

D!

Q

-

IJ-

$'& 

C(9
8 *

GFH!

-

E2

/3657(9
8 *¢

/3;3<$=&?>A@

;:$'& 



4

+2

QK/1

ÀJv¯+

!W WoW
G
¶
G - /
+K
Ê Ò è% Ã  ÿ ;K ¢·¢°ÐM¡J)VKl¢ ¯J Ð Ð Q`Ð·¢ uKJu£ v+Ñ²
²KH¢C+
Ê Ò¤ °C+¡J7+K Ã  ¬¢ ;×+K=¯±J¯+ ²¯±VJ+K9¢×ÈK+u]¡J+AK ¢¡¯±J
èµ;+K7C;+KÐ °C+¡J] +K\V+KV]¢È ¤ÐJv¯+Au£² CKJË+\KJ
¡¢%K ¢¡¯± "xuu¤KÎV C¢¤KËK K
Ê ¯¢Ò a KK©¤x%¯J¢ K+K ²¦"C + 5+ùJ+ ¯uµ  + ?+Q;Ðx9Ku + E + 
 °`J Ã  K¡\ 
+
+ $+Q;
MLN$'&

OLP$'&GQ3$'&)/R# SUT
#%$'& -

W$'&

#%$'& -

W$'&

V* 

D!

YX

, 2

[Z

I

\^]

[Z

X

_!

?(

a*

b

[Z

7ijc

`#%$=&

.c

dc

 0

 0

 fe  hg



 0Uk6lnm 0

¢õéð ßÏåßèà îêJð òÓå®æèåCæÏäåí9ì+ëòÓìçOê¢çèæÏå7æÏåàóáîé éíxæ )ê¢àÓòóßçÏàâõvòóàÓàÓßUîìì$çÏàÓòÓééëlë ïì+ã òóßèïç!éì+æÏë àâ¢çÏð àÓë¢í ïxéê õéåêå"çÏë)éì+õòâæÏ¸æÏåé éì vë òóå·í Jéëõ éõå"æÏßèæÏí\ê ë¢àóçÏß]ð)àóëì+ë uð¢íxêçÏàóå"í\ò åàóvë êJéç]ïæ!çÏì ð àóß7àóUß]å"ë çÏå"éæÏç7í\çÏàóð¢ë å àóï±×ëMì+ßèçÏçÏð¢åßåç ßÏJí9ë ì+é òóòóåëßèç
p

op

'~

.q
jr 4w6xz{PMvw6xUW y; {W|1r
4w6xU{
r

)

Br1qts u
G
~ $

1

_v w6xzy{
r?

}|~
%

Br 



s

u



 

  !"!!## $

%'&()(*##

½8uLCRUT¡¼ R®4 ½8J03WM¿À4C25I
Á 3 V%¢©  JÂ
èù+V+Gè ¯ ¢J¯;QK  K«K;+ QÀ;'µK K K+¯± J9Kuù;K ²ù1¢ 
ËKµu];  u»¡u°M·uQK·¢JOÐ©+KuH C P ªV+ "²¯u  J Aó  B¡¢$;K ²AJ¯± u
+K  u$¡¢xxu)¯¡¢;J ¶+u»K)©$u¯ËC¯±K ÀJ+UÐ¸Æ¥ ¢Ë²AËuQuK¶¢ J$
+KÌ¯±ÀJ++¡J3Ku+K©?+¡¢)x¯+¡ KuO Ã V%¢  l¶M²ËK¶¯u  ²¯±·J
O) ¶$;·;K+¯ ¡J7¡¢»¡]·M¯K JO » ¯;¡+KJMK+¯±  J7¶»KuVu£»Q;Q
¸K ;Ku J\9 ¯ ¢`  JO»\ËMK¯  ¡\ u¯;QK J  ?;¤MK ¯%×
VuuK\¶9¯¡¢KJO
Ã KQK²Ù°¶ ;»9K¶¯  J)¡u°uuJ¯±u£+² ¯+¢KuUÐ¸ 3xu»v` ¶`Ñ;
¢ ¯¤;¯  `¸K  u\;¤9K¶¯MVu¡KÐKVJ ;¢¢ ;×+Kg+u¯K `;²Q+K©
KJ¯±J+ ²© )³ PM³3ùx²¤¢V9+K?V±¢ ¶\®¡¢+ KR V%  
M\K) ¯±¶Vu¯)J+ÈQ;®¢V J¯+JQ¢K
» 9    ;¢×È
b »¯
+¡J
/ ®°©
È ¶M¢%uV £MJV W
b
v+Ku9¶
Ê Ò Mu+¯±·µ9¡JÌ¢ 7+Kµu£ u`;$+Kµ¢×ÈÙKËK¯ ÉuKu£ Ê É¶3+Kµ¢×È
++ © Ò ¡ Ñ²
Ê Ò Mu+¯±·`9J) O+K ËJ9;+K`J+ÈKÎV¯±  =uKuu£J v+Ñ²
 Ê ¯¢D
Ò ]O±  _- G l7 ]·   =9+ÙK +3¢=¢¯± Ku °JO a K ÿJ
  ¶x+K3ËK·x¡ KK KÌ+uJ Ê ^¶x`v;Üv¯±u¯²AJ+ÈQ; ÐÎM×+D
 ku£Jx
+K K¶ ;¡¢ÑÒ
 2C À¢K 7 PCx;Â
13
a KK©)²;¤¢); °u¤`+ K;?¯±Vu$K"C;
»  À¯+ ;   7J
°J  À¢K ² °;¢ KµÀ3u°u²JV    E¯ +¡J     /vl\K À¢K ²
°; Kl; °J9?K;¢K ²JM+KlK±x¤¯KKJ¯+ ¯;JV K¡¢HJV?9 $¥7§©¨
è¢ è Mu¯¢- ¡¢ !² kuQ¢¦ ;K + KA© uÀ¢¡¢Ñ; °u1K¯
°u+È 3l°u¤ 9°uÈ 
O  Ã u;K;KÀ£Â
Ã À+Q+vV¡¢ K¦²; ªÜ"¬9 Ã uKKJÍ 2 Í MÐ\K  JvV1°© G ;u¯²«Ñ;
¢u;K;K¶¯ u;K  K7K»Ü"; 9KK   µ²Î+ug+Ku ¯±u9K¶   KÀ¢K?¡9Ñ
Kl¯±"²¢K;+Ku Ã  ;²KH¯+uM Ì À¢¶%;" !²ÎKA`+ ;K¶%Ì HK
 9+
Ï;\x;+KÐlu+;¤\ £+C+# !²QÀo¯±² ^+A¯±² ¤K K;+u9© K3+ 
a e¢KA+K`+¤+KA°©  ¢u£l9K%ÎK¢HÌ¢ ]+KQVu¡ +KQ ¦¢°; » J ;9 »K
! ;Ë+x+K3K¶ Ku$) °?¢¤  ¡¢C9 ¸   ª+K` ;u£Cµ¯KË ¢V+¢V
+ÌQQm ku)K)+v¢· 3¢¡×J»Ý\ £JÂ7J+Kux¡ ÎV À² 9âÜ"Î' Bó\¢ ;+K%ÐÎÎV À²
+K¡J£Ù\KQ+v¢$++ Ì Q¶ÌÀ Vu¡¢+KQ+¢ °; \¢l+KVJ ¡¢ ;¸Ð] 9 
 ¯± V?¶u²¢°©\+  Ê  `\ ×+ KAÑ;H¯±KKJ¯± K$ !£±Ò


