
12a Maxwell–Cremona Correspondence

The idea of using graphs to model physical networks of springs or ropes under tension does not
originate with Tutte, but centuries earlier.

In the late 1500s, the Dutch physicist Simon Stevin published an influential book called The Art
of Weighing. The 1605 reissue of this book included a supplement where Stevin describes how
to calculate the forces imposed by a weight hanging from a tree of ropes. In particular, Stevin
correctly observes that as long as every vertex of this tree has degree 3, there is a unique force
applied along each rope such that all forces balance out.

Figure 1: A weight hanging from a tree of ropes, from Stevin (1605).

More than a century later, the French engineer Pierre Varignon described a method for visualising
the forces acting on a planar tree of ropes under tension. The network of ropes is sometimes
called a funicular polygon, from the Latin funiculus meaning “small rope”, and the Greek polygonos
meaning “many-angled”. (It would be another 45 years before Meister redefined “polygon” to
mean a closed curve composed of line segments.
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Figure 2: A force polygon (dotted) for a funicular polygon of ropes under tension, from Varignon (1725).

Each edge in the funicular polygon is a line segment. We can visualize the forces acting along
these edges by drawing a force polygon as follows. For each edge e in the funicular polygon,
we draw a line segment e∗ perpendicular1 to e whose length is equal to the magnitude of force
being applied along e. If the system of ropes is in equilibrium, then the forces vectors into each
vertex of the funicular polygon sum to zero; equivalently, the corresponding edges of the force
polygon form a closed figure. In short, the force polygon is the dual graph of the funicular

1It may seem more natural to draw each edges of the force diagram parallel to the corresponding funicular edge;
indeed, many sources define force diagrams this way. The perpendicular formulation makes the duality between
reciprocal diagrams more apparent. It also simplifies the derivation of polyhedral lifts; in particular, perpendicular
reciprocal diagrams have polyhedral lifts that are projective polars through the unit paraboloid z = (x2 + y2)/2.
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polygon. Outside the study of polyhedra (and especially regular polyhedra), this may be the
oldest example of planar-graph duality.2

Finally, in the mid-1800s, famed Scottish physicist James Clark Maxwell generalized Varignon’s
force diagrams to arbitrarily complex planar graphs. Maxwell’s analysis became a key technique
in the new field of graphical statics developed by William John Macquorn Rankine, Carl Culmann,
Luigi Cremona, and others. One of the early successes of graphical statics was the world’s tallest
man-made structure (at the time), constructed in the 1880s to celebrate the 100-year anniversary
of the French Revolution by Gustave Eiffel.

12a.1 Dramatis Personae

12a.1.1 Graphs and Frameworks

Let G be a simple 3-connected planar graph. Recall from the previous lecture that G has a unique
planar embedding (up to homeomorphism) and therefore has a unique dual graph G∗, which is
also simple, 3-connected, and planar.

Let 〈uv|ab〉 denote the unique dart d in G with tail u and head v, whose dual dart d∗ in G∗ has
tail a and head b. Thus, 〈uv|ab〉∗ = 〈ab|uv〉 and rev〈uv|ab〉 = 〈vu|ba〉. Equivalently, 〈uv|ab〉
has right shore a∗ and left shore b∗ in the unique planar embedding of G.

A position function for G is a function p : V (G)→ R2, or equivalently a matrix p ∈ (R2)n = R2×n,
such that p(u) ̸= p(v) for every edge uv. For each edge uv of G, we abuse notation by writing
p(uv) to denote the straight line segment between p(u) and p(v). The pair (G, p) is called a
planar framework. The displacement vector ∆(d) of any dart d = 〈uv|ab〉, with respect to a fixed
position function p, is p(v)− p(u).

Let me emphasize that a planar framework (G, p) is a straight-line drawing of its underlying
planar graph G, but it is not necessarily an embedding; images of distinct edges may cross, overlap,
or even coincide.

12a.1.2 Stresses

A stress is a function ω: E(G) → R, or equivalently, a vector ω ∈ Rm. A stress is non-zero if
ω(e) ̸= 0 for at least one edge e, and strict if ω(e) ̸= 0 for every edge e. We frequently abuse
notation by defining ω(uv) = 0 when uv is not an edge. We also extend the function ω to the
darts of G by defining ω(〈uv|ab〉) =ω(uv).

