
Flipturning Polygons∗
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1 Introduction
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Figure 1.1. A flipturn. The edges of the pocket are bold (red), and its lid is dashed.
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Figure 1.2. A convexifying flipturn sequence.
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Figure 1.3. (a) Different Erdős-Nagy flip sequences can lead to different convex shapes. (b) Different flipturn sequences

always lead to the same convex shape.
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Table 1.1. Bounds for shortest and longest flipturn sequences for orthogonal polygons. See Section 3.

Ü�Q%"%�J/�;!-� L/_^����
s
< 6 -&"%�. �/&��K�� 6 Q+^M9 6  #$ 1 - � "+/�- 1 -�^q� 6 Q+^J9 6  #$

$�/ 1  \K 1 -ÛK
ns − b(n + 5s)/2c − 1 n2 − 4n + 1�PÃ�/&�. \KM��K
ns − b(n + 5s)/2c − 1 n2 − 4n + 1d 6 KM"%Ð!��K��¾Ä��

dn(s − 1)/2e − s n(n − 3)/2

Table 1.2. Upper bounds for longest flipturn sequences of more general polygons. For arbitrary polygons, the lower bound

is ���	��
������� [5]. See Section 4.
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2 The Importance of Being Degenerate
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(a) Standard (b) Extended (c) Modified

Figure 2.1. Three types of degenerate flipturns. Compare with Figure 1.1.
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3 Orthogonal Polygons
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Figure 3.1. An orthogonal � -gon requiring b
� ������� � � � c flipturns to convexify.
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Figure 3.2. Flipturning one diagonal pocket can hide another one.
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Figure 3.3. Any orthogonal extended flipturn creates at least two diagonal pockets.
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Figure 3.4. (a) A forced orthogonal flipturn creates at least two pockets, at least one of which is diagonal. (b) A polygon

with only bad pockets cannot have both dexter and sinister pockets on the same edge. (c) A forced bad orthogonal flipturn

(flipturn 1
�

) creates a good orthogonal pocket (flipturn 3
�

).
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C�K�8OK'P@>@K'346,=FV�6�J<3�6�=F;�3�N�RF3

ad
=?V �

(P) { 8�5@N�:�3)6
P �

>�3�6�J@3`7'3�K'P<:A6�CA5<R
;�=F:AG�R?=F5 f�� ¿@8M1)6�:�G�=?5@3O=FV�6�J<3O6�=F;�14=?7�5<3	7�K�=FV��

(P � )
C�K�8tlF3	7'6�34¿"=?V

P �
f�· V�6�J<CQK�C�K�6�J@3�6�=?;�7'C�RFJo6�1)=F7�5<347 {1�8�:�:Ã;�=�1�}F346

bc  <��� ³��4¶ ��=?6�J<3	7�|aC�K�3 { 1�8�:�:�CA6�� ��¡�� � ³��4¶ f�½ CA6�J<=?P<6�:�=FK�K�=FV¬RF3	5<34798�:�CA6§G { K'P<;<;�= K'3t6�J<3�;�=.19}F346
bc

C�K�N�3)¿�6�3	7 f`� 346
P y

>�3E6�J<3E;�=F:AG.RF=F5�7'3�K'P<:A6�CA5<R�Vv7'=FB 6�J<3�=?5@:AGk8	l?8�C�:W8�><:�3�N<CQ8MR?=F5p8�:L¹@C�;�6�P<7'5 { |aJ<= K'3E:�C�N
CQK�6�J<3XP<;<;�3	7E:�34VW6E3	N�RF3H=FV�14=F5.l

(P � )
f À.CA5p1)3

P y
BtPpK�6OJp8	lF3H5<=�N�CW8�RF=?5p8M:¬;�=�1�}F3469K { 6�J<CQK�¹@C�;�6�P@7'5wBX=�lF3�K

lF3	7�6�34¿
b
6�=ª6�J@3SP<;@;�347�:A3	VQ6�14=?7�5<3	7a=?V��

(P y )
f Ào3	3E��C�RFP<7'3�� f�d Y 1�\ f

· V�K�=?BX3�;�=�19}F3)6XJp8MN 8�:�C�N+C�5
ab { 6�Jp8�6H;�=�1�}F346H|,=FP<:QN+>�3xCA5�lF347'6�3	N+>.G26�J<3kN�CW8�RF=?5p8M:a¹@C�;�6�P<7�5+=F5

P �
8M5@N

P y
|,=FP<:QN+Jp84lF3�8sN<CQ8MR?=F5p8�:�;�=�1�}F346 { 14=F5o6�798MN<C�1)6�C�5<R~=FP<7�8[K�K'P<BX;�6�C�=F5�6�J�8�6X;�=�1�}F346

bc
CQKH>p8[N f

À.CABXCA:W8�7�:AG { C�V�6�J<3	7'3tC�K�8�>p8MN^;�=.19}F346�|aCA6�Js:ACQN^C�5
cd { CA6�1	8M5<5<=?6�>�3tN�34¿.6�347 f À.P<;<;�=FK'3�6�J<3	7�3�C�K�8HK�CA5<CQK�6�347

;�=�1�} 3)6O|�C�6�J~:�C�N
st ⊂ cd

f�� 346
l
>�3X8$:�34VW6�BX=FK'6�;�=?C�5o6OC�5~;�=.19}F346

bc { 8�5@N~:A346
r
>�3�8�7�CARFJo6�BH= K�6�;�=?C�5o6

C�5~;�=�1�} 3)6
st
f À.343X�LC�R?P@7'3X� f�d Y >�\ fHu J@3�J<=F7'C��4=F5o6±8�:¬N�CQK�6±8�5@143�Vv7'=FB

l
6�=

b
BtP@K'6�>�3H3	®oP�8�:�6�=

|cd| { 8�5pN6�J<3$J<=F7�C��	=?5.698M:�N�CQK�6±8�5@143$Vv7'=FB
t
6�=

r
BtPpK�6ª3	®oP�8�:,6�=

|as| { K'CA5p1)3�>�=[6�J�;�=.19}F346�K�8�7�3$>p8[N f 	 P�6ª6�J<CQKtCQK
C�BH;�= K�K'C�><:�3 { K'C�5@1)3 |cd| + |as| > |ad|

f�½ 3�14=?5@14:�P@N�3E6�Jp8�6
bc

BªP@K�6�>�3O6�J<3 �?¡L� � :ACQN�=?5k6�J<3E6�=F;�3	N�RF3�=?V
�
(P)

f
_�=�| 14=?5pK'C�N<347�6�J<3O=F7�6�J<=FR?=F5p8M:I;�=.19}F346�=FV

P y
147'3�8�6�3	N"|aJ@345k;�=�19}F3)6

bc
CQKa¹@C�;�6�P@7'5<3�N f�· 69Ka:�C�N

de
:�CA3�K

=F5�6�J<3$7�C�R?Jo6H3�N�R?3�=?V �
(P y )

fw½ 3"1):W8�C�B 6�Jp8�6ª6�J<CQKt;�=�19}F3)6�BtP@K'6t>�3$RF=o=�N f�� 346
P z

>�3$6�J<3�7'3�K'P<:A6�CA5<R
;�=F:AG�R?=F5w|aJ<3	5j6�J<CQKO;�=.19}F346OCQK�¹@CA;<6�P<7�5<3�N f ÀoC�5@143

cd
CQK�6�J<3H>�=?6�6�=FBHBX=FK�6�3	N<R?3H=FV,;�=.19}F346

de { 5<=?6�J<C�5<RC�5
P z

:AC�3	K�8�>�=�lF3t8M5@Nx6�=H6�J<3E7�C�R?Jo6`=FV�l 347'6�34¿
e { K'=H6�J@3OP<;<;�347�7�CARFJo6`lF3	7'6�34¿"=FV��

(P z )
CQK�5<=?6�8ªlF3	7'6�34¿"=FV

P z
f ÀoC�5@143a6�J<3�J<3	C�R?Jo6¬=FV�;�=.19}F346

de
C�KT:A3�K�KÃ6�Jp8M5�6�J<3aJ<3	C�R?Jo6¬=FV�6�J<3�=?7�CARFC�5p8�:p;�=F:�G.R?=F5

P { 6�J<3�>�=?6�6�=FB 7�CARFJo6
lF3	7�6�34¿"=FV �

(P z )
CQK�8M:�K�=X5<=[6�8ªl 347'6�34¿x=?V

P z
f`u J<3	7�34Vv=?7�3 { >.G � 3	BHB$8ª� f¥Ê { P z

1�8�5�P<5@N�3	7�R?=�8�6�:A3�8MK'6�6§|,=
14=?5@K�3	14P�6�CAlF3S¹@C�;�6�P<7'5pK f

½ 3aJ�84lF3T°§P@K'6TK'J@=�|a5H6�J�8�6,8M5.GtVW=F7�143�Nª>�8MNª¹@C�;�6�P@7'5XC�KTCABXBH3�N�CQ8�6�3	:�GEVv=?:�:�=�|,3�N�>�G�8�N�CW8�RF=?5�8�:<¹@C�;�6�P@7'5 {8HR?=.=.N^=F7'6�J<=FRF=?5p8M:�¹@CA;<6�P<7�5 { 8M5@N�6�J@345^6§|,=�N�CW8�RF=F5p8�:�¹@C�;�6�P<7�5@K fOu J.P@K { 8�5.GxUplF3ª1)=F5@K'3�1)P<6�C�lF3E¹@C�;�6�P<7�5@K
C�5@1):�P@N�3�8�6�:�3�8[K�6a6�J<7�3	3�N�CW8�RF=F5p8�:�¹pCA;�6�P<7�5@K { |aJ<CQ1�Jx7�34BX=�l 3O8�6�:A3�8MK�6�K'CA¿�lF347'6�C�143	KaVW7�=?B«6�J<3�;�=?:�G.RF=?5 f