X



X





+*



















$

Z







B$'& 



n



2



$



 B$'& 

&

@

MZ

2`2

2

]

MZ

32

2 2



#

2

]





$#

+



0

Z





@



T !





2

#



X



2

YZ

O

T !








`

 

  !"!!## $

%'&()(*##

M\K a u° ]¶V;J9; cK©uVÂ
MKK+KÌu£+u£+Ù¯£+K²¤Kµ¯×²%; c;K ©u  »v?¡ÀA\ 3V °Ë¶VuÙ £+Ñ;K
J¯+ ;MË²Kµu;u°uu a °©K¶V;J)¯±KKJ¯+J¤KJ?Ð·vHK¢M    èH\v
+  +¡J3J K£3u£)Ku  a K¡²%\¢ Î)²Ë K ¡A\²%9¢  ¢·;V3Kµ¯±"²
 \¯±©\¢ ¯¤K V ÈK ¯±+²¯l¢¡¤K¤µ+K M¢+KAËu


Z

X



Ê Ò a K¢^K ù+K`J¶Vu£+C¸+K ¯±²¯±K¶¤v¯¯K  ¤¯%l\ 9K °`KA¯+¤\ 
ÈÎ +
Ê Ò¤) °uS¢Ë²¦KKu¯±+u«¢K
Ð$°¢S¢ ;×+K +¡J ¡KAÙ¯±²V¯± ÉK
+ K+¡JM°Ë¶×9°©²JV; ÈK ¯± ²;¡¯±ÐV;H+²Î\¡¢9H¯J¢*B 9?K;K
)) °uÙ K¡VJ¯+u+ K
\9+Ù¯±©  AKluK;J3 W  =°   
+Q?¢ ;+KE+¡J\+J+9 ¶MÌ K Ko¯±©H¡ KK Kµ+u3+¡¢M¯;Ë \K JV;L W
Ë ;µKK »;K°Ë¢¡Â
) °Ù¢ù¢ ;×+K¾+¡¢  +K V a o;?;¢K    ,+  Ë² ¯±K K K
»;K°Ë' Bó9  ®  Bó9¢ ;+K%
 3 V KµK a ¡¢K¸u ¯¡¢;JÂ
a KK©²«¡°¤%¢K
 É¢ V a  ;9+¡JA;¢K Ê Ïâ;+K V a  ¡ A¢ ¢ V²1·u
¯;¯±J¡Ò
Ê Ò¤) °l ¢ ;×+KE+AK·¢`L V a ù9Ku ¢¤JV`¶H KKu+ 
Ê Ò¤) °l ¢ ;×+KE+AK·¢`L V a ù9Ku ¢¤JV`¶MVuJ¤À 
Ê ¯¢Ò¤) °3¢¢ ;×+K{+lK·¢M+KgV a  9Ku °+±È Ê ¢Q© K ²AuK;J]+?±Ò7¶xvKVJ
+ 
 7Ë°u ;J
 3 PCJ+
K7¢H°©¢K +uQËKµ$;O¢ ¯;9 +V u£x²ËJ»OÎ° uu7\K)V u ;
Î° \²Ë ¢   ÏKu K?Î° u] ¶VM;H¢K;+KuÐ©²©;Q¯J¢¶v¯±9uË°u ;
¬ ¶VHuË°u  ¸¢K ²µ ·+KHV u  ^  u¨ÏÅuÕ J¨"Ö ±ÇÆËÖèÖÀ´Å»+¡ K)V u ;
  9J ;G¢¦¢¡ ² k¢G¢ ;×+K +%K±+ KµAÀ¢ulËu xÎ° u J
¯J¢¤ KJ+u ¶V Kl K;Kuu
Ã Ü ¯¡¯±² V%¢È Ã  ;×+KQ
Á Î














 



 

 Q

@



i

i  









k6l%m k6l%m 0











65

(



LP$P $ X

G2

[

.

(% -,

.



)2 MZ



e 

Ê Ò¤) °?¢ x gAKu¯ K39K+KMÌVJ¯+u+ K¤¯£ ¡9 ±Õè¥ 3¢ ;ÜJÍ
¯¯²J+ÈuKJu£J+U Ã  HÌ°uÈ9% VÍdV - /v
di  

. C

`





 

  !"!!## $

%'&()(*##

Ê Ò Ã 1KV u¯±J;¢-¶l¯;K ;1Cl¡ l°+±ÈCVu; Á Ê +K+£Ò3¯KKJ¯+u
+°©È;\VAx Ê KA¢ ÀÒ`¯;Ku¯±+u+°©È;\V - G Ê +KAÎV²KÒ
¯;Ku¯±J+µ+K ;Ku -°©¶¯u Ê K?Àu±±Ò a   Àu9²l¯±KKJ¯+J
;Ku9Àu±J
Muµ¢A¢ ;+K ¡¢Ku¯ KuMK±+Ku9 °A ;Üv¯±u¯²`J+È?uKuu£9+¯±
Ë²ÈK  KµK ² x;`u£+ uu
Ê ¯¢Ò a K¢^¡¢9M¶9Q+`VJ¯±¶V MK±+Ku ¡ HJM¢ MK JV;   $ 
Á;Á  a K;+u ²Î¯Â
) °u¢ )    + K
Ð¡¢¡%lxu ;£HÀK¡¯+_ Y ¦¤K 'C ÐK°
¢ ¢ ;+KE+¡J  Ê  ¤ `·; ²ËKÀ¢U =  lÒ\¯±²V¯±  ®¢ J9xu ;£H 
2

Z

Mi  

Di  





















Á  ]O;;J a QKÌ®J+UÂ
]O±?+ K
Ð   +ù Ã ±ÕèÇAØ¸ÖÀ´µØÆ£¨!Ú¤; Ð¸¶lQJ++¡¢?VËJ`vl¯£ K
+ H°u+È9 ¯ 9`V²Ë¢¶¯HK+  KlµVu¤ ¤¢ ;×+K Ê K;C²Ë;Q¶ ¡+  Ò
+ -QK µ¡J+$JÈVµK uK;- Ý\ £JÂ è?¯u V;µ  +jGJI M+ ÐOÑ;
 ¯±¢£  












.