We can interpret each edge e of a planar framework as a (first-order linear) spring with spring
constant |ω(e)|, under tension if ω(e) > 0 and under compression if ω(e) < 0. Hooke’s Law
implies that each edge uv imparts a force of ω(uv) · (p(v)− p(u)) =ω(uv) ·∆(u→v) to vertex v.

A stress ω is called an equilibrium stress (or a self-stress) if the net force on every vertex is zero;
that is, for every vertex v we have

∑

u

ω(uv) · (p(v)− p(u)) =
�

0
0

�

2Computational geometers might see some resemblance between Varignon’s figure and the geometric duality
between Delaunay triangulations and Voronoi diagrams. That is not a coincidence. Neither is the appearance of the
unit paraboloid in the previous footnote.
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Recall from the previous lecture that this linear system describes the unique critical point of the
potential energy function

Φ(p) :=
1
2

∑

u,v

ω(uv) · ∥p(u)− p(v)∥2.

Because stress coefficients are allowed to be negative, this unique critical point is no longer a
local minimum, as it was in the previous lecture.

12a.1.3 1-Forms and Discrete Integration

A discrete 1-form (or 1-cochain, or voltage assignment, or pseudoflow) on G is an anti-symmetric
functionφ : D(G)→ R from the darts of G to some additive abelian group R, where anti-symmetry
means φ(d) = −φ(rev(d)) for every dart d. Here we consider only 1-chains over the vector
spaces R and R2. (Let me emphasize here that a stress is not a 1-form!)

A 1-form is exact if the sum of the values of the darts in any directed cycle is zero. Exact 1-forms
are also called tensions; they are also said to obey Kirchhoff ’s voltage law.3

A vertex potential (or price function or discrete 0-form) is any function π: V (G)→ R over the
vertices of G. The derivative (or coboundary) δπ of a 0-form π is the 1-form δπ(u→v) :=
π(v)−π(u).

Lemma: A 1-form φ is exact if and only if φ is the derivative of a vertex potential.

Proof: The derivative δπ of any 0-form π is clearly exact. On the other hand, given any exact
1-form φ, we can arbitrarily fix the potential π(o) of an arbitrary vertex o, and then for
any other vertex define π(v) by summing (or “integrating”) φ along any path from o to
v. Exactness of φ implies that π(v) does not depend on which path we choose to sum
along. More generally, for any vertices s and t, we can compute the potential difference
π(t)−π(s) by “integrating” φ along any s-to-t path.

In particular, for any fixed planar framework (G, p), the displacement function ∆: D(G)→ R2

defined by ∆(u→v) = p(v)− p(u) is an exact 1-form.

A 1-form over a 3-connected planar graph (or more generally, any surface map) is closed if the
sum of the values of the darts in any face boundary of G sum to zero. Exact 1-forms are also
called cocirculations.

Lemma: Let G be an arbitrary 3-connected planar graph. A 1-form on G is closed if and only if it
is exact.

Proof: Every face boundary in G is a directed cycle by definition, so every exact 1-form is trivially
closed (even if the graph G is not planar). The Jordan curve theorem applied to any planar
embedding of G implies that every directed cycle in G is a sum (or symmetric difference)
of directed face boundaries. □

12a.2 Reciprocal diagrams

A reciprocal diagram for a planar framework (G, p) is another planar framework (G∗, p∗) such that
G∗ and G are dual and corresponding edges in G and G∗ are mapped to orthogonal segments by

3The fact that not all voltage assignments satisfy Kirchhoff’s voltage law is an unfortunate byproduct of the term’s
history. See “red herring principle”.
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p and p∗, respectively. Two reciprocal diagrams are equivalent if one is a translation of the other.
For any vector v ∈ R2, let v⊥ denote the result of rotating v a quarter turn counterclockwise:
�x

y

�⊥
=
�−y

x

�

.