�

3.2 Longest Flipturn Sequences

½ 3t5<=M| ;<7'=MlF3tP<;<;�347O8�5@N^:A=M|,3	7�>�=FP<5@N<K�=F5�6�J<3tB�8�¿�C�BtP<B 5�P<Bt>�3	7�=?VÃ¹@C�;�6�P<7�5@K�6�Jp8�6O8M5^=F7�6�J<=FR?=F5p8�:
;�=F:AG�R?=F5k1	8M5"P<5@N�3	7�R?=�>�34Vv=?7�3�>�3	14=FBHC�5<R�1)=F5.lF34¿ f

½ 3jN�3	7�CAlF3s=FP<7�P<;@;�347�>�=?P<5pN<K$>.G1)=FP<5o6�CA5@R�1)3	7�6±8�C�5ZK';�3�14CQ8M:S3	N�RF3�K$=?VO6�J<3^;�=?:�G.RF=?5 f ½ 3j1�8�:�:O8
;�=F:AG�R?=F5x3	N�RF3E8 � ¶4�<Ì	¤���³ C�VL3	C�6�J<3	7a>�=?6�JxC�69K�lF3	7�6�CQ1)3�K�8�7�3O14=?5�lF3)¿$=F7a>�=?6�J"CA69K�lF3	7�6�C�143�K�8�7�3�14=F5@1	8	lF3 f 0�5.G
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=F7�6�J<=FR?=F5p8�:
n
mgR?=F5XJp8MK,8�6,:A3�8MK'6¬Vv=?P<7¬>@7�8[1�}F3469K Y CA6�KTJ@CARFJ<3�K�6 { :�34VW6�BX=FK'6 { :�=�|,3�K�6 { 8�5@NX7�CARFJo6�BH= K�6¬3	N�RF3�K9\Ã8M5@N

P<5<:�3�K�K
n = 4 { 8�6�BH= K�6

n − 2
><798M19}F346�K f

Theorem 3.8.
� ��
,���A�

n > 4
$p�n&��T�����<���±�4�I�4���	��
<�	
 
t��
,����������
���
 �@�Ç(��9-[
'�X�±���@-o�����)� �n��
,��� ����
	��&��	�������	�

n � �����x&��������9���<�n&s�F�Ã!��M�4�
n − 5

�

Proof:
½ 3ª14:Q8MCAB¸6�Jp8�6�¹@C�;�6�P<7�5@KSN�=$5@=[6�CA5@147�3�8[K'3�6�J<3t5�P<Bt>�3	7�=?V¬><798M19}F3)69K { 8M5@N�6�J�8�6O8M5.Gk=F7�6�J<=FR?=F5p8�:

¹@C�;�6�P<7'5~N�3�1)7�3�8MK'3�K`6�J@3ª5.P<Bt>�347S=?V¬><798M19}F346�K�>�Gk6§|r= fª� 346
P
>�3H8�5j=F7'6�J<=FRF=?5p8M:�;�=F:AG.RF=F5w8�5@Ns:�3)6

Q
>�3

6�J<3ª7�3�K'P<:A6�=FV¬=?5@3t¹@C�;�6�P<7�5 f 0a5.G^><798M19}F346�=?V
P
6�Jp8�6�:�CA3�KO1)=FBH;@:A346�3	:�Gk=FP�69K'C�N<3t6�J<3t¹@C�;�6�P<7'5@3	Ns;�=.19}F346�CQK

K�6�CA:�:T8H><798M19}F346SCA5
Q
�L8�5�Gx><798M19}F346�14=?BX;<:A346�34:�GxCA5@K�C�N�3t6�J@3�¹@C�;�6�P<7'5@3	N^;�=.19}F346SCQK�CA5�lF347'6�3	N { >@P�6S7'3	B�8MCA5@K

8ª><798M19}F3)6 f�u J�P@K { 6�=X;<7�=MlF3E=FP<7�1):W8�C�B { CA6SK'P�©X143	Ka6�=$1)=F5@K'CQN�3	7¬°§P@K�6`Vv=?P@7�3	N�RF3�K { 5p8�BX34:�G { 6�J<3O6�|,=X3�N�RF3	K
8MNF°'8M14345.6T6�=E3�8[1�J�345pN�;�=FCA5o6,=FV�6�J<3�:ACQN fT· VI8�5�G�=?V�6�J@3	K'3�Vv=FP<7¬3	N<R?3�KTC�K�8�>@7�8[1�}F346 { |,3`1�8�:�:�C�6�8 �Ç��  � ¶4�<Ì	¤���³ f½ 3�N<C�K�6�C�5<R?P@C�K'J�>�346§|r343	5 ��¡�¡��4¶ 8�5pN �?µ�³��4¶ :ACQN�><7�8[1�} 3)69K { |aJ<CQ1�J�:�CA3�C�5@K'CQN�3x8�5pN�=FP�69K'C�N<3�6�J<3$;�=�19}F3)6 {7�3	K';�3	1)6�C�lF3	:AG f

0�VQ6�347�K'G.BHBX3)6�7�G�1)=F5@K'CQN�3	7�8�6�C�=?5pK { 6�J<347�3E8M7'3O=F5<:AG$6�J@7'3	3O1�8MK'3�Kr6�=H1�J@3	19}$VW=F7a=F7�6�J<=FR?=F5p8�:�;�=�19}F3)69K�8M5@N
6�345$1	8[K'3�KTVW=F7,N<CQ8MR?=F5p8�:�;�=�1�} 3)69K fTh =FK'6,=?V�6�J<3�K'3�1�8MK'3�Kr8�7�3`1)=FBH;<:�346�3	:AG�K�;�3	14CAU@3	NX>.Gª6�J@3�5.P<Bt>�347¬=?V�C�5<5<3	7
8�5pNH=?P�6�3	7¬:ACQNH>@7�8[1�}F3469K f�u J<3�=F5<:�Gª34¿�1434;<6�C�=?5XCQK,8S;�=�1�}F346¬|�C�6�JX=F5<3�:ACQNH>@7�8[1�}F346¬=FV�3�8M19JH6�G.;�3 { |aJ<CQ1�J$1	8M5
3	C�6�J<3	7`K'Jp8�7�3�8ª:ACQNk3	5@N�;�=FCA5.6�=F7�5<=[6 f�u J<3�1�8MK'3�K�8M7'3E3	5.P<BX34798�6�3�N�Vv=F7�K�6±8�5@Np8�7�N"¹@CA;<6�P<7�5@K�CA5s�LCARFP<7�3�� fÇÊ �
6�J<3�1�8MK�3	K�Vv=F7�34¿.6�345@N<3	N$¹pCA;�6�P<7�5@K�8M7'3E8M:ABX=FK'6�CQN�345.6�CQ1	8M: f
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Figure 3.5. Thirteen classes of standard flipturns and the number of brackets they remove. Only the bold (red) edges are

important. The top row shows orthogonal flipturns; the other rows show diagonal flipturns with two, one, and no outer lid

brackets. The columns show flipturns with two, one, and no inner lid brackets. Compare with Figure 4.1.

À.CA5p1)3�3�8M19J�=?7'6�J<=?RF=F5p8�:¬¹@C�;�6�P@7'5�7�34BX=�lF3�KO6§|,=�><798M19}F346�Kt8M5@N25<=^N�CW8�RF=F5p8�:¬¹pCA;�6�P<7�5�8MN<N<K�><7�8[1�} 3)69K {6�J<347�3"1�8�5�>�3x8�6�BX=FK�6
(n − 6)/2

=F7�6�J<=FR?=F5p8�:�¹@C�;�6�P<7'5pK f À.CA5@143�3�8M19J�N�CW8�RF=F5p8�:�¹@C�;�6�P@7'5�7'3	BH=MlF3�KE6�|,=
lF3	7�6�CQ1)3�K�8M5@N3�8[1�J =?7'6�J<=?RF=F5p8�:�¹@CA;<6�P<7�5 :�3�8	lF3	K�6�J@3^5.P<Bª>�3	7�=?VOlF3	7'6�CQ1)3�K$P<5@19Jp8M5<R?3�N { 8�5.G 14=?5�lF3)¿�CAVvGom
C�5<Rx¹pCA;�6�P<7�52K�3	®oP@345@143X14=F5o698MCA5pKO3)¿<8[1±6�:�G

(n − 4)/2
N<CQ8MR?=F5p8�:T¹pCA;�6�P<7�5@K fxu J.P@K { 6�J<3	7'3�1�8�5w>�3$8�6�BH= K�6

(n − 6)/2 + (n − 4)/2 = n − 5
¹pCA;�6�P<7�5@K�8M:�6�=?RF346�J<3	7 f

�
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� =�| 6�C�R?J.6�C�K�6�J<CQK�P@;<;�3	7`>�=FP<5@N���0�K`Vv=?7`6�J<3tK'J<=F7'6�3�K�6`¹@CA;<6�P<7�5sK'3�®oP<3	5@1)3 { 6�J<3ª8M5@K'|,3	7�N�3	;�3	5@N<K�=F5
|aJ<346�J<347ª|,3�1)=F5@K'CQN�3	7ªK�6±8�5pN@8�7�N2=F7t34¿.6�345@N<3	N2¹@CA;<6�P<7�5@K f2´ 5<VW=F7'6�P<5�8�6�34:�G { |,3�N�=s5<=?6t=F>�6±8�C�5+8�5�34¿<8M1)6
8�5pK'|,3	7aCA5x3	C�6�J<3	7a1�8MK�3 f