2

tX



i



Á 1 3V KµK a ¡¢K¸u;Â
a KK©l¢ UuK; xu£\  Ì;¢ 5  uÛË¡¢Ïx) °l ¢ ;×+KE+¯±KK? _V a `



Á O M+  ° uK¯+ ;UÂ
) ° G¢ ;×+K  ¯±+¡¯¨ÏÅÆ¥ ±Õ!¨ÏÕV´¤Åu´ Ä J¨ÏÕ§;¥-9¤VJ¯+u-¢K Ð®èâ;%+ K
¦M×+%+KlÀuxJHJVu Ê KV)9×++Kl¢?°u¶¯±JÒ9¯%¡¢H?¶)µ¡¢Ñ; 
bH  +Ku ¶M  ¯lJ+¤   
.

* !%



:





h5



Á `  Ê Ò S¡¢9¶  "! #%$ ! $ ! $$ !  $ #'& )(
Ê Ò S¡¢?  +KQ¯J¢K »XPCuK+v; Ý\ £JÂ è?¶ vµ³)¢¡Ë l ?¢J- ¶+Ì  
Ku Vu£\U+K\KJ a ¢J$+¡J\\vCK;M3 -vK K;U]\K`V¶¢¯3À K
»¢¤µLVË; °u+ ;J\;;K ² 1  O Ð Ë
ne 

 y


y

y

l

%\

\

`X

X

$

'%n

 
 !"$#% &('*)+,.-0// 13242657848:94949<;=?>A@CB$D?EDGFH=6DGFI@KJL@=GFE?MN@$8O6=4DAP6Q4P
RTSUWVNXYSZ\[^]`_,acbcVedgfhbiZ6jlkTS3mjonhprq0n<sstnWuCvwprpxy]$zW{|U~}
<r
 
?
 
<r
 

?

  

<r
 

?

  

ÎNª"Ê, ´¨¢¡¤£¦Ï¥¨´¨§ª¬h©«? ¡ª¬¦®¦®Ð¥¯´N©°Är½¾±²I«½¦³µ´·¶·¥N¸,¡r¬I® ¹¨ºc¥ ³µ´·¶»©G¸®¾©¦©Ð¼¤¼Ë½¾¥ Ñ,$¥·ª¼¾§¿,®°´"Ê³À,´·¸¶ÒH¡ÓÊ¬Ô,®cÕÖ®¾®¦©¦´¨"§¢3¼¤Ñ,ÁÂ¥·¬,¥N¼GÃ´y¬, ±G®Ð¼¾IIÄC©«¬¥¸HÅÇ¬¥tÆ×·§ª©iÕÖ®¾ ©¦½¦§¢4ÑÈ°¥¬Ê,ÉË¼G´N´y®¦È°¼¾¬ÊIÌ©« Í
È«¡ØÙ§ª¥ØIª§ª©¾ÑGÚ¤¸ÐÛÏÜÂÝ¸¦¬,¥¤×¸¦¥¨"´¨£ÞØÙ §¢ÌH¢¡ÍCßH»£¾ª( ½¦§Ï´r´¨½¦II<¬| ½¦K¬£¬Á:¡H¬®¾¥$½¦¬±²IÄ¬,¥ Å°Í
à.V4áÇbcâZ\V3a^ãZ\Srä²åV3Uçæ
×Í¤ò4³ ×Ió ÆcÆ|£Þ¬´¨§ª®Ð©HØ··½0´·¶$èK½Ð§¢ÌHtIð0©ë¢é×»ÄïL¬ôoêc¥ ¥·ë òLI¡¾õ ´I¸°×»ïöêc¸÷ð0ëª×ëîìªø"ìîíÞïÞïAôoêc©¦¼ ë òLð0õ ëªøÊ×ïöìªìî¸Ïñ0ÍªÍÏÍÏï\¸ùð0ÄCë hñ0Ä$ïÐôY©«$ê|ë òL¬Gõ ¼¾Ùñ0Iïö¥Í6±G¹©ú§ª©¾¬(Är½¾½¾¥<IÄC½¦¬¥ ¥<¼¦´I½¦¸¾ÄC¥¨hhÄ<§Ï´t©H© 
½¦¬Ç§ªÑ,¼¾½I£¦¥ ¥¨¬,±GÈ°§ª©¦È¦r§ªª§ª§¢Áé¡ðûÍ §Ï´Ch´¨®¦È¦´¨ ¥ §ª©¾Ñ¤¬,ÁêÇÍ3ß«½¦¬ÊÄg½¾¬ÊÄ*¬¤´¨¬¢ÌH$½¾§Ï´3£¾¥ ¬È¾ª±ü§ª©ý²³ÀíKª¬Ñ4íA¶¯§ª±²$Ä$§¢½
øÍ¤³Öþ¤£Þ¬,§ª©«·´·¶Cÿ:Ù     Í
³µH¶ÎN¥ ¬ÊÌ( ½°$ÑHØI¼³   ¶ IÏØI± ³   ¶Nô  Í
³ÂÈÞ¶ÎN¥ ¬ÊÌhÏØÙ±³    ¶ôÏØI±³ÂÏØI±³   ¶»¸  ¶»Í
³ÀØÊ¶ÎN¥ ¬ÊÌhÑØ¼:³    ¶éÏØÙ±³      ¶Cô   Í
ÒËÍ¤³ÖþÇÍ4£Þºt¬,¬«§ª"©«´´»¡H¶3¬,ºt®¦¥´ØÙª¥ Ñ,§ª¬È°¥¨Ç§¢½¦©0±w GÄ¬ØI¥¨§ªIÅ©«§ªrÁAª½¾Ñh¬¥¨±G§¢¬Ë½¾¼Ë±w®¦ª¬H¬|´ØI§Ï´r¬,±GØI¬,£¦±G®Ë£Þt¬´¨±c§¢®¾¢ §ª£¦ª§ÏØ §¢ÌHK§ª©«ÌHI¥´¨"´±²¬Ë¼¾®¾ª¬G¤£¦¥¨§ª±G