Theorem [Maxwell, Whiteley]: There is a bijection between equilibrium stressesω for (G, p) and
equivalence classes of reciprocal diagrams (G∗, p∗). Moreover, the stress ω∗(e) = 1/ω(e) is an
equilibrium stress for every reciprocal diagram (G∗, p∗), and the corresponding equivalence
class of reciprocal diagrams of any (G∗, p∗) contains (G, p).

Proof: Let ω be any equilibrium stress for (G, p). Define a 1-form ∆∗ : D(G∗) → R2, which
might be called the dual displacement function, by setting

∆∗(d∗) :=ω(d) ·∆(d)⊥

for every dart d of G. For any face v∗ of the dual graph G∗, equilibrium implies that
∑

d∗ : v∗=left(d∗)
∆∗(d∗) =
∑

d : v=head(d)
ω(d) ·∆(d)⊥

=
∑

u

ω(uv) ·∆(u→v)⊥ =
�

0
0

�⊥
=
�

0
0

�

.

Thus, the function ∆∗ is a closed 1-form in the dual graph G∗. Because G∗ is a 3-
connected planar graph, it follows that ∆∗ is an exact 1-form on G∗. Thus, there is a
potential function p∗ on the vertices of G∗ such that ∆∗(a→b) = p∗(b) − p∗(a) for all
dual darts a→b; moreover, p∗ is unique up to translation. By construction, the framework
(G∗, p∗) is a reciprocal diagram of (G, p).

On the other hand, let (G∗, p∗) be any reciprocal diagram for (G, p). For each dart d =
〈uv|ab〉, there is a unique real number ω(d) such that

p∗(b)− p∗(a) =ω(d) · (p(v)− p(u))⊥.

Kirchoff’s voltage law in (G∗, p∗) immediately implies that ω is an equilibrium stress for
(G, p). □

12a.3 Polyhedral lifts

A lift of a planar framework (G, p) is another height function z : V (G)→ R, or equivalently, a
vector z ∈ Rn. The position and height functions define a three-dimensional position function
p̂ : V (G)→ R3 by concatenation: p̂(v) = (x(v), y(v), z(v)), where (x(v), y(v)) = p(v). A lift of
(G, p) is polyhedral if, for each face f of G, the images p̂(v) of all vertices v ∈ f are coplanar; a
polyhedral lift is trivial if all points p̂(v) are coplanar. Finally, two polyhedral lifts z and z′ are
equivalent if their difference a constant: z(u)− z′(u) = z(v)− z′(v) for all vertices u and v. For
example, every trivial lift is equivalent to the zero lift h≡ 0.

Theorem [Maxwell, Whiteley]: There is a bijection between reciprocal diagrams (G∗, p∗) of (G, p)
and equivalence classes of nontrivial polyhedral lifts of (G, p).

Proof: The radial graph G⋄ of G is a bipartite planar graph whose vertices correspond to the
vertices and faces of G, and whose edges correspond to vertex-face incidences or corners of
G. The radial graph G⋄ inherits a unique planar embedding from the unique embeddings
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of G and G∗. The faces of this embedding are correspond to the edges of G; in particular,
every face of G⋄ has degree 4.4

Let z be any non-trivial polyhedral lift of (G, p). For each face f of G, let the equation
z = x∗( f ) · x + y∗( f ) · y − z∗( f ) denote the plane supporting the lifted face p̂( f ), and
define p∗( f ) = (x∗( f ), y∗( f )). For every corner (v, f ) in G (or equivalently, every edge v f
of the radial map G⋄) we immediately have

z(v) + z∗( f ) = x∗( f ) · x(v) + y∗( f ) · y(v) = p(v) · p∗( f )

Thus, for every dart d = 〈uv|ab〉 of G, we have four identities:

p(u) · p∗(a) = z(u) + z∗(a)

p(u) · p∗(b) = z(u) + z∗(b)

p(v) · p∗(a) = z(v) + z∗(a)

p(v) · p∗(b) = z(v) + z∗(b)

It follows that (p(u)− p(v)) · (p∗(a)− p∗(b)) = 0. We conclude that each edge of (G, p) is
orthogonal to its dual edge in (G∗, p∗).