Theorem 3.9.
� ��
X�	���

n
$���&���
)���Q�X�	� ��
4�n&������������

n � ����� ��&��F� �)���Z-[��
���
'���
b3(n − 4)/4c

�������9��
���

�@�Ç(��9-[
'�p���

Proof:
u J<CQKaVW=F:A:�=M|�K�N�CA7�3�1±6�:AG$Vv7'=FB u J@34=F7'3	B � f�d<f

�

Theorem 3.10.
� ��
t���A�

n
$r�n&��9
±�����ª�	����
	��&������������

n � �����+��&��F� �4�	�-[��
��9
����
b5(n − 4)/6c

�4���	��
<�	
 

�@�Ç(��9-[
'�p���

Proof:
½ 3`1)=F5@K�6�7�P@1±6r8M5X=?7'6�J@=?RF=?5�8�:

n
mgRF=?5

P �
3�K�K'3	5o6�CW8�:�:�Gª>.GªVv=F:A:�=�|�CA5<RE6�J<3�;<7�=.=?V�=?V u J<3	=F7'3	B � f È f

P CQKS8H7'3�1±6±8�5@R?:�3 f
P �

CQK�8�5
L
mÄK'Jp8M;�3�NkJ@3)¿<8MR?=F5 { |aJ<CQ19JsC�KS1)=F5.lF34¿�CAU@3	N�>.Gk=?5@3E¹pCA;�6�P<7�5 f

P �
C�K�8�7�3	1)6±8�5<RF:A3

|aCA6�Jj8t7�3�1±6±8�5<RFP<:W8�7�=F7�6�J<=FR?=F5p8M:L;�=.19}F346`CA5�=F5<3�K'CQN�3 { |aJ<CQ19J�7'3�®oP<C�7�3	K�6�J@7'3	3O¹@C�;�6�P@7'5@K�6�=�1)=F5.lF34¿�C�VWG f ��=?7
8�:�:

n ≥ 10 { P �
1)=F5@K'CQK�69K�=?VT8�7'3�1)698M5<R?:�3�|aC�6�Js8HK'CA5@R?:�3

L
mgK'J�8�;�3�Nx;�=�1�}F346 { |aJ@347�3O6�J<3E698MCA:�=FV�6�J<3

L
C�K�8M5

C�5.lF3	7�6�3	N�8M5@N"7�34¹@3	1)6�3	Nk1)=F;.G$=FV
P��� �

f Ào3	3���C�RFP<7'3t� f ��f�· 5x6�J<3O:Q8M5<RFPp8�RF3O=FV�6�J<3O;<7�=.=?V�=?V u J<34=F7�34B¯� f È {
P �

¼�K�=F5<:�G";�=�1�} 3)6`C�K � ��  � ¹@C�;�6�P<7�5<CA5@RXC�6�147'3�8�6�3�K�=?5<3�N�CW8�RF=?5p8M:L;�=.19}F346�8�5pNx=?5<3E=F7'6�J<=FRF=?5p8M:L;�=�1�}F346 f�· V
|,3H¹@CA;<6�P<7�52N�CW8�RF=?5�8�:¬;�=�1�} 3)69K�|aJ@345<3	lF3	7O;�= K�K'C�><:�3 { 6�J<3�U@7�K�6OU@lF3�¹@C�;�6�P<7�5@KO34:�C�BHC�5p8�6�3XK'C�¿~lF3	7�6�CQ1)3�KE8M5@N
:�3�8	lF3O8tN<C�K�6�=F7�6�3	N

P ��� �
fÃu J<3S6�J<3	=?7�34B VW=F:A:�=M|�Ka>.G$CA5@N<P@1±6�C�=?5 f

�

1
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Figure 3.6. An orthogonal � -gon that can undergo d � � � � � ���	� e standard flipturns. Two levels of recursion are shown.

The small squares contain a recursive copy of the polygon.

3.3 Order Matters
½ 3H14:A= K'3�6�J<C�KOK'3�1)6�C�=?5w>.G^=?>pK'347�l.C�5<R"6�J�8�6�6�J<3XK'J<=F7�6�3�K�6E8M5@Nj:�=F5<R?3�K�6�¹pCA;�6�P<7�5wK'3�®oP<3	5@143	K�VW=F7�6�J<3XK�8�BX3
=F7�6�J<=FR?=F5p8�:�;�=?:�G.RF=?5k1�8�5xN<C���347�K'CARF5<CAUp1�8�5o6�:AG$C�5x:A3	5<R?6�J f

Theorem 3.11.
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��A� �@�<�n�§�9�¥��!���� �

n
$���&��9
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Proof:
�LC�R?P@7'3�� f È"CA:�:�P@K�6�7�8�6�3�KE6�J<3�7�3	14P<7�K'C�lF3�1)=F5@K�6�7'Pp1±6�CA=F5�=?V�K'P@19J�8x;�=F:AG�R?=F5 { VW=F7�8�:�:

n
=FV�6�J@3�VW=F7�B

16k + 4
f«u J<3~K'J<=F7�6�3�K�6�¹@C�;�6�P@7'5 K�3	®oP@345@143sVv=?7�6�J@3s;�=?:�G.RF=?5 C�5@14:AP@N<3	K�=F5<:�G N�CQ8MR?=F5p8M:�¹@C�;�6�P<7�5@Kx8�5pN

6�J<347�3	VW=F7'3$Jp8MK�:�345<R?6�J
(n − 4)/2

f 0a5@=[6�J<3	7tK�3	®oP@345@143 { |aJ<CQ1�J�|,3$>�34:�C�34lF3�6�=�>�3�6�J<3�:�=?5<RF3�K�6 { 7�3	®oP@CA7�3	K6�|,34:�lF3E¹pCA;�6�P<7�5@K�6�=�7�34BX=�lF3E34l 347�G
16

lF347'6�C�143	K f �LCARFP<7�3ª� f È�CA:�:APpK�6�798�6�3�K�6�J<CQK�:�=?5<R�K'3�®oP<3	5@143E=?V¬K�698M5@N@8M7�N
¹@C�;�6�P<7'5pK fÃu J<3O14=F7'7�3	K�;�=?5pN�CA5@R�3)¿�6�3	5@N�3�N�¹pCA;�6�P<7�5kK'3	®.P<345p1)3SCQKa3	K�K�345o6�CW8�:�:AG$3�®oP<C�l?8�:�345.6 f

�



���������	��
���������������������������	��� ����!"������#$��
�%��'&��)(+*,
)�.-�( /?/

1

2

3

4 5

7

8

6

11

9

12
10

4

5

6

7

8
2

3

1

Figure 3.7. An orthogonal polygon that can be convexified with either ����� � � ��
 or
� ��� � � � � � flipturns. The small

squares contain a recursive copy of the polygon.

4 More General Polygons

· 5j6�J<CQKOK'3�1±6�C�=?5 { |,3XN�3	7'C�lF3�P<;@;�347O>�=FP<5@N@KSVv=F7S6�J@3�:A=F5<RF3	K'6�¹pCA;�6�P<7�5wK'3	®.P<345p1)3�KS=FV�8�7�><CA6�798�7�G^;�=F:�G.R?=F5@K {RF345<3	798�:�C��	CA5@Rx>�=?6�Jw=?P@7�3�8�7�:�CA3	7O7�3	K�P<:�69K�Vv=F7�=F7'6�J<=FRF=?5p8M:T;�=?:�G.RF=?5pKE8�5pNs6�J<3�BH=�N�CAU@3�N^¹pCA;�6�P<7�5~7�3	K�P<:�69K�=FV
0aJ@5 ��³S�.�W� b /9egfq,=?5pK'C�N<347�8�5�8�7�><CA6�798�7�G^;�=F:�G.R?=F5

P
|aJ<= K'3�>�=FP<5@N@8M7'GsC�KO=?7�C�345o6�3�Nj14=FP<5o6�347�1):�=�1�}.|�C�K'3 f�� 346

~e
N�3	5<=[6�3

6�J<3�N<CA7�3	1)6�CA=F5~=?V�8�5.G Y =?7�C�345o6�3�Np\�3�N�RF3
e
C�5

P { :A346 S
>�3ª6�J<3�K�3)6O=?V�8�:�:TK'Pp1�Jj3�N�RF3�N<CA7�3	1)6�CA=F5@KE8�5@Ns6�J<3	CA7

7�34lF3	7�K�8�:QK fa½ 3E14:A3�8�7�:AGxJp84lF3
s ≤ |S| ≤ 2s { |aJ@347�3 s

CQKa6�J<3O5�P<Bt>�3	7�=FV�N<C�K�6�C�5@1±6`3�N�RF3EK':�=?;�3	K f 0aJ@5 ��³O�.�W�N�34U@5<3�6�J<3  F� � Ì4¶	��³��$�F¡�¢.�W� 8�6�8�l 347'6�34¿
v = e ∩ e ′ 6�=H>�3O=F5<3OBH=F7�3S6�J�8�5"6�J<3O5.P<Bª>�3	7a=?V�3	:A3	BH3	5o69K�=FV