Ô¦Í¤§ª³ ©¦×I£¾Æi®¾£°¬Í §ª©H·´·¶º"´ ØÙ¥ §ªÈÞÇ©GØI§ªI©«rªÑ,¬¥ §¢ ½¦±T¬|ØI¬±²£¦®¾ i±²¬Ë¼cñ ¸¾Ñ§¢Ì©§ª©HÑ,¥ ´í©¦¼0ñW,´

!#"$

% &('*),+-&/.10!2436578):9/9<;$=>9<;@?(=(A

þÍ¤³ ×I©¦Æi¼£°½Ð¬§ªÌH©H(·´·I¶CÉÿ:£ÞÙ¬$©¾í ©H½°·´IÌHS K ½¦(ÆËÍ4£¦Î6¥¨§ª¥¨±G¬ÊÌKhÁµ, Ø»½°Ê¬, ¥ §GFÊÊ§ª¬,©
RUT

#HJK I (HM L N  QHPO

B8C<DDE=<?/?(=

¸ËÄ$½¦I¥ ( ½¦K£¦¥¨§ª±G"´ <R ¥ h¼Ë§Ï´¨ §ª©ÐØ»

À³ í:¶6ô W Q  RHZ[ K ³ $R#\ ×"¶·ì
RYX K
] ¬,©ÐØÙª®Ð¼¾( ½° V ³Àí:¶<Ø©ÈÞÇØI¬,±G£¦®Ë"¼§ª©£Þ¬,¢¡Ë©¦¬,±G§¿L§ª±G(Ñ,§¢ÌHI© ½¦(£¦¥ §ª±²(Áµ,Ø»¬,¥ §GFÊÊ§ª¬,©¬ÁAíNÍ

^

V

Í¤cG³ ×IëÆÆCìÏ£Þì ¬,í §ª©«·´·×»¶ïöÍ ßd+®¦£¾t£ÞØI¬¬,´ ®¦úÏ¼ÄØú½¦¬«Ä$¬H´¨©HK© ¬ §ª©«ØI¬,I±GÑI£¦¥C®Ëñ¿½¦¥ Ñ,`¥3_Þ´¨½Ða©0_¦¬®¾©«¥¡§ªIØÙ¥a¬NbA¥ØÙ©¦§ª´ ©HÁ ¬e¥¨c±^ë ò ïÖ¬,¸ËÁÇ©Ð©l¼²§ª©«½¦IÑ,©¥£°ÌH¥ Á ¬ØÙ¥¨¬± ¥
ªªÑ,¬¥¨¥ §¢§¢ ½¦½¦\ ± ±GÙÄ¬,§ÏØ¥ Å°±G¸\¬Ä¼¾c®¦©¦ª¬I"ñ ¼  ³Âa¬ ¬¥Gh¦©¦±G¼¬¥¨© ÁÂ§ª¬©H¥¨±IÑª¥¢¡¸½°§ªÊ©(ÁÂ½¦®¾©ÐØ»¥ §ª§ª©¦¬Ñ©¦´hf ´h¶»j Ígi,¹£¾©*¥ §ª¬±G¥ §¢¼¾ §¢ÌH¥²cíL¬ ±½ ¥ Å,¬«¬,( ½¦¬Á4g ®¾_U©¦_U§¢b ¡
±G¬¼¾®¦ª¬|ñ iËÍ
_Ð¬,¥< ½¦§Ï´$£¾¥ ¬È¾ª±ú¸¾ªÙl kî´´ ´ ®¾±Gt½°Êrñeô ø nm M õ ×¸¾Är½¾¥¨i´<®Ð´¨®°í §Ï´rc£Þ¬ÊÄC¥$¬Á:éÄC¬¦Í
³µH¶ÎN¥ ¬ÊÌ( ½°tø p o × ³Â±Go ¬Ë¼ñ ¶»Í
³ÂÈÞ¶¥ÎN¬«¥ ¬,¬Ê$Ìr¬Á¯ ½°®¾Ê©¦r §¢q¡§ªH © X([ s K ø H Í Æ³À±²¬Ë¼ñ ¶»tÍ b<½¦´¨rÄ¬iØI¬,©Ð¼Ë§¢§ª¬©¦´4§ª±G£¦¢¡| ½°Ê$øK§Ï´h£¾¥ §ª±G§¢ §¢ÌHríL ½
³ÀØÊ¶ÈÞèKh§¢ÌØI¬,©±G³ö£¦H®Ë¶·¸\"³ÂÈÞ¼¶»§ª¸Ë© ©Ðý²f¼³ÀíK³ÀØÊª¬¶»>¸Ñ4uwíAvy¶x{z |~¥¨}²§¢½¦¥±²Ñ,I®¦$§ÏØK½°¬,Ê£Þ3I¥·½¾  §ª¬in©¦_t´_UÍ b*±G¬Ë¼Ë®¦ª¬Çñ iÇ¬,8Á c §Ï´6Äª¢ÕÖ¼¾N h¦©¦¼©¦¼
³À¼°¶dÎN¥ h¬ÊÌ©¾" ½°¼C½¾í§Ï´$½Ð£¾,¥ ´¬,£ÞÇ±c¥yé®¦¡¢§ª¬|£¦ª§ª§Ï±GØ£¦ª§¢IÌ±Gt§ª©H©HÌH< ¥ ½¦´¨(K§ª§ª©«© ÌH I¥f ´¨EÍ _t_UG(bYJA±²í ¬Ë¼¾r®¾ª¬²tñ nÍ Jr1¯,ø <#cñ $/ 
³Â¶ do½°Êr§Ï´½¾ _U_UbY¬Á:½¾Ç´¨l H®¦©¦ØIë Ò  ×  Ò  Ò y, Ò J Òï\±G¬¼¾®¾ª¬ ×  
§ª©«z´·§¡we¶ z½y¾J>² ¯gx¢¡¤¡J£/¬<vuw¥¦¨½ux§G³Ezw¨©²¿¡wxª¡¥n§v¬@zJ³«wx{¬¥¯px¢vzJ°w®p¥v-¥¯/zÀn§}e³v°w²a¥vr¾wv±nzJv®² x®³´Á¬<Â ²n³´z¡y³¬<®¦zN¯<³¡µ³´²1¶xª¯± · ¸º¹$»l¹°w¥v²e°J¬@§ª§/¬¯$x¢³¢¼
 Í¤³²×I¯$ÆÇ} ¥£°¯(¬z½
³µH¶íÎN¥ §Ï¬Ê´$Ì£¦h¥¨§ª±G½Ðh¬,ÁÂ¥$¬,¥Kí ôg©«¡Ô¦§ªÍ ©«IÑI¥í T ×¸°§ªÁ¯½¾¤íÞÕö `½ _¯§ªÈÞ¬,©°,ØIØI§:©«®¦±cÈ°¥   §Ï´r£¦¥¨§ª±Gh ½¦©ú§¢ ½¦I¥
³ÂÈÞ¶ÎN¥ ¬ÊÌ( ½°$§ªUÁ ¼¾§¢Ì§Ï¼¾´  ¸¾ ½¦Ig© 8Ãi¼Ë§¢ÌË§Ï¼Ë"´  Ä»Í
³ÀØÊ¶´¨ÎN¬¥ ¢¬ÊÌÌ(½¾½°§Ï´$Ê£°ÑHØ¥¨¼¸Ë³ ¡H8¬Ã ®ú  ¼ËÄ ¬¶6© Åô k r8½ÐÆÇ´ÌHÈKÉ ÃÊ Ä{¬²Ë Í ´ b¬,¢½¦ÌH§Ï(´C§ª½¾±Gh±G¬"¼Ë½¦§¿I¥< Ä¢¡G¬¦§ªÍ ±²£¦ª§ª"´3£°¥y·´(³µH¶3©¦¼ ³ÀÈ°¶»¸Ë´¨¬i§ªÁ¡H¬,®
ø

