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10.1 Lower Bounds for Dynamic Connectivity

We refer to the problem of dynamic connectivity as the following problem:

For every positive integer n, design a data structure to maintain an undirected
graph on n vertices, supporting the following actions: inserting an edge (repre-
sented by insert(u,v) ), deleting an edge (represented by delete(u,v) ), and detect-
ing whether two vertices are connected to each other in the graph (represented
by connected(u,v) ).

Our final goal here is to present a lower bound on the worst case time complexity1 of any
data structure that solves this problem in the cell probe model of computation.

The same idea, together with more careful analysis, can be used to establish a trade-off
lower bound for this problem. For a data structure that solves dynamic connectivity (in cell
probe model), assume the amortized update2 time be tu(n) and the amortized query time be
tq(n), where n indicates the order of graph. It can be shown that [3]

min{tq, tu} lg(
max{tq, tu}
min{tq, tu}

) = Ω(lg n)

This shows that both the solution of Thorup [1] to this problem with tu = O(lg n(lg lg n)3)
and tq = O(lg n/ lg lg lg n), and that of Holm et. al. [2] with tu = O(lg2 n) and tq =
O(lg n/ lg lg n) can be considered as optimal solutions.

10.1.1 The Cell Probe Model

This is a rather general model of computation. The main object in this model is a “per-
manent” random access memory with 2w words (which we call cells), each of size w bits3.
When an algorithm in this model processes an input of size n, we assume that w = θ(lg n)
4. As you may expect, the algorithm is allowed to store anything it wants in the cells, in

1 Actually it can be shown that the result is true in amortized sense and in the presence of randomization
2insertion/deletion
3Note that the number of words is limited to 2w to make memory words address-accessible, since addresses

must be storable in the cells
4w = Ω(lg n) enables the algorithm to read and remember the input, and w = O(lg n) avoids having

weired algorithms in cell probe model, like sorters with time bound o(n lg n)
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particular address of another cell to be used later in order to read/write from/to that cell
(unlike models such as pointer machine model 5).

The life cycle of a typical algorithm in the cell probe model can be divided into a number
of epochs. At the start of every epoch, the algorithm accesses a number of cells of the
“permanent” memory to read or write something. This follows by a processing step in which
the algorithm never accesses the “permanent” memory. Instead it can use an unlimited
amount of “transient” memory as scratch paper to do any computation that it wants. At
the end of the epoch, the algorithm accesses some cells of the “permanent” memory to
read/write something and then the infinite “transient” memory is cleared 6.

When an algorithm A in this model processes an input x, the total number of “per-
manent” memory accesses during the course of processing of x, is considered as the (time)
complexity of A(x) 7.

10.1.2 The Approach

We present a random process which generates hard-to-handle inputs (requests of update/query).
We will show that given a data structure that solves the dynamic connectivity problem, the
average 8 time 9 to handle a hard input has a lower bound. This means that for a certatin
input, the running time of the algorithm must be at least that lower bound, which is the
desired result.

More precisely, fix a data structure D which solves the dynamic connectivity problem.
Consider a graph on n (w.l.g. n = 4m)10 vertices where vertices are points of a

√
n ×
√

n
grid. Among vertices of every two adjacent column, there is a perfect matching, and these
matchings are the only edges present in this graph. We will generate the hard requests using
this graph, which specifically means that obtained lower bound will be true even if we restrict
the problem to some special classes of graphs, like planar graphs. Label the columns/rows
of the grid with {0, 1, 2, · · · ,

√
n − 1} from left to right/top to bottom. Let πi indicate the

permutation of the rows induced by the perfect matching between column i − 1 and i. We
define two actions on this graph:

• UPDATE(i,π) : Sets πi ← π and returns nothing.

• VERIFY(i,π) : Returns the result of this check as a boolean: πi ◦ πi−1 ◦ · · · ◦ π1
?
= π.

5A model of computation whose memory consists of an unbounded collection of registers, or records,
connected by pointers. Each register may contain an arbitrary amount of additional information. No
arithmetic is allowed to compute the address of a register. The only way to access a register is by following
pointers[4].