SK�6�7'CQ1)6�:�GtCA5@K�C�N�3a6�J<3�8M5<R?:�3a>�346�|,343	5
~e
8�5pN

~e ′ fÃu J<3 ³�� ³'�.�I F� � Ì4¶	��³��t�F¡�¢.�W� D(P)
CQK�6�J<3�K'P<B =?Vp6�J<3�N�CQK�1)7�346�3

8�5@R?:�3	K�8�6a6�J<3�lF347'6�C�143	Ka=?V
P
f ��=F7�34¿<8MBH;<:�3 { 8M5.G�=F7�6�J<=FR?=F5p8M:

n
mgR?=F5"Jp8[Kr6�=[6±8�:�N�CQK�1)7�346�3E8M5<RF:A3

n
f

0�J<5 ��³��.�W� ;@7'=MlF3�6�J<3`VW=F:A:�=M|aCA5@R�:A3	BHB$8Hb /9enf Y Å`5@:AGª6�J<3�U@7�K�6,Jp8�:�VI=FV�6�J<CQK¬:�34BXB�8�CQK,K�6±8�6�3	NX34¿�;<:�C�14C�6�:�G {><P�6a6�J<34C�7a;<7�=.=?V�CABX;<:�CA3�K�6�J<3OK'3�1)=F5@N�J�8�:�V�8[K�|r34:�: f \

Lemma 4.1 (Ahn et al. [1]).
�%�M�9
§�s����� � 
������9����
)�F��� �@�Ç(��9-[
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�����
)�	���±�±�

D(P)
�)�2� ���v�	���4�����T��$T�	��


� �M��
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)�F���%�@�Ç(��9-[
��"���	� �M�±�
D(P)

-[����&���������
 �
0�J<5 ��³��.�W� 8M:�K'=k;<7�=�lF3�6�Jp8�6

D(P) ≤ n(s − 1)
C�5wRF345<3	798�:,8M5@N

D(P) = 2s
CAV

P
CQKE1)=F5.lF34¿ f$u J.P@K {� 34BXB�8 d�fW/ C�BHBX3	N�CW8�6�3	:AG�C�BH;<:�CA3�K�6�Jp8�6

d(ns − n − 2s)/2e ≤ n(n − 3)/2
5<=F5@N�3	R?3	5<3	7�8�6�3"¹@C�;�6�P<7'5pK

K'P�©�1)3�6�=E1)=F5.lF34¿�C�VWGª8M5.Gt;�=F:AG.RF=F5 f � =M|,34l 347 { K'C�5@143a5<=�>�=?P<5pNª|a8MK�;<7�3	l.CA=FP@K':�Gt}�5<=�|�5�Vv=F7�6�J@3�5.P@Bt>�3	7�=FV
N�3	R?3	5<3	7�8�6�3Ã¹@C�;�6�P<7�5@K { 6�J<CQK�>�=FP<5@NEN<=o3�K�5<=?6�8�;@;<:AGS6�=�N�3	R?3	5<3	7�8�6�3T;�=F:�G.R?=F5@K f�u =`84l =?CQN�6�J<CQK�;<7�=?><:�3	B { 0�J<5
��³`�.�W� C�5o6�7'=�N�P@143SBH=�N�CAU@3�NH¹pCA;�6�P<7�5@K { VW=F7r|aJ@C�19J"N<34RF345@34798M14CA3�K�N�=ª5<=[6a3)¿�C�K�6 fÃu =H8M1	1)=FP<5o6�Vv=?7aN�34RF3	5<34798�6�3
¹@C�;�6�P<7'5pK�P<5@N�3	7�6�J<3OK�6±8�5pN@8�7�N"N�34U@5<CA6�C�=F5 { |r3OK�6�P@N�GX6�J<3O19Jp8�5@R?3�CA5"6�J<3�5.P<Bt>�347a=?V � ¶4�<Ì	¤���³ � { |aJ<CQ1�Jx|,3
N�3	5<=?6�3�>�G

B(P)
f Ær3�1	8M:A:�Vv7'=FBÍÀ.3�1±6�CA=F5j� f �ª6�J�8�6O8�><798M19}F3)6SCQKS8M5^3�N�R?3t|aC�6�Js3	C�6�J<3	7�6�|,=�14=?5.l 3)¿k=F7�6�|,=

14=?5@1�84l 3SlF3	7'6�CQ1)3�K f

Lemma 4.2.
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Proof:
� 346

P
>�3�8`K'CABX;<:�3r;�=F:AG�R?=F5H8M5@Nt:�3)6

P ′ >�3r6�J<3�7'3�K'P<:A6�=FV@=F5<3r¹@CA;<6�P<7�5 f 0�K�|r3�8�7�R?P<3�NtC�5t6�J<3r;@7'=.=?V
=FV u J<3	=F7'3	B¨� f»¾ { CA6OK'P�©X143	K�6�=�VW=�1)PpK�=?5s6�J<3ª:�C�Nj><7�8[1�} 3)69K {��'���?��{ 6�J<3ª><798M19}F346�K�6�=FP@19J<C�5<R$6�J@3ª345@N<;�=?C�5o69K
=FV�6�J<3k:ACQN f � 3)6

b
8M5@N

b ′
N<345<=?6�3x6�J<3k5.P<Bª>�347X=?VS:ACQN ><798M19}F346�KHC�5

P
8�5@N

P ′ { 7�3	K';�3	1)6�C�lF3	:AG { K'=~6�J�8�6
B(P ′) = B(P) − b + b ′ f
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��=F7a5<=F5@N�3	R?3	5<3	7�8�6�3S¹@C�;�6�P@7'5@K { |,3O5<343�N$6�=HK'J<=M|Z6�J�8�6
b ′ − b ≤ 2

fTu J<C�K�C�K�6�7'C�l.CW8�:�C�V
b ≥ 2 { >�3	1�8�P@K�3|,3�BªP@K�6tJp8	lF3

b ′ ≤ 4
f2u J<347�3"8M7'3$6�J<7�343�7'3	B�8MCA5@CA5<Rj1	8[K'3�KE6�=s14=?5@K�C�N�3	7 � 5<=s:�C�N�>@7�8[1�}F3469K { =F5<3$=FP�6�347

:�C�Nw><798M19}F3)6 { 8�5pN~=?5<3HC�5<5<3	7E:ACQN~><798M19}F346 f ��=F7O3�8M19J~=FV,6�J<3�K'3 { 6�J@347�3�8M7'3H5<C�5<3XK�P<>�1�8MK'3�K { N�3	;�3	5@N�C�5<Rx=F5
|aJ<346�J<347r3�8M19J$:ACQN$345pN�;�=FCA5o6�>�3�14=?BX3	Kr8O14=F5.lF34¿XlF3	7�6�34¿ { >�3�1)=FBH3�Kr8O14=?5p1	8	lF3`lF3	7�6�34¿ { =?7�N�CQK�8�;@;�3�8M7�Ka8�VW6�3	76�J<3�¹pCA;�6�P<7�5 fTu J<3�K'3O1�8MK�3	K�8�7�3�3	5.P<BH3	798�6�3	N$C�5���C�RFP<7'3 d�fW/Mf
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(a) no lid brackets
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(c) one inner lid bracket

Figure 4.1. Twenty-seven classes of nondegenerate flipturns and the number of brackets they add or remove. Only the

bold (red) edges are important. Symmetric cases are omitted. Compare with Figure 3.5.

��=F7ÃN�34RF3	5<34798�6�3,¹@C�;�6�P@7'5@K { |,3r5@343�N�6�=SK�J<=�|�6�Jp8�6
b−b ′ ≥ 2

f ]�3	R?3	5<3	7�8�6�3�K�6±8�5@Np8�7�N�¹@CA;<6�P<7�5@KT8�:�|�84G�K
Jp8	lF3E6�|,=�=FP�6�3	7`:ACQN�><798M19}F346�K { 8�5@N�>�=?6�J�:�CQN�3	5@N�;�=FCA5.6�KS8�:�|�8	G�K`>�3	14=FBH3�14=?5@1�84l 3ElF3	7'6�CQ1)3�K fSu J.P@K { 6�J<3	7'38�7�3�=F5<:�Gs6�J<7�343$1�8MK'3�KO6�=�14=?5pK'C�N<347 { N�3	;�345pN�CA5@R�=?526�J<3�5.P<Bt>�347�=?VaC�5<5<3	7�:ACQN2>@7�8[1�}F3469K { ;<7�3�1)CQK'3	:AG28MK�CA5
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Proof:
½ 3EN�3)Up5<3�6�J<3�² � ³��4¡�³n���.� Φ(P)

=?VÃ8�;�=F:�G.R?=F5
P
6�=H>�3�CA6�K�N�C�K�1)7�3)6�3E8M5<R?:�3�;<:�P@K�Jp8�:�VL6�J<3�5.P<Bª>�3	7

=FV�><7�8[1�} 3)69K �
Φ(P) = D(P) + B(P)/2

f ��=F7t6�J@3�CA5<CA6�CQ8M:a;�=?:�G.RF=?5
P { |,3�Jp84l 3

D(P) ≤ n(s − 1)
8�5@N

B(P) ≤ n−2 { K�=�6�J@3ÃCA5@C�6�CQ8M:o;�=?6�3	5o6�CQ8M: Φ(P)
C�K�8�6�BX=FK�6

ns−n/2−1
f ��=F7�6�J<3ÃU@5p8M: 1)=F5.lF34¿S;�=F:AG.RF=F5

P∗ { |,3Jp8	lF3
D(P∗) = 2s

8�5@N
B(P∗) ≥ s { K'=�6�J<3�Up5p8�:F;�=[6�345.6�CW8�: Φ(P∗)