!#"$

% &('*),+-&/.10!2436578):9/9<;$=>9<;@?(=(A

B8C<DDE=<?/?(=

ãZ\uÌAv\âJÌ?VãZ\Sä|åV3Uçæ
×ÍrÿI    í gÍÏÎÐ Æ Ñ¤Í Òt´ ´¨®¦±²(ÑHØ¼³   ¶ Ó í?Í4Î6¥¨¬ÊÌHK½¾h©H§ª¥¨¤´¨Ùr¬Á¯´¨¬ª®¾ §ª¬©¦´< ¬|½¦(lH®° §ª¬©
í ô ,Ô õ JÕ
§Ï´<Ñ§¢Ì©È«¡(Ö
×
ô Ð Ô<Ø õ ÑHØ¼Ù ³    ¶  Õ sE\ ÑHØ¼Ù ³   ¶ Ö Ù `Í ÑHì
øÍt±Gß½¾¬¬Ê¼0Ä+ÏØI½°±Ê³ ¯§ª©¤× ½¦E Úß ×"Ò%¶·Í ØI¥y¡Ë£¾ ¬H´y¡¾´y ± ½¾¼Ë"ØI¥y¡Ë£Ë§ª¬©¤IÉ£Þ¬©¾©HU Û(Ø"©¤È°Ø½¦¬H´¨I©c´¨®ÐØ½Ç½°ÊU ÛÜ o ×
\ Ý \

ÒËÍrÿØI¬,I¥ h¥¨"³Âí´¨£Þ ¬,Ü©Ð¶N¼¾ÈÞ§ª(©¾ÑGÇØÙ£¦§ª®¾£¦È¦½¦ªI§Ï¥¨Øµ IÚtÉßÒYÍ3ÎNÅ¥I¬"¡ÌHÍ(_Ð ¬,½°¥<ÊÇ$£¦½¾¿§ª¥¨©«h I§Ï´Écñ £Þ¬Þ´¨§¢Ð §¢ÆÌH(× §ª ©«ìÏ ìªì Ñí I¥\ S0×1ÑH´¨¸®ÐªØI½  ½Ðôo ñ ß ±²¬Ë¼Gí ÈÞr½¾
ñ ß6à o ñ±G¬Ë¼0í?ì
_¦¬¥r´¨®¦Ø·½ ©§ª©HÑ,
¥ SÞ¸¾£¾¥ ¬"ÌH(½Ð
o
 ß6àá I ñ±G¬Ë¼0í?ì
¹y´ ½¦§Ï´$¼Ð©¦ÑI¥ ¬,®Ð´<ÁÂ¬,¥ Úß Òâ

Ô¦ÍIÎNÉ¥ £Þ¬ÊÌ¬,ú©¦ ©H½°UÊÛÐ¸§ª Á½¦IÒ©Çª§ÏØÙ½¦¦kù´j,Út¼ÌHßÒ ¥ ´£¾¥¨®¦¡ÇÈ¾Ø"ª§ÏØ ©iIÁµÉØÙ£Þ ¬,¬©¦¥Ò©Hãª§ÏØÙÜú¦kî´¯§Ï´±GÒ+¬Ë¼Ë®¦©Ðª¼l®¦´AíG©o§ª©i¼Ë Ì§ª±G¥3´£Þ¥¨¬,¡%¢¡Ë¬©¾È¾¬·±G§ª§¿©¦´«§ªÒ©iª §Ï½¦ØIn3kù´©«®¦´ ±cØIÈ°¥¨I¥
¬ÁAÈ¦§¢´$§ª©í?Í

Ò

CS 373: Combinatorial Algorithms, Fall 2002
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Homework 6 (Do not hand in!)

Name:
Net ID:

Alias:

U 3/4 1

Name:
Net ID:

Alias:

U 3/4 1

Name:
Net ID:

Alias:

U 3/4 1

Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes above. Please also tell
us whether you are an undergraduate, 3/4-unit grad student, or 1-unit grad student by circling U, 3/4 , or 1, respectively.
Staple this sheet to the top of your homework.

Required Problems
1. (10 points) Prove that SAT is still a NP-complete problem even under the following constraints: each variable
must show up once as a positive literal and once or twice as a negative literal in the whole expression. For
instance, (A∨B̄)∧(Ā∨C∨D) ∧ ( Ā∨B∨C̄∨D̄) satisfies the constraints, while (A∨ B̄)∧(Ā∨C∨D) ∧ (A∨B∨C̄∨D̄)
does not, because positive literal A appears twice.
2. (10 points) A domino is 2 × 1 rectanble divided into two squares, with a certain number of pips(dots) in each
square. In most domino games, the players lay down dominos at either end of a single chain. Adjacent dominos
in the chain must have matching numbers. (See the figure below.)
Describe and analyze an eﬃcient algorithm, or prove that it is NP-complete, to determine wheter a given set of n
dominos can be lined up in a single chain. For example, for the sets of dominos shown below, the correct output
is TRUE.