On the other hand, let (G∗, p∗) be any reciprocal diagram for (G, p). For each face f of
G we interpret the dual position vector p∗( f ) as the gradient vector (x∗( f ), y∗( f )) of the
support plane of the lifted face p̂( f ). We simultaneously compute vertical offsets z∗( f ) for
those support planes and heights z(v) for the vertices to obtain a consistent polyhedral lift.

We can assign values z(v) and z∗( f ) to the vertices v and faces f of G by integrating
a closed 1-form over the darts of the radial map G⋄. Specifically, we define the 1-form
φ⋄ : D(G⋄)→ R by setting

φ⋄( f→v) := p(v) · p∗( f ),

and therefore
φ⋄(v→ f ) = −p(v) · p∗( f ),

for each vertex v and face f of G. For each dart d = 〈uv|ab〉 of G, reciprocality implies

φ⋄(a→v) +φ⋄(v→b) +φ⋄(b→u) +φ⋄(u→a)

= p(v) · p∗(a)− p(v) · p∗(b) + p(u) · p∗(b)− p(u) · p∗(a)
= (p(v)− p(u)) · (p∗(a)− p∗(b)) = 0.

Thus, φ⋄ is a closed, and therefore exact, 1-form on the radial graph G⋄. It follows
that there is a 0-form π⋄ : V (G⋄)→ R, unique up to translation, such that φ⋄( f→v) =
π⋄(v)− π⋄( f ). For each vertex v of G, define z(v) := π⋄(v), and for each face f of G,
define z∗( f ) := −π⋄( f ). By construction, for any corner (v, f ) of G, we have

z(v) + z∗( f ) = p(v) · p∗( f )

and therefore
z(v) = x(v) · x∗( f ) + y(v) · y∗( f )− z∗( f ).

Thus, the point p̂(v) = (x(v), y(v), z(v)) lies on the supporting plane of p̂( f ), which has
equation z = x∗( f ) · f + y∗( f ) · y − z∗( f ). We conclude that the vertex heights z(v) and
facet-plane offsets z∗( f ) are consistent with a polyhedral lift of G. □

4Normally we would consider the faces of the radial map Σ⋄ of a planar map Σ. However, because G is 3-connected,
it has only one combinatorial embedding, its radial graph and the faces thereof are well-defined.
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12a.4 A Non-Obvious Example: The “Anticube”

Consider the planar framework Γ = (G, p) shown below left, whose underlying graph G is the
standard cube graph, which is planar and 3-connected. The six faces of the cube have vertices
1243, 1276, 2457, 4365, 3186, and 5687. (Short orthogonal edges have stress coefficient 6;
long orthogonal edges have stress coefficient 3; diagonal edges have stress coefficient −4.)

The resulting reciprocal framework Γ ∗ = (G∗, p∗) is shown on the right, scaled down by a factor
of 6, along with its dual equilibrium stress. (Dual vertices A and F actually coincide, but are
perturbed apart to better illustrate the framework structure.) The dual graph G∗ is the graph of
the regular octahedron. I computed this reciprocal framework by solving the system of linear
equations ∆∗(a→b) = p∗(b)− p∗(a), one for each dual edge, for the dual position vectors p∗(a).
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Figure 3: The anticube framework with an equilibrium stress, the radial map of the cube, and the corresponding reciprocal
framework.

The next figure shows the polyhedral lift of the anticube corresponding to the given equilibrium
stress (scaled vertically by a factor of 9). This polyhedron appears to consist of two triangular
prisms and a tetrahedron, but in fact it is a self-intersecting embedding of the cube; the corners
of the central tetrahedron are not actually vertices of the polyhedron. Four of the six cube faces
are embedded as planar but self-intersecting quadrilaterals; opposite pairs of these faces intersect
each other. Again, I computed this polyhedral lift by solving the system of linear equations
φ⋄( f→v) = π⋄(v)−π⋄( f ), one for each radial edge, for the radial vertex potentials z(v) = π⋄(v)
and z∗( f ∗) = π⋄( f ).
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Figure 4: The corresponding polyhedral lift of the anticube.
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12a.5 Steinitz’s Theorem

[[Write this!]]

