CS 473

Headbanging 10 (November 5–6)

Fall 2013

Almost all these review problems from from past midterms.
1. [Fall 2002, Spring 2004] Suppose we want to maintain a set X of numbers, under the following
operations:
• INSERT(x): Add x to the set (if it isn’t already there).
• PRINT&DELETEBETWEEN(a, b): Print every element x ∈ X such that a ≤ x ≤ b, in order from
smallest to largest, and then delete those elements from X .
For example, if the current set is {1, 5, 3, 4, 8}, then PRINT&DELETEBETWEEN(4, 6) prints the numbers
4 and 5 and changes the set to {1, 3, 8}.
Describe and analyze a data structure that supports these two operations, each in O(log n)
amortized time, where n is the maximum number of elements in X .
2. [Spring 2004] Consider a random walk on a path with vertices numbered 1, 2, . . . , n from left to
right. We start at vertex 1. At each step, we flip a coin to decide which direction to walk, moving
one step left or one step right with equal probability. The random walk ends when we fall off one
end of the path, either by moving left from vertex 1 or by moving right from vertex n.
Prove that the probability that the walk ends by falling off the left end of the path is exactly
n/(n + 1). [Hint: Set up a recurrence and verify that n/(n + 1) satisfies it.]
3. [Fall 2006] Prove or disprove each of the following statements.
(a) Let G be an arbitrary undirected graph with arbitrary distinct weights on the edges. The
minimum spanning tree of G includes the lightest edge in every cycle in G.
(b) Let G be an arbitrary undirected graph with arbitrary distinct weights on the edges. The
minimum spanning tree of G excludes the heaviest edge in every cycle in G.
4. [Fall 2012] Let G = (V, E) be a connected undirected graph. For any vertices u and v, let dG (u, v)
denote the length of the shortest path in G from u to v. For any sets of vertices A and B, let
dG (A, B) denote the length of the shortest path in G from any vertex in A to any vertex in B:
dG (A, B) = min min dG (u, v).
u∈A v∈B

Describe and analyze a fast algorithm to compute dG (A, B), given the graph G and subsets A and B
as input. You do not need to prove that your algorithm is correct.
5. Let G and H be directed acyclic graphs, whose vertices have labels from some fixed alphabet, and
let A[1..`] be a string over the same alphabet. Any directed path in G has a label, which is a string
obtained by concatenating the labels of its vertices.
(a) Describe an algorithm to find the longest string that is both a label of a directed path in G
and the label of a directed path in H.
(b) Describe an algorithm to find the longest string that is both a subsequence of the label of a
directed path in G and subsequence of the label of a directed path in H.
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