Top: A set of nine dominos
Bottom:The entire set lined up in a single chain

3. (10 points) Prove that the following 2 problems are NP-complete. Given an undirected Graph G = (V, E), a
subset of vertices V  ⊆V, and a positive integer k:
(a) determine whether there is a spanning tree T of G whose leaves are the same as V .
(b) determine whether there is a spanning tree T of G whose degree of vertices are all less than k.

4. (10 points) An optimized version of Knapsack problem is defined as follows. Given a finite set of elements U

where each element of the set u∈U has its own size s(u) > 0 and the value v(u) > 0, maximize A(U  ) =
v(u)
u∈U 


s(u)≤B and U ⊆U. This problem is NP-hard. Consider the following polynomial time
under the condition
u∈U 

approximation algorithm. Determine the worst case approximation ratio R(U) = max Opt(U)/Approx(U) and
U

prove it.
G:
Put all the elements u∈U into an array A[i]
Sort A[i] by v(u)/s(u) in a decreasing order
S ←0
V ←0
for i ← 0 to NumOfElements
if (S + s(u[i]) > B)
break
S ← S + s(u[i])
V ← V + v(u[i])
return V

AA:
A1 ← Greedy()
A2 ← S ingleElement()
return max(A1, A2)

SE:
Put all the elements u∈U into an array A[i]
V←0
for i ← 0 to NumOfElements
if (s(u[i]) ≤ B & V < v(u[i]))
V ← v(u[i])
return V

5. (10 points) The recursion fairy’s distant cousin, the reduction genie, shows up one day with a magical gift for
you: a box that determines in constant time whether or not a graph is 3-colorable.(A graph is 3-colorable if you
can color each of the vertices red, green, or blue, so that every edge has do diﬀerent colors.) The magic box
does not tell you how to color the graph, just wheter or not it can be done. Devise and analyze an algorithm to
3-color any graph in polynomial time using the magic box.

6. (10 points) The following is an NP-hard version of PARTITION problem.
PARTITION(NP-):
Given a set of n positive integers S = {a i|i = 0 ... n − 1},

minimize max


ai ∈T

ai ,


ai ∈S −T


ai

where T is a subset of S .
A polynomial time approximation algorithm is given in what follows. Determine the worst case approximation
ratio min Approx(S )/Opt(S ) and prove it.
S

2

AA:
Sort S in an increasing order
s1 ← 0
s2 ← 0
for i ← 0 to n
if s1 ≤ s2
s1 ← s1 + ai
else
s2 ← s2 + ai
result ← max(s1, s2)

Practice Problems
1. Construct a linear time algorithm for 2 SAT problem.

2. Assume that P  NP. Prove that there is no polynomial time approximation algorithm for an optimized version
of Knapsack problem, which outputs A(I) s.t. |Opt(I) − A(I)| ≤ K for any instance I, where K is a constant.

3. Your friend Toidi is planning to hold a party for the coming Christmas. He wants to take a picture of all the
participants including himself, but he is quite shy and thus cannot take a picture of a person whom he does not
know very well. Since he has only shy friends, every participant coming to the party is also shy. After a long
struggle of thought he came up with a seemingly good idea:
• At the beginning, he has a camera.
• A person, holding a camera, is able to take a picture of another participant whom the person knows very
well, and pass a camera to that participant.
• Since he does not want to waste films, everyone has to be taken a picture exactly once.
Although there can be some people whom he does not know very well, he knows completely who knows whom
well. Therefore, in theory, given a list of all the participants, he can determine if it is possible to take all the
pictures using this idea. Since it takes only linear time to take all the pictures if he is brave enough (say “Say
cheese!” N times, where N is the number of people), as a student taking CS373, you are highly expected to give
him an advice:
• show him an eﬃcient algorithm to determine if it is possible to take pictures of all the participants using
his idea, given a list of people coming to the party.
• or prove that his idea is essentially facing a NP-complete problem, make him give up his idea, and give
him an eﬃcient algorithm to practice saying “Say cheese!”:
for i ← 0 to N
e.g.,
oops, it takes exponential time...
Make him say “Say cheese!” 2i times

4. Show, given a set of numbers, that you can decide wheter it has a subset of size 3 that adds to zero in polynomial
time.
3

5. Given a CNF-normalized form that has at most one negative literal in each clause, construct an eﬃcient algorithm to solve the satisfiability problem for these clauses. For instance,
(A ∨ B ∨ C̄) ∧ (B ∨ Ā),
(A ∨ B̄ ∨ C) ∧ (B ∨ Ā ∨ D) ∧ (A ∨ D),
(Ā ∨ B) ∧ (B ∨ Ā ∨ C) ∧ (C ∨ D)
satisfy the condition, while
(Ā ∨ B ∨ C̄) ∧ (B ∨ Ā),
(A ∨ B̄ ∨ C) ∧ (B ∨ Ā ∨ D̄) ∧ (A ∨ D),
(Ā ∨ B) ∧ (B ∨ Ā ∨ C) ∧ (C̄ ∨ D̄)
do not.

6. The ExactCoverByThrees problem is defined as follows: given a finite set X and a collection C of 3-element
subsets of X, does C contain an exact cover for X, that is, a sub-collection C  ⊆ C where every element of X
occurs in exactly one member of C ? Given that ExactCoverByThrees is NP-complete, show that the similar
problem ExactCoverByFours is also NP-complete.

7. The LongestS impleCycle problem is the problem of finding a simple cycle of maximum length in a graph.
Convert this to a formal definition of a decision problem and show that it is NP-complete.
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Midterm 1 Questions (October 1, 2002)

Fall 2002

Write your answers in the separate answer booklet.
1. Multiple Choice: Each question below has one of the following answers.
A: Θ(1)

B: Θ(log n)

C: Θ(n)

D: Θ(n log n)

E: Θ(n2 )

X: I don’t know.