For embedded planar frameworks, positive-stress bars lift to locally convex edges, and negative-
stress bars lift to locally concave edges. We can solve for negative boundary stresses that turn
any Tutte drawing into an self-stressed planar framework. The Maxwell–Cremona lift of the
resulting framework is (the boundary of) a convex polytope.

Steinitz’s Theorem: Every 3-connected planar graph is the 1-skeleton of am essentially unique
convex polytope in R3.

(In fact, Steinitz only proved that every polyhedral planar map is equivalent to the boundary map
of a convex polytope. Steinitz proved this theorem using a direct inductive construction via the
medial map. The equivalence of 3-connected planar graphs and polyhedral embeddings was
later proved by Whitney.)

Positive interior stresses lift to convex edges; negative interior stresses lift to concave edges.

We can’t actually solve for negative boundary stresses for arbitrary outer faces, but we can
for triangles. Every simple planar map has either a face or a vertex of degree 3.

12a.6 Non-3-connected Frameworks

The definitions of planar framework and equilibrium stress do not actually require the underlying
graph to be planar and 3-connected. A planar framework is a pair (G, p) where G is an arbitrary
graph and p : V (G) → R2 is a position function for the vertices of G. The adjective “planar”
refers to the target space of the position function p, not a the underlying graph of the framework.
Similarly, the definition of equilibrium stress has nothing to do with the planarity or connectedness
of the underlying graph.

If the underlying graph G of a planar framework (G, p) is planar but not 3-connected, we
no longer have a bijection between equilibrium stresses and equivalence classes of reciprocal
diagrams. Instead, each planar embedding of G yields a different bijection between equilibrium
stresses and reciprocal diagrams. In short, reciprocal diagrams are defined for planar embeddings,
not just for abstract graphs.

The following figure shows a planar framework whose underlying graph two different planar
embeddings, obtained by swapping the two “interior” vertices; the shaded green polygons
indicate one face of each embedding. Each embedding yields a different reciprocal diagram for
the same equilibrium stress. (The arrows indicate the rotation system around the vertex of the
reciprocal diagram dual to the shaded green face in the primal framework.)

Each embedding similarly yields a different polyhedral lift of the framework (G, p). One em-
bedding is a tetrahedron with a notch carved out of one edge; the other is a self-intersecting
polyhedron with convex faces that looks like two tetrahedra sharing an edge.

12a.7 Non-Planar Frameworks

What about non-planar graphs? Every rotation system for a graph G yields a well-defined dual
graph G∗. But if the rotation system for G does not define a planar map, we lose the equivalence
between closed and exact 1-forms in the resulting dual graph G∗. The equilibrium stress at each
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Figure 5: Two reciprocal frameworks for the same planar framework

vertex of G still defines (up to translation) a planar polygon of forces for the corresponding face
of G∗, but these polygons no longer necessarily fit together consistently in the plane.

The final figures show two examples from Maxwell’s original papers. The first figure shows a
framework on the left that has K3,3 as a subgraph and is therefore non-planar, together with
an attempted reciprocal framework on the right. The framework on the left has two edges e
and e′ (respectively, h and h′) that are dual to the same edge E (respectively H) in the original
framework, respectively. We can complete Maxwell’s construction by identifying these edge
pairs, but the resulting structure no longer embeds in the plane; instead, we get a well-defined
reciprocal framework in the flat torus!

Figure 6: A non-planar planar framework with a toroidal reciprocal framework, from Maxwell (1864)

On the other hand, sometimes we get lucky. The last figure shows a planar framework (G, p)
whose underlying graph G is again not planar, but that has a natural embedding on the torus
as a 4× 4 toroidal grid. It’s fairly easy to construct an equilibrium stress for this framework by
assigning positive stresses to one family of disjoint 4-cycles and negative stresses to the other
family of disjoint 4-cycles. Maxwell constructs a reciprocal framework (G∗, p∗) with respect to
this toroidal embedding of G and such an equilibrium stress, and the result is a proper planar
framework!
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12a.9 Aptly Named

• Homological constraints for planar reciprocal frameworks
• Impossible figures (cohomology, linear programming)
• Resolving force loads [Rote and Schulz]
• Rigidity (via LP duality)
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