C�K�8�6�:A3�8MK'6
5s/2

f 	 G � 34BXB�8MK d�fW/ 8�5@N d<f � {3	lF347�G�¹@C�;�6�P@7'5�7�3�N�P@143	K¬6�J<3�;�=[6�345.6�CW8�:�>�GX8�6,:�3�8MK�6r=F5<3 f�u J.P@K { 8�VW6�3	7�8�5�GHK'3�®oP<3	5@1)3`=FV
dΦ(P∗)− Φ(P)e =

dns − n/2 − 5s/2 − 1e
¹@C�;�6�P<7�5@K { 6�J<3�;�=F:AG�R?=F5xBtP@K�6a>�3�14=?5�lF3)¿ f
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· V�|,3`K�3)6
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n y − 3n− 1
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Corollary 4.4.
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h − 1 { K'= D(P) ≤ n(h − 1) ≤ n(t − 2)
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f�� 3	BHB$8 d�fW/ K�6�C�:A:�J@=?:QN<K�P<5@N�3	7�6�J@C�K�5@34| N�34U@5<CA6�C�=?5 f�u J�P@K {|,3�=F>�6±8�C�5�6�J<3SVv=F:A:�=�|�CA5<RHP<;@;�347�>�=?P@5@N<K f

Theorem 4.5.
�%�M��
�� �'��!�(����k(Ã����������� ���'�4�����[����������
 ���§�§�9
w��� � �±���<-o�9���4�����

d(nh − n − t)/2e ≤

dt(n − 1)/2e − n
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nh − b(n + 3t)/2c − 1 ≤ nt − b3(n + t)/2c − 1
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u J<CQKI6�J<3	=F7'3	BDCABX;<7�=�lF3�KL8�:�:o3�8M7':�C�347L7'3�K'P<:A6�K�|aJ<3	5<3	lF347

h
CQK�K�CARF5<CAUp1	8M5o6�:AG�K'B$8�:�:A3	7I6�J�8�5

t
f ��=?7�8M7'><CA6�7�8M7'G

K'C�BH;<:�3�;�=F:AG.RF=F5@K { |,3�Jp84lF3 h ≤ t−1 ≤ n−1
f À.3)6�6�CA5<R

h = t−1 = n−1
RFCAlF3�KÃPpKÃ6�J<3�K�8MBH3

n(n−3)/2P<;<;�347,>�=?P<5pNXVv=F7¬BX=.N�CAU@3�NH¹@C�;�6�P<7'5pK f ��=F7rK�6±8�5@N@8M7�N�=?7,34¿.6�345pN�3	NX¹@CA;<6�P<7�5@K { J<=�|r34lF3	7 { |,3`=F>�6±8�C�5�8�l 347�G
K':�CARFJo6�C�BH;@7'=MlF3	BH3	5o6aK'CA5p1)3S6�J<3�|,=F7�K�6�1�8MK'3�C�K�8[1±6�Pp8�:�:�G

h = t − 1 = n − 2
f

Corollary 4.6.
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5 Extreme Orders are Hard to Find

· 5t6�J@C�K�K'3	1)6�CA=F5 { |,3�K'J<=M|26�Jp8�6�6�|,=�;<7'=F><:�34B�K�7�34:W8�6�3�NE6�=�14=FBH;<P�6�C�5<R`=F;�6�C�B�8M:o¹@C�;�6�P<7'5�K�3	®oP@345@143�K�8M7'3�_��Lm
Jp8M7�N � 14=FBH;<P�6�C�5<Rt6�J<3EK'J<=F7'6�3�K�6�14=?5�lF3)¿�CAVvG.C�5<RXK'3	®.P<345p1)3�=FV ¢<�4¡��4¶4�.�Ç�
	 �)  ¹pCA;�6�P<7�5@K Y N�34U@5<3�N">�34:�=M|`\ { 8M5@N14=?BX;<P�6�CA5<RX6�J<3�:�=?5<RF3�K�6SK'3�®oP<3	5@143E=FVTK�6±8�5@Np8�7�Nk=F7�3)¿�6�3	5@N�3�Nx¹@C�;�6�P<7'5pK fSu J<3ª1)=FBH;@:A34¿�CA6§G"=FVT14=?BX;<P�6�CA5@R
6�J<3�K�J<=?7'6�3	K�6�14=?5.l 3)¿�C�VvG.CA5@R�K'3�®oP<3	5@143S=FV�K�698M5@N@8M7�N$¹pCA;�6�P<7�5@K�7�34B$8�C�5@K�8�5x=?;�345";@7'=F><:�34B f

0 ¢<�4¡��4¶4�.�Ç�
	 �)  Ë � ² ³nµp¶�¡ 7�=[6±8�6�3	K�8O14=?5.6�C�R?P@=?P@Kr19Jp8�C�5$=FVI3�N�RF3	K /	¾?� N�3	R?7�3	3	K�8�7�=FP<5@NX6�J@3`BXC�N<;�=?C�5o6r=FV
CA6�K`3	5@N�;�=FCA5.6�K�|�C�6�J<=FP�6SCA5o6�7�=.N�Pp1)C�5<R$K'3	:�VQmgCA5.6�3	7�K�3	1)6�C�=F5@K f�u J<3t345@N<;�=?C�5o69K`=?V�6�J@3�7'=?6±8�6�3	N�19Jp8MCA5^5<3	3	N�5<=[6
:�CA3`=F5"8�14=?5�lF3)¿XJ.P<:�:�3	N<R?3 fT¦ 3	5<3	7�8M:AC��	3	NX¹@C�;�6�P<7'5pK¬C�5@14:APpN�3�K�6±8�5@Np8�7�N { 34¿.6�345pN�3	N { 8M5@N�BH=�N�C�Up3	N�¹@C�;�6�P<7�5@K
8MK�K';�3�1)CW8�:�1�8MK�3	K f

Theorem 5.1. � ��!�(T-�����������&��S�'&���
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Proof:
½ 3r;<7'=MlF3¬6�J<3¬6�J<3	=?7�3	B >�GO7�34:W8�6�CA5@R�¹pCA;�6�P<7�5ªK'3	®.P<345p1)3�K�6�=�6�J@3,;<7�=?><:�3	B =?VI� �?¶M³n��¡�¢ � �ª¶	�4���4¶ � �.� � f� 3	7�3 { 6�J<3HCA5@;<P�6EC�K�8�;�347�BtP�6±8�6�C�=?5

(π � , π y , . . . , π � ) { 8�5@N28�7'3	lF3	7�K�8M:TC�K�8�5.Gs;�347�BtP<698�6�C�=?5~=?V¬6�J<3HVv=?7�B
(1, 2, . . . , i − 1, j, j−1, . . . , i+1, i, j+1, . . . , n)

Vv=?7TK�=?BX3
i < j

f 0�5.Gt;�3	7�BtP�6±8�6�CA=F5H1	8M5�>�3�K'=F7�6�3	N � 6�J�8�6
CQK { 6�798�5@K'Vv=F7'BX3	NsCA5.6�="6�J<3HC�N�3	5o6�C�6�G^;�347�BtP�6±8�6�C�=?5

(1, 2, . . . , n) �
>.G~8�;<;@:AG.C�5<R^8�6EBH= K�6

n − 1
7'3	lF3	7�K�8M:�K {8�5pNX6�J<C�KrC�K,6�C�R?Jo6�C�5�6�J<3�|,=F7�K�6a1�8MK'3Hb d?enf q�8�;@7�8M7�8$b �Me ;<7�=MlF3	N�6�J�8�6a1)=FBH;@P�6�C�5<RE6�J@3`BXCA5@CABªP<B 5.P<Bt>�347,=FV

7�34lF3	7�K�8�:QK�7�3	®oP@CA7�3	N"6�=HK'=F7�6`8E;�347�BtP�6±8�6�C�=?5"C�K`_��LmgJp8M7�N f
¦ C�lF3	5�8�;�3	7'BªP�6±8�6�CA=F5

(x � , x y , . . . , x � ) { |,3�1)=F5@K�6�7'Pp1±6¬8�K'CABX;<:�3�;�=?:�G.RF=?5
P
8[K�Vv=?:�:A=M|�K f�½ 3�K�6±8�7'6Ã|aC�6�J

8S7�C�R?Jo6�C�K'= K�1434:�3�KT6�7�CW8�5<RF:A3�|aJ<= K'3�J@=?7�C��	=F5o698M:�J.G.;�=[6�345�P@K'3`Jp8MK¬>�343	5$K'P<>�N�CAl�C�N�3�N�CA5.6�=
n
3�®oPp8�:�Vv7�8MR?BX345o69K f

½ 3O6�J<345�;�3	7�6�P<7�>k6�J<3ElF3	7�6�C�143�K�=FV�6�J@3	K'3EVW798�RFBH3	5o69KalF3	7'6�CQ1	8M:A:�G { K�=H6�Jp8�6`VW=F7�3�8M19J
i { 6�J@3�K':A=F;�3�=?V�6�J<3

i
6�J

Vv7�8MR?BX345o6,CQK
(2x � − n − 1)/2n y f q,=?5.l 3)¿�C�VvG.CA5@RE6�J<CQK,;�=?:�G.RF=?5�C�Kr3	®.P<CAlF8�:�345o6r6�=tK'=F7�6�C�5<RE6�J<3`Vv7�8MR?BX345o69K¬>.G