For each question, write the letter that corresponds to your answer. You do not need to
justify your answers. Each correct answer earns you 1 point. Each X earns you 14 point.
Each incorrect answer costs you 12 point. Your total score will be rounded down to an
integer. Negative scores will be rounded up to zero.
n i
P
?
i=1 n
n n
P
(b) What is
?
i=1 i

(a) What is

(c) How many bits do you need to write 10n in binary?
(d) What is the solution of the recurrence T (n) = 9T (n/3) + n?
(e) What is the solution of the recurrence T (n) = T (n − 2) + n3 ?
√ ∗



log n
(f) What is the solution of the recurrence T (n) = 5T n−17
−
lg
lg
n
+
πn
+
2
− 6?
25
(g) What is the worst-case running time of randomized quicksort?
(h) The expected time for inserting one item into a randomized treap is O(log n). What is
the worst-case time for a sequence of n insertions into an initially empty treap?
(i) Suppose StupidAlgorithm produces the correct answer to some problem with probability 1/n. How many times do we have to run StupidAlgorithm to get the correct
answer with high probability?
(j) Suppose you correctly identify three of the possible answers to this question as obviously
wrong. If you choose one of the three remaining answers at random, each with equal
probability, what is your expected score for this question?
2. Consider the following algorithm for finding the smallest element in an unsorted array:
RandomMin(A[1 .. n]):
min ← ∞
for i ← 1 to n in random order
if A[i] < min
min ← A[i] (?)
return min
(a) [1 point] In the worst case, how many times does RandomMin execute line (?)?
(b) [3 points] What is the probability that line (?) is executed during the nth iteration of
the for loop?
(c) [6 points] What is the exact expected number of executions of line (?)? (A correct Θ()
bound is worth 4 points.)
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3. Algorithms and data structures were developed millions of years ago by the Martians, but
not quite in the same way as the recent development here on Earth. Intelligent life evolved
independently on Mars’ two moons, Phobos and Deimos.1 When the two races finally met
on the surface of Mars, after thousands of Phobos-orbits2 of separate philosophical, cultural,
religious, and scientific development, their disagreements over the proper structure of binary
search trees led to a bloody (or more accurately, ichorous) war, ultimately leading to the
destruction of all Martian life.
A Phobian binary search tree is a full binary tree that stores a set X of search keys. The
root of the tree stores the smallest element in X. If X has more than one element, then the
left subtree stores all the elements less than some pivot value p, and the right subtree stores
everything else. Both subtrees are nonempty Phobian binary search trees. The actual pivot
value p is never stored in the tree.
A
A

I

A
A

C
B

C
C

H
E

S

I
I
I

N
M

N

S
R

T
T

Y

A Phobian binary search tree for the set {M, A, R, T, I, N, B, Y, S, C, H, E}.

(a) [2 points] Describe and analyze an algorithm Find(x, T ) that returns True if x is
stored in the Phobian binary search tree T , and False otherwise.
(b) [2 points] Show how to perform a rotation in a Phobian binary search tree in O(1)
time.
(c) [6 points] A Deimoid binary search tree is almost exactly the same as its Phobian
counterpart, except that the largest element is stored at the root, and both subtrees are
Deimoid binary search trees. Describe and analyze an algorithm to transform an n-node
Phobian binary search tree into a Deimoid binary search tree in O(n) time, using as
little additional space as possible.

4. Suppose we are given an array A[1 .. n] with the special property that A[1] ≥ A[2] and
A[n − 1] ≤ A[n]. We say that an element A[x] is a local minimum if it is less than or equal
to both its neighbors, or more formally, if A[x − 1] ≥ A[x] and A[x] ≤ A[x + 1]. For example,
there are five local minima in the following array:
9 7 7 2 1 3 7 5 4 7 3 3 4 8 6 9
We can obviously find a local minimum in O(n) time by scanning through the array. Describe
and analyze an algorithm that finds a local minimum in O(log n) time. [Hint: With the given
boundary conditions, the array must have at least one local minimum. Why?]
1
2

Greek for “fear” and “panic”, respectively. Doesn’t that make you feel better?
1000 Phobos orbits ≈ 1 Earth year
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5. [Graduate students must answer this question.]
A common supersequence of two strings A and B is a string of minimum total length that
includes both the characters of A in order and the characters of B in order. Design and
analyze and algorithm to compute the length of the shortest common supersequence of two
strings A[1 .. m] and B[1 .. n]. For example, if the input strings are ANTHROHOPOBIOLOGICAL
and PRETERDIPLOMATICALLY, your algorithm should output 31, since a shortest common
supersequence of those two strings is PREANTHEROHODPOBIOPLOMATGICALLY. You do not need
to compute an actual supersequence, just its length. For full credit, your algorithm must run
in Θ(nm) time.

3
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Write your answers in the separate answer booklet.
This is a 90-minute exam. The clock started when you got the questions.

1. Professor Quasimodo has built a device that automatically rings the bells in the tower of the
Cathédrale de Notre Dame de Paris so he can finally visit his true love Esmerelda. Every
hour exactly on the hour (when the minute hand is pointing at the 12), the device rings at
least one of the n bells in the tower. Specifically, the ith bell is rung once every i hours.
For example, suppose n = 4. If Quasimodo starts his device just after midnight, then his
device rings the bells according to the following twelve-hour schedule:
1:00

2:00

3:00

4:00

5:00

6:00

7:00

8:00

9:00

1

1

1

1

1

1

1

1

1

2

2

2

2

3

3

1
2

3
4

4

10:00 11:00 12:00
1

1
2
3
4

What is the amortized number of bells rung per hour, as a function of n? For full credit, give
an exact closed-form solution; a correct Θ() bound is worth 5 points.

2. Let G be a directed graph, where every edge u → v has a weight w(u → v). To compute the
shortest paths from a start vertex s to every other node in the graph, the generic single-source
shortest path algorithm calls InitSSSP once and then repeatedly calls Relax until there are
no more tense edges.
InitSSSP(s):
dist(s) ← 0
pred(s) ← Null
for all vertices v 6= s
dist(v) ← ∞
pred(v) ← Null

Relax(u → v):
if dist(v) > dist(u) + w(u → v)
dist(v) ← dist(u) + w(u → v)
pred(v) ← u

Suppose the input graph has no negative cycles. Let v be an arbitrary vertex in the input
graph. Prove that after every call to Relax, if dist(v) 6= ∞, then dist(v) is the total weight
of some path from s to v.

3. Suppose we want to maintain a dynamic set of values, subject to the following operations:
• Insert(x): Add x to the set (if it isn’t already there).

• Print&DeleteRange(a, b): Print and delete every element x in the range a ≤ x ≤ b.
For example, if the current set is {1, 5, 3, 4, 8}, then Print&DeleteRange(4, 6) prints
the numbers 4 and 5 and changes the set to {1, 3, 8}.