6This, in particular, means that an epoch can access information of a previous epoch just by reading
something from “permanent” memory

7 So this means that we can assume “the permanent” memory is a far and slow storage device, like a
central database which must be kept updated, and the transient memory is a local and fast storage media,
so we charge the algorithm just for accessing the slow one

8over the random bits of the process that generates the hard input
9that is complexity in cell probe model

10w.l.g. we can assume n = 4m, to keep
√

n and bit-reversal operation well-defined
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The following figure shows a schema of how the graph looks like:

π1

π2

π√n − 1

√
n

We notice that to have a data structure to store this kind of graph and supports both
UPDATE and VERIFY operations, we can use data structure D to encode the graph and then
each of VERIFY and UPDATE boils down to a sequence of O(

√
n) updates and queries from

corresponding D. So it suffices to establish a lower bound on the efficiency of a data structure
that stores this kinds of graphs such that it can handle both UPDATE and VERIFY. Therefore
from now on, we will try to put a lower bound on the efficiency of such data structures.

The previously mentioned randomized process is:

for i← 1 to
√

n− 1 do
UPDATE(β(i, dlg

√
ne), RandomPerm(

√
n))

VERIFY(β(i, dlg
√

ne))
end for

where β(i, k) indicates the bit-reversal transform of i when it is represented by k bits11

and RandomPerm(i) is considered as a function that returns a random permutation of
{0, 1, 2, · · · , i− 1}, uniformly and independently.

Actually we will use a somewhat different randomized process, that makes the analy-
sis easy. Then we will show that almost the same analysis works for the above process.
The modified process uses a function SUM(i) which actually returns πi ◦ πi−1 ◦ · · · ◦ π1.

for i← 1 to
√

n− 1 do
UPDATE(β(i, dlg

√
ne), RandomPerm(

√
n))

SUM(β(i, dlg
√

ne))
end for

In the rest of this lecture we will show that this modified version of randomized process,
generates a distribution of sequences of requests, such that any data structure that handles
UPDATE and SUM will spend at least Ω(n lg n) amount of time on at least one of those
sequences. In particular, this together with the fact that we can prove the same lower
bound for the original version of randomized inputs, means that D (our data structure
that solves dynamic connectivity and is used to simulate UPDATE and VERIFY) must spend

11 For example, β(1, 4) = 8, i.e. 0001→ 1000
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Ω(n lg n/(
√

n ×
√

n)) = Ω(lg n) on at least one operation in at least one sequence, which
proves the desired lower bound on the worst case time of dynamic connectivity problem.

10.1.3 Analysis of The Modified Hard Inputs

Consider the sequence of UPDATE and SUM ’s of the modified version of hard inputs, in the
order of their occurrence in time, written from left to right. We want to lower bound the
amount of cell accesses for an algorithm in cell probe model that can handle the permutation
problem correctly. For the sole purpose of analysis, we assume a balanced binary tree on
this sequence. Whenever the algorithm reads some cell, we will charge a vertex of this tree,
so this tree organizes counting of read operations. An illustration follows.

v

0 8 4 12 2 10 6 14 1 9 5 13 3 11 7 5

Time
write read

Now consider a reading of a cell which happens at some point of time (figure shows a
read over the node labeled 13). The content that is read, must be written by some write
operation previously, at some point of time, inside the operation denoted by one of the leaves
of the binary tree. We charge this read operation, to the least common ancestor of these
two nodes (in the figure, the read is charged to the node v). Note that every read operation
will be assigned to a unique node of the tree, so to count the number of read operations we
just need to count the charges over all the nodes of the tree. Since the sequence of reads
is generated by a random process, and since expectation of a random variable is a linear
function, we can calculate the expected charge of a node and sum those expectations over
all nodes, to have expectation of the total number of read operations.