K':�=?;�3 f _�=�R?3	5<3	7�8M:AC��	3	NX¹@C�;�6�P<7'5�1	8M5$K�34;p8M7�8�6�3�6�J<3�6�|,=�:A=F5<RtN<CQ8MR?=F5p8�:�3	N�RF3�K¬|aCA6�J<=FP�6rC�5o6�7'=�N�P@14C�5<Rª8OK'3	:AVWm
C�5o6�3	7�K'3	1)6�CA=F5 { K'=X34l 347�G�:�3	R 8M:�R?3	5<3	7�8M:AC��	3	Nx¹pCA;�6�P<7�5@K�C�K�8ª7�34l 347�K�8�:�=FV�6�J<3E;�347�BtP�6±8�6�C�=?5k=FV�VW798�RFBH3	5o69K�8M5@N
l.CQ1)3�lF3	7�K�8 fÃ· 6¬VW=F:A:�=M|�KTCABXBH3�N�CW8�6�34:�GO6�Jp8�6Ã6�J<3�K�J<=?7'6�3	K�6¬R?3	5<3	7�8M:AC��43�Nª¹pCA;�6�P<7�5XK'3�®oP<3	5@143�6�Jp8�6¬14=F5.lF34¿�C�Up3	K

P14=?7�7'3�K';�=F5@N<Ka;<7'3�14C�K'3	:�GX6�=ª6�J<3OK'J<=F7'6�3�K�6�K'3	®.P<345p1)3S=FVL7�3	lF347�K�8M:�K�6�Jp8�6�K'=F7�69Kr6�J<3SC�5<;<P<6�;�3	7'BªP�698�6�C�=F5 f
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q,=?BX;<P�6�CA5@Rk6�J@3$K'J<=F7�6�3�K�6tRF345<3	798�:�C��	3	N2¹@C�;�6�P@7'5�K'3	®.P<345p1)3�CQKE6�7�CAl.CW8�:�VW=F7t=?7'6�J<=?RF=F5p8�:r;�=F:AG�R?=F5@K4�r8M5.G
K'3�®oP<3	5@143t=FV

(n − 4)/2
BX=.N�CAU@3�N�¹@C�;�6�P@7'5@KSCQKO8�K'=F:�P�6�C�=F5 f q¬=FBH;<P<6�C�5<R$:�=F5<R?3�K�6�¹@C�;�6�P@7'5~K'3�®oP<3	5@1)3�K { =?56�J<3S=?6�J<347aJp8M5@N { C�K`_ ��mgJp8�7�N"34l 345"Vv=F7�=F7�6�J<=FR?=F5p8M:I;�=F:AG.RF=F5@K f
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Proof:
0 ¹@CA;<6�P<7�5�K'3�®oP<3	5@143�Vv=F7�8�5�=F7'6�J<=FRF=?5p8M:r;�=F:�G.R?=F5�Jp8MKt:A3	5<R?6�J�R?7�3�8�6�347�6�Jp8�5

(n − 4)/2
CAV�8�5@N

=F5<:AGkCAVTC�6�14=?5o6±8�C�5@KS8�5^=F7�6�J<=FR?=F5p8M:L¹@C�;�6�P@7'5 f�u J�P@K { 6�=$;<7'=MlF3E6�J<3E6�J<3	=?7�3	B { |,3t=?5<:�Gx5<3	3	Nk6�=$K'J<=M| 6�J<3
_ ��mgJp8�7�N�5<3�K�K�=?V@6�J<3�N�3�1)CQK'C�=?5�;@7'=F><:�34B��������	��
�����	����������������� � ¦ C�lF345�8�5�=F7�6�J<=FR?=F5p8M:�;�=F:�G.R?=F5 { N<=o3�K
�F¡ � ¹@C�;�6�P@7'5"K'3	®.P<345p1)3�14=F5o698MCA5"8M5$=F7�6�J<=FR?=F5p8�:�¹@CA;<6�P<7�5 � ½ 3`;<7�=�l 3�6�J�8�6,6�J<CQK,;<7�=?>@:A3	B CQKa_��LmÄ14=?BX;<:A346�3
>.G�8�7�3�N�P@1)6�C�=?5HVv7'=FB��������! ��"����# � ¦ C�lF3	5�8�K'3)6T=FVp;�= K'CA6�C�lF3aC�5o6�34RF3	7�K

A = {a � , a y , . . . , a� }
8�5pNH8�5<=?6�J<347

C�5o6�3	RF347
T { N<=o3�K�8�5.G$K�P<>@K'346a=FV

A
K'P<B«6�=

T
�

u J<3^7�3�N�P@1)6�C�=?5 8�:�R?=F7�C�6�J<B C�K$R?C�lF3	5 CA5 ��C�RFP<7'3 ÊofW/ { 8�5pN 8�5 3)¿@8�BH;@:A3�=FVOC�69K�=FP�6�;<P�6�CQK$K'J<=M|a5 CA5
�LCARFP<7�3 Ê.f � f«u J<328�:�R?=F7'CA6�J<B 1)=F5@K�6�7'Pp1±69K"82;�=F:AG.RF=F5ZCA5 :�CA5@3�8M7�6�C�BH3s>.G|�8�:�}.C�5<R 8M:A=F5<R�C�69K�3�N�R?3�K�CA5
14:A=�1�}�|aC�K�3E=?7�N�3	7 { K�698M7�6�C�5<R�8M5@Nx345pN�CA5@R�8�6�6�J@3�6�=?;k=FV�6�J<3OU@7�K�6`K�6�3	; f Y u J<3�8M:ARF=F7'CA6�J@B¯8[K�K'P<BX3	Ka|aCA6�J@=?P�6
:�=FK�K¬=FV�RF345<3	798�:�C�6�Gt6�Jp8�6

n
CQK¬34lF3	5 f \ u J<3�>�8MK'CQ1�K�6�7'P@1)6�P<7'3�=?V�6�J@3�;�=F:AG�R?=F5XCQKr8SK'698MCA7�1	8[K'3 { |aC�6�J�=?5<3`K�®oPp8M7'3

K�6�34;xVv=?7�3�8[1�Jx=FVL6�J@3
a � { ;<:APpKa=F5<3�:�=?5<RXK�6�3	;"=FV�J<34C�RFJo6

T
K';@:ACA6'6�C�5<R�6�J<3O=[6�J<3	7�K'6�3	;@K�C�5xJp8M:AV f É[P@K�6�>�3	:�=�|

3�8M19J�=FVÃ6�J@3�P<;<;�3	7SK�6�34;@K`CQKS8M5j8�5sCA5�|�8�7�N^J<=F7'C��4=F5o6±8�:�K';<C�}F3F��°�P@K�6�8M>�=�l 3�3�8[1�Js=?VÃ6�J<3t:A=M|,3	7SK�6�34;pK�CQKS8M5
=FP�6§|a8�7�NXJ<=F7'C��4=F5o6±8�:�K�;<CA} 3?�<8�5pNE°§P@K�6,>�34J<C�5@NH6�J<3`:A=F5<RtK'6�3	;XCQK�8SlF3	7'6�CQ1	8M: ³�� � ³ �'² �n¤�� =?VI:�345<R?6�J�3)¿@8M1)6�:�G

T
f

u J<3�J<=?7�C��4=F5o6±8�:�K�;<CA} 3	Ka8�:�:�Jp8	lF3`:�345<R?6�J$RF7'3�8�6�347,6�Jp8�5
T { 8�5@NX6�J<34GXCA5p1)7�3�8[K'3�CA5�:A3	5<R?6�Jx8MK,6�J<3	GHRF346�1):�= K'347

6�=t6�J<3S6�=F;�8�5@N�>�=[6�6�=FB =?VL6�J<3S;�=?:�G.RF=?5 f
$&%('&)+*-,�$�%(.

(A, T) 7→ /10 ,(2(3�4�3�5�687:9;7=<?>-,(% 0 5�@

〈〈Upper steps and inward spikes〉〉`¶6 -
i← 1

/ 6
n/2$&3�%�,(2

(a2i−1)
Ø�A 68)B,

(a2i−1)
Ø $&3�%�,(2

(1)
Ø

C *�)B,
(T + 2n − 4i + 4)

Ø $�3�%�,�2
(1)
Ø�A 68)B,

(T + 2n + 4i − 4)

〈〈Test spike〉〉$�3�%�,�2
(T + 2)

Ø�A 68)B,
(1)
Ø�D 3 0 ,(2 (T)

Ø�A 68)B,
(1)
Ø $�3�%�,(2

(T + 1)
Ø C *�)E,

(2)
Ø

〈〈Lower steps and outward spikes〉〉`¶6 -
i← 1

/ 6
n/2$&3�%�,(2

(1)
Ø�A 68)B,

(an−2i+2)
Ø $�3�%�,�2

(an−2i+2)A 68)E,
(T + 4i + 2)

Ø $�3�%�,(2
(1)
Ø C *�)B,

(T + 4i + 2)
Ø

〈〈Close off the polygon〉〉

Σ←
∑n

i=1
aiC *�)E,

(T + Σ + 2n + 2)
Ø�D 3 0 ,(2 (T + Σ + 2n + 3)

Ø�A 68)B,
(T + 2n + 2)

Figure 5.1. The algorithm to reduce FHG�I:JLKNM&F:G�O to PRQSMUT�V&W&V&X:Y�Z\[8Z+]_^!M-G-Q-X .
0,6E8�5.Gk;�=FC�5o6�N�P@7'C�5<R$6�J<3�¹@C�;�6�P<7�5<CA5@R$;<7�=.143�K�K { 6�J<3t;�=F:�G.R?=F5jJp8MK�=?5<3ªB�8MCA5s;�=�19}F3)6�14=?5.698MCA5<C�5<R$6�J<3

6�3	K�6�K';<C�}F3t8�5pNkK'3	lF3	7�8M:LK'3�14=?5@Np8�7�G�;�=�19}F3)69K�14=F5o698MCA5@CA5<R�=F5<3O=F7�BH=F7'3�K�6�34;@K f�· 5<CA6�CW8�:�:�G { 6�J<3	7'3ECQK�=?5<:�G"=?5<3
K'3�1)=F5@N@8M7'G~;�=�19}F3)6 { 14=F5o698MCA5@CA5<R^=F5<:�Gs6�J<3$K'6�3	;2|aCA6�J�J<3	CARFJo6

a �
f ��=F7�3�8M19J

i { 6�J<3�K�6�3	;2|aCA6�J�J<3	CARFJo6
a �CQK�34¿�;�= K'3�N�8MVQ6�3	7�6�J<3EB�8MCA5^;�=.19}F346`C�K�¹@C�;�6�P<7�5<3	N

i − 1
6�CABX3	K f _r=�B�8�6'6�347�|aJ<CQ1�J�¹@C�;�6�P<7�5@K�|,3�;�347�VW=F7�B

>�3	VW=F7�3$¹@CA;<6�P<7�5<C�5<R^6�J<3$6�3�K�6HK';@CA}F3 { 6�J<3�lF3	7'6�CQ1	8M:aN<C�K�6±8�5p1)3
∆

>�346§|r343	5�6�J<3$6�=?;�3	5@N�;�=FCA5.6�=?V�6�J<3�B�8MCA5
;�=�1�} 3)6�¼�K`:ACQNj8�5@N�6�J@3E6�=F;^3�N�RF3�=FV�6�J@3�;�=?:�G.RF=?5I¼»K`>�=FP<5@N�C�5<R$>�=�¿kCQKS8�:�|�8	G�K�6�J<3tK'P@B¯=FVÃ34:�3	BH3	5o6�K`=?V

A
f

À.;�3	14CAUp1	8M:A:�G { CAV�|,3�¹@C�;�6�P<7'5X3	lF3	7'G�K'6�3	;X|aJ<= K'3�J@34C�R?J.6¬CQK,8M5X34:�34BX345.6T=FV�K�=?BX3�K'P<>@K�3)6
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Figure 5.2. A sample reduction from F:G�I:J K!M�F:G�O to P Q+M-T�V&W&V&X:Y�Z [ ZB] ^NM-G-Q�X . The steps store the set 	 �
���� � ������������
and the vertical spike stores the target sum ��� �������

�
����� . If we flipturn the step of height ��� as soon as possible

(flipturn 3) and leave the other steps alone, then flipturning the test spike (flipturn 6) creates an orthogonal pocket.
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Figure 6.1. Strips defined by a polygon and one of its pockets. Strips � and ��� are highlighted. Triangles indicate

up-regions and down-regions. (a) The original polygon � , with � � � � and � � ��� . (b) The flipturned polygon � ′, with

� ′� � � and � ′� ��� .
Å`P@7�1)=F7�3S:�34BXB�8OCQK�6�J@3SVv=?:�:�=�|aC�5<R f

Lemma 6.1. u � + x � = u ′� + x ′�
�n��
��	���

i
�



���������	��
���������������������������	��� ����!"������#$��
�%��'&��)(+*,
)�.-�( / È

Proof:
�LCA¿H8M5HC�5@N�34¿

i > 0
�oVv=F7�6�J<3�K�8M}F3�=?V�7�3�8[N@8�><C�:�C�6�Gª|,3�=FBHCA6Ã6�J<3�K'P<>@K�1)7�CA;<6

i
VW7�=?B 8M:A:p=?P@7T5<=?698�6�C�=F5 f

½ 3H;@7'=MlF3�6�J<3H6�J<3	=F7'3	B¨>.GjCA5@N<P@1±6�C�=?52=?5~6�J<3X5.P<Bt>�347O=FVrC�5<5<3	7O7�34RFCA=F5@KECA5w6�J<3�¹@C�;�6�P<7�5<3	N~;�=.19}F346 fx· V
6�J<3�;�=�1�} 3)6�14=?5o6±8�C�5@K`5<=$C�5<5<3	7`7�3	R?C�=?5pK { CA6SBtP@K�6�>�3

y
mnBX=?5@=[6�=?5@3 f �L:AC�;�6�P<7�5<CA5@R�K'P@19Jj8�;�=.19}F346S1�J�8�5<RF3	K

5<3	C�6�J<3	7�6�J<3S5�P<Bt>�3	7�=FVLP<;<mn7�34RFC�=?5@Ka5<=?7a6�J<3�J<3	CARFJo6�=FVL6�J<3�;�=F:AG�R?=F5 { K'= u = u ′ 8�5pN x = x ′ f
u J<3`CA5<5@347,7�3	R?C�=?5pK¬=?V

P
J�84lF3�8�5p8�6�P<798�:�VW=F7'3�K�6rK�6�7�P@1±6�P<7�3 { N�34U@5<3�NH>�GH1)=F5<5<3�1)6�C�5<RE3�8M19J�7'3	RFCA=F5X6�=O6�J<3

5<34¿.6�7�34RFCA=F5j3	5@14=?P<5.6�3	7'3�Ns=?5w8�K'J@=?7'6�3�K�6�;p8�6�Js6�=�C�5�U@5<CA6�G fªu J<3�7�=o=?6�KS=FVT6�J<CQK�Vv=?7�3�K�6E8�7�3ªC�5<5<3	7�7'3	R?C�=F5@K
N�C�7'3�1)6�:�Gª8MNF°'8M14345.6�6�=S=?P�6�3	7�7'3	R?C�=F5@K { 8M5@NtCA69K�:�3�8	lF3�KÃ8M7'3�C�5<5<3	7�7�3	R?C�=?5pKT8MN?°�8M14345o6�6�=S=?5@:AG�=F5<3�=?6�J@347�7�34RFC�=?5 f
½ 3�N�34U@5<3�8OK'C�BH;@:A3	7,;�=F:AG�R?=F5��

P
>.G�Up:A:�CA5@RtC�5�K'=FBH3`:A3�8�V�7'3	R?C�=F5

ρ
C�5@K'CQN�3`6�J@3`;�=�1�}F346

ab
��BH=F7'3`Vv=F7'B$8�:�:AG {

�
P = P ∪ ρ

ft� 3)6��
P ′

>�3�6�J<3t7�3�K'P<:A6�=?VT¹@CA;<6�P<7�5<C�5<R$6�J<3t5<=M|�mÄK'C�BH;<:�347S;�=�1�}F346
ab

=?V��
P { 8�5@Ns:A346

ρ ′
>�3t6�J<3

C�B�8�RF3`=FV
ρ
P<5@N�3	7,6�J@C�K,¹@CA;<6�P<7�5 Y K'=E6�Jp8�6 �

P ′ = P ′ \ ρ ′ \ f �LC�5p8�:�:�G { N�34U@5<3 �u { �u ′ { �x { 8M5@N �x ′ 8�5�8�:�=?RF=?PpK':AGH6�=
u { u ′ { x { 8�5pN x ′ Vv=?7�6�J<3	K�3S5<3	| ;�=F:AG.RF=F5@K fTu J<3OCA5@N<P@1±6�C�lF3�J.G.;�=[6�J<3�K'C�KaCABX;<:AC�3�Kr6�J�8�6 �

u +
�
x =

�
u ′ +

�
x ′ f

· 6SK�P�©X143	K`6�=�14=?5@K�C�N�3	7`6�J<3ª1�8MK'3t|aJ<3	7�3
ρ
:�CA3�K�3	C�6�J<3	7�C�5jK�6�7�C�;

i
=F7�C�5jK�6�7'C�;

−i { K'CA5p1)3t=?6�J<3	7�|aC�K�3t|,3
C�BHBH3�N�CW8�6�34:�GXJp8	lF3 �

u = u { �x = x { �u ′ = u ′ { 8M5@N �x ′ = x ′ f
À.P<;<;�= K'3

ρ
CQK¬8M5HP<;�mg7'3	R?C�=F5 f ÀoC�5@143��

P
Jp8MKÃ=F5<3aVv34|r347ÃP<;�mg7'3	RFCA=F5HCA5�K�6�7�C�;

i
6�J�8�5

P { |,3aJp8	lF3 �u = u−1
f

À.=?BX3a7�3	R?C�=?5
σ
=FV��

P ′
CQK,K';<:�C�6,C�5o6�=O6§|,=E7�3	R?C�=?5pKT>.G

ρ ′ fÃ· V�|,3�C�B�8�RFC�5<3`8S14=F5o6�C�5.P<=FP@KÃ6�7�8M5@K'Vv=?7�B�8�6�C�=F5HVv7'=FB
�
P ′

6�=
P ′ { 6�J@3�6�7�8M;�3 �4=FC�N ρ ′

RF7�=�|�KaP<;�|�8�7�N"VW7�=?B«6�J<3�>�=[6�6�=?B«3�N�RF3S=FV
σ
f

u ="34¿�;<7�3	K�K
u ′ C�5s6�3	7'B�K�=FV �

u ′ { |,3H14=?5@K�C�N�3	7�Vv=?P@7�1�8MK'3�K { C�:�:AP@K'6�798�6�3	N~CA52�LC�R?P<7�3 �.f � fX· V
σ
CQKO8M5jP<;�m

7�34RFCA=F5 { 6�J@345 ρ ′ K';<:�CA6�K�CA6�CA5o6�=ª6§|,=�P<;�mg7�34RFCA=F5@K { K�= u ′ =
�
u ′ + 1

f¬· V
σ
CQK�8�N<=�|a5<mn7�34RFC�=?5 { 6�J<345 ρ ′ K�;<:ACA69K�C�6C�5o6�=�8�5xP<;�mg7'3	RFCA=F5�8�5@Nk8tN�=M|a5�mg7'3	RFCA=F5 { K'= u ′ =

�
u ′ + 1

f¬· V
σ
CQK�8tK'CQN�3�7�34RFCA=F5 { 6�J@345 ρ ′ K';<:�CA6�KaCA6�CA5.6�=X8M5

P<;�mg7�34RFCA=F5�8M5@N�8�K'CQN�3`7�34RFC�=?5 { K'= u ′ =
�
u ′ + 1

f �LC�5p8�:�:AG { C�V σ
CQK�8�K�6�7'C�; { ρ ′ K�;<:ACA69K σ

C�5o6�=E6�|,=�K�C�N�3`7�34RFCA=F5@K {K'=
u ′ =

�
u ′ f

ρ

P’P’
~~

PP

σ

(a) � is an up-region

~~
PP P’P’

(b) � is a down-region

P’P’
~~

PP

(c) � is a side-region

P’P’
~~

PP

(d) � is a strip

Figure 6.2. Cases for the proof of Lemma 6.1 where � is an up-region in strip �	� .



/	¾ � ���»(���-[
��<�����$����¥�������@�

u J<3rlF8�:�P<3	K�=?V<6�J<3rC�5@N�CQ1	8�6�=F7�lF8�7�CQ8M><:A3�K
x, x ′,

�
x,
�
x ′ N�34;�345@Nt=?5ª|aJ<346�J@347�6�J<3r:A3�8�V@7�34RFCA=F5

ρ
:�CA3�K�C�5�K�6�7'C�;

i=F7aC�5�K�6�7'C�;
−i

f�· V
ρ
CQK�CA5�K�6�7�C�;

i { 6�J<345x|,3ECABXBH3�N�CW8�6�34:�G�Jp8	lF3
x =

�
x = x ′ =

�
x ′ = 1

f�· V
ρ
CQK�C�5�K�6�7�C�;

−i8�5pN
σ
C�Ka5<=[6`8�K'6�7�CA; { 6�J<3	5 �x ′ = x ′ = 1

8M5@N
x =

�
x
Y ><P�6�6�J<3�K'3SBXCARFJo6a>�3S3	CA6�J<3	7

0
=F7

1
\ f �LC�5p8�:�:AG { CAV σ

CQK
8XK�6�7�C�; { 6�J<3	5 ρ ′ BtP@K'6`:AC�3�8M>�=�l 3 �

P ′ C�5sK�6�7�CA;
i
Y >�3�1	8MP@K'3

ρ
CQKS8�5^P<;<mn7�34RFC�=?5�\`8M5@Nk6�J<3	7'3	VW=F7�3

x ′ = 1
8�5pN

x =
�
x =

�
x ′ = 0

f
½ 3�14=F5@1):�P@N�3a6�Jp8�6TC�V

ρ
CQK¬8�5HP<;�mg7�34RFCA=F5 { 6�J<3	5 u ′+x ′ =

�
u ′+

�
x ′+1 =

�
u+

�
x+1 = u+x { 8MKÃ7�3	®.P<CA7�3�N f0 K'C�BHC�:W8�7 Y 8M5@N�K':�CARFJo6�:AGXK'C�BH;@:A3	79\Ã1�8MK�3�8M5p8�:�G�K'CQKr8�;@;<:AC�3�K¬|�J<345

ρ
CQKr8�N<=�|a5<mn7�34RFC�=?5 fT· 5�3�8M19J$1	8[K'3 { |,3Jp8	lF3 �

u = u { �u ′ = u ′ { �x = x { 8�5@N �x ′ = x ′ fÃ½ 3�=?BXC�6�VWP@7�6�J<3	7aN�346±8�C�:�K f
�

Theorem 6.2.
� &�� �@����� �)�����M����������
�(Ã���'�n�n�v���s���T�`(Ã�����������k���a����
���(�����
������r���r��&�� �)�����M�����#�������������9� ��9
±���A���M��
��@�Ç(���-?
'�k�±���<-o�9���4� ������
±�	� �M��
 $L��&<�Q�T(��M�'�n������� �4�	�'���(
����§�9
�!H������
H���

O(n)
����!�� �

Proof:
� 346

w �
N�3	5<=?6�3�6�J<3�l 347'6�CQ1�8�:I|aCQN�6�Jx=?V�K�6�7'C�;

i
Y 8�5@NxK�6�7�C�;

−i
\ f¬� 3	BHB�8 ��fQ/ CABX;<:�CA3�Kr6�Jp8�6

∑

��� �
(u � + x � )w � =

∑

��� �
(u ′� + x ′� )w � .

Y / \

� 3)6 �
y

8M5@N �
y ′ N�3	5<=?6�3"6�J<3

y
mÄ14=o=F7�N<CA5p8�6�3�K�=?V`6�J<3"6�=F;+=FV

P
8�5pN

P ′ { 7'3�K';�3�1±6�C�lF34:�G { 8�5pN�:�3)6
y �

>�3"6�J<3
y
mg14=.=?7�N�C�5p8�6�3S=FVL6�J<3�:�C�NxBHCQN�;�=FCA5o6

c
fÃ½ 3�3�8[K'CA:�G$=?>pK'347�lF3S6�J�8�6

∑

��� �
x � w � =

�
y − y �

8�5@N ∑

��� �
x ′� w � =

�
y ′ − y � .

Y �F\

�LCA5�8�:�:AG { N<3)U@5@3 U =
∑

��� � u � w �
8�5pN

U ′ =
∑

��� � u ′� w � f q¬=FBt><C�5<C�5<RH3	®.Pp8�6�CA=F5@K Y / \a8�5@N Y �?\ { |,3O=F>�6±8�C�5
6�J<3xCQN�3	5o6�CA6�G

U +
�
y = U ′ +

�
y ′ f · 5 =?6�J@347X|,=?7�N<K { 6�J<3"6�=[6±8�:�J<34C�RFJo6X=FV�8M:A:�6�J<3xP@;�mn7�3	R?C�=?5pKH;<:APpK�6�J<3

B�8�¿�C�BtP<B
y
mg14=o=F7�N�CA5�8�6�3S=FV�6�J<3�;�=F:AG.RF=F5"CQK�8�5"C�5.l?8M7'CW8�5.6�;<7�3	K'3	7�lF3	N">.G"8�5.G�RF3	5<34798�:�C��43�N�¹@CA;<6�P<7�5 f

� 346
P∗

>�3k6�J<3�14=F5.lF34¿+;�=F:AG.RF=F5 ;@7'=�N�P@143	N >.G K'=?BX3�K'3�®oP<3	5@1)3�=FVSRF345@34798�:�C��	3�N+¹pCA;�6�P<7�5@K�K�6±8�7'6�CA5<R
Vv7'=FB

P { 8�5@N�N<3)U@5@3
U∗

8�5pN �
y∗

8�5�8�:�=?RF=?PpK':AG�6�=
U

8�5@N �
y
f Å`>.l.C�=FP@K':�G { P∗

Jp8MK¬5<=�P<;�mg7'3	RFCA=F5@K { K'= U∗ = 0
f

u J.P@K { >.GkCA5pN�P@1)6�C�=?5s=F5^6�J<3t5.P<Bt>�347`=FVÃ¹@C�;�6�P@7'5@K { |,3tJp84lF3�6�J<3tC�N<345o6�CA6§G �
y∗ = U +

�
y
f À.CA5p1)3

U +
�
y
CQK

C�5@N�3	;�345pN�345.6a=FV�6�J<3O14=F5.lF34¿�CAVvG.C�5<Rª¹@CA;<6�P<7�5kK'3�®oP<3	5@1)3 { K'=�C�K�6�J<3�lF347'6�C�1�8�:I;�=FK'CA6�CA=F5x=?V
P∗ f½ 3�1�8�5j14=?BX;<P�6�3

U
C�5j:AC�5<3�8�7�6�CABX3t>.G�14=FBH;<P�6�C�5<R"8HJ@=?7�C��	=F5o698M:�6�798�;�3 �4=FCQN@8�:ÃN�3�14=?BX;�=FK�C�6�CA=F5s=FV

P {P@K'C�5<Rjq,Jp8 �43	:A:�3F¼�K�8�:�R?=F7'CA6�J<B b ¾�e =F7E6�J@3�BH=F7'3X7�3�1)3	5o6t798�5@N<=?BXC��	3	N2l?8�7�CQ8M5o6t>.Gw0�B�8�6�= { ¦ =.=.N<7'CQ1�J { 8M5@NÆa8