Describe and analyze a data structure that supports these operations, each with amortized
cost O(log n).
1
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4. (a) [4 pts] Describe and analyze an algorithm to compute the size of the largest connected
component of black pixels in an n × n bitmap B[1 .. n, 1 .. n].
For example, given the bitmap below as input, your algorithm should return the number 9, because the largest conected black component (marked with white dots on the
right) contains nine pixels.

9

(b) [4 pts] Design and analyze an algorithm Blacken(i, j) that colors the pixel B[i, j] black
and returns the size of the largest black component in the bitmap. For full credit, the
amortized running time of your algorithm (starting with an all-white bitmap) must be
as small as possible.
For example, at each step in the sequence below, we blacken the pixel marked with an X.
The largest black component is marked with white dots; the number underneath shows
the correct output of the Blacken algorithm.

9

14

14

16

17

(c) [2 pts] What is the worst-case running time of your Blacken algorithm?

5. [Graduate students must answer this question.]
After a grueling 373 midterm, you decide to take the bus home. Since you planned ahead, you
have a schedule that lists the times and locations of every stop of every bus in ChampaignUrbana. Unfortunately, there isn’t a single bus that visits both your exam building and your
home; you must transfer between bus lines at least once.
Describe and analyze an algorithm to determine the sequence of bus rides that will get you
home as early as possible, assuming there are b different bus lines, and each bus stops n
times per day. Your goal is to minimize your arrival time, not the time you actually spend
travelling. Assume that the buses run exactly on schedule, that you have an accurate watch,
and that you are too tired to walk between bus stops.
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Write your answers in the separate answer booklet.
This is a 180-minute exam. The clock started when you got the questions.

1. The d-dimensional hypercube is the graph defined as follows. There are 2d vertices, each
labeled with a different string of d bits. Two vertices are joined by an edge if their labels
differ in exactly one bit.
110

1

01

111

11
001

101

010

0

00

011

10
000

100

The 1-dimensional, 2-dimensional, and 3-dimensional hypercubes.

(a) [8 pts] Recall that a Hamiltonian cycle passes through every vertex in a graph exactly
once. Prove that for all d ≥ 2, the d-dimensional hypercube has a Hamiltonian cycle.

(b) [2 pts] Which hypercubes have an Eulerian circuit (a closed walk that visits every edge
exactly once)? [Hint: This is very easy.]

2. A looped tree is a weighted, directed graph built from a binary tree by adding an edge from
every leaf back to the root. Every edge has a non-negative weight. The number of nodes in
the graph is n.

5

100

4

17

0

8

1

9

23

42

373

14

(a) How long would it take Dijkstra’s algorithm to compute the shortest path between two
vertices u and v in a looped tree?
(b) Describe and analyze a faster algorithm.

3. Prove that (x + y)p ≡ xp + y p (mod p) for any prime number p.

1
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4. A palindrome is a string that reads the same forwards and backwards, like X, 373, noon,
redivider, or amanaplanacatahamayakayamahatacanalpanama. Any string can be written as a
sequence of palindromes. For example, the string bubbaseesabanana (‘Bubba sees a banana.’)
can be decomposed in several ways; for example:
bub + baseesab + anana
b + u + bb + a + sees + aba + nan + a
b + u + bb + a + sees + a + b + anana
b+u+b+b+a+s+e+e+s+a+b+a+n+a+n+a
Describe an efficient algorithm to find the minimum number of palindromes that make up
a given input string. For example, given the input string bubbaseesabanana, your algorithm
would return the number 3.

5. Your boss wants you to find a perfect hash function for mapping a known set of n items into
a table of size m. A hash function is perfect if there are no collisions; each of the n items is
mapped to a different slot in the hash table. Of course, this requires that m ≥ n.
After cursing your 373 instructor for not teaching you about perfect hashing, you decide to
try something simple: repeatedly pick random hash functions until you find one that happens
to be perfect. A random hash function h satisfies two properties:


1
for any pair of items x 6= y.
• Pr h(x) = h(y) = m


1
• Pr h(x) = i = m for any item x and any integer 1 ≤ i ≤ m.

(a) [2 pts] Suppose you pick a random hash function h. What is the exact expected number
of collisions, as a function of n (the number of items) and m (the size of the table)? Don’t
worry about how to resolve collisions; just count them.
(b) [2 pts] What is the exact probability that a random hash function is perfect?
(c) [2 pts] What is the exact expected number of different random hash functions you have
to test before you find a perfect hash function?
(d) [2 pts] What is the exact probability that none of the first N random hash functions
you try is perfect?
(e) [2 pts] How many random hash functions do you have to test to find a perfect hash
function with high probability?
To get full credit for parts (a)–(d), give exact closed-form solutions; correct Θ(·) bounds are
worth significant partial credit. Part (e) requires only a Θ(·) bound; an exact answer is worth
extra credit.
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6. Your friend Toidi is planning to hold a Christmas party. He wants to take a picture of all the
participants, including himself, but he is quite shy and thus cannot take a picture of a person
whom he does not know very well. Since he has only shy friends1 , everyone at the party is
also shy. After thinking hard for a long time, he came up with a seemingly good idea:
• Toidi brings a disposable camera to the party.

• Anyone holding the camera can take a picture of someone they know very well, and then
pass the camera to that person.

• In order not to waste any film, every person must have their picture taken exactly once.
Although there can be some people Toidi does not know very well, he knows completely who
knows whom well. Thus, in principle, given a list of all the participants, he can determine
whether it is possible to take all the pictures using this idea. But how quickly?
Either describe an efficient algorithm to solve Toidi’s problem, or show that the problem is
NP-complete.

7. The recursion fairy’s cousin, the reduction genie, shows up one day with a magical gift for
you: a box that can solve the NP-complete Partition problem in constant time! Given a
set of positive integers as input, the magic box can tell you in constant time it can be split
into two subsets whose total weights are equal.
For example, given the set {1, 4, 5, 7, 9} as input, the magic box cheerily yells “YES!”, because
that set can be split into {1, 5, 7} and {4, 9}, which both add up to 13. Given the set
{1, 4, 5, 7, 8}, however, the magic box mutters a sad “Sorry, no.”
The magic box does not tell you how to partition the set, only whether or not it can be done.
Describe an algorithm to actually split a set of numbers into two subsets whose sums are
equal, in polynomial time, using this magic box.2

1
2

Except you, of course. Unfortunately, you can’t go to the party because you’re taking a final exam. Sorry!
Your solution to problem 4 in homework 1 does not solve this problem in polynomial time.
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