So now we concentrate on a certain node v of this binary tree, to compute its expected
charge. We just need a lower bound. Let W be the set of all write operations performed
in the leaves of the left subtree of v (both address of the cell and the content written
to the cell, is kept inside a write operation in W ) and similarly R be the set of all read
operations performed in the leaves of the right subtree of v. Since R ⊇ R ∩W , it suffices
to just lower bound |R ∩ W |. To achieve this we will show that having R ∩ W at hand,
together with some additional information provided by a magic LITTLE BIRDIE12 will enable
us to compute all the random permutations used in the left subtree leaves of the node v.
Specifically we assume that the LITTLE BIRDIE tells us all the state of the permanent memory

12 The information provided by the LITTLE BIRDIE can not hurt a lower bound, since the algorithm has
the option to ignore the additional information
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before left subtree, all updates in the right subtree, and all queries (i.e SUM results) in the
right subtree together. Now we just note that perfect interleaving provided by bit-reversal
order of the modified process, together with this information, enables us to compute all
the permutations of the left subtree of v. But now assuming that v has l leaves, there are
Ω(l) of those random permutations in the left subtree. Every representation of those will
need Ω(l lg(

√
n!)) = Ω(l

√
n lg n) bits in expectation. Since our special representation has

size |R ∩W |θ(lg n) (our cells are θ(lg n) bits), we must have E(|R ∩W |) = Ω(l
√

n). So this
means that the expected charge on the node v is Ω(l

√
n). Using linearity of expectation,

the total of expected charges on every level of the tree is Ω(n), and the total in whole tree
is Ω(n lg n), which is the desired result.

As previously mentioned, we have proved the lower bound for the modified version of
input requests, which can not be simulated using a data structure that solves dynamic
connectivity and so this does not give a lower bound for dynamic connectivity problem. To
get a lower bound for dynamic connectivity problem, it suffices to establish the same lower
bound for the original sequence of random requests (those that use VERIFY instead of SUM).

The idea to overcome this difficulty is to (kind of) simulate SUM operations using VERIFY

operations. Namely, we notice that it seems that using the information that LITTLE BIRDIE

provides together with elements of R∩W , we can obtain the result of all the SUM operations
in the right subtree just by simulating a lot of VERIFY requests for all the possible permu-
tations, the idea is that the correct SUM value will return a “True” from VERIFY function.
Unfortunately, some other wrong permutations may also get a “True” value from VERIFY

function. The reason is that simply when we are simulating VERIFY for a permutation, that
is not the correct value which SUM returns, it may read some cells which are written in left
subtree but are not in R ∩W and the simulation goes wrong from this point, and it might
result in a “True” from VERIFY.

The idea for removing this difficulty is that it suffices that we know whether a given read
request is in W or not. If our simulation has a tool to detect this, then first we can simulate
the VERIFY of the correct permutation simply because it never reads some cell in the right
subtree from R ∩W (by definition of R and W ), and second as soon as a simulation tries to
read something from W , we can abort the simulation (since we know the correct permutation
never asks for such a read).

The simplest way to implement this idea is to add W to our previous information (which
are R ∩W and LITTLE BIRDIE informations). This approach doesn’t work because we need
a lot of bits to encode the whole W . The workaround for this is to consider a separating
family 13 C, for all the sets which may potentially be R−W and W −R. Then it is easy to
see that having the LITTLE BIRDIE informations, R ∩W and the index of the set in C that
separates R −W and W − R, we can rebuild all the random permutations used in the left
subtree of v. So like the previous result, we must have E(lg |C|+ |R∩W | lg n) = Ω(l

√
n lg n).

It is easy to prove the following lemma using standard probabilistic approach:

13A separating family for all subsets of U which are of size at most m, is a collection C of subsets of U
such that for any two disjoint subsets of U , A and B, where |A|, |B| ≤ m, there is at least one set X ∈ C
such that A ⊆ X and B ⊆ X
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Lemma 10.1. There is a separating family of size 2O(m+lg lg |U |) for the subsets of set U
which are of size at most m.

Combine the lemma with E(lg |C|+ |R ∩W | lg n) = Ω(l
√

n lg n) to obtain

E(|R ∩W |)O(lg n) + O(E(|R|+ |W |) + lg lg n) = Ω(l
√

n lg n)

Now if E(|R| + |W |) = o(l
√

n lg n) then the above immediately results that E(|R ∩W |) =
Ω(l
√

n), which is the desired result. Otherwise if E(|R| + |W |) = Ω(l
√

n lg n), then since
the subtree of v has O(l) leaves and in each leaf we don’t have more than O(

√
n) dynamic

connectivity operations, at least one of those operations must take Ω(lg n) time (for at least
one sequence of requests), which is again the desired result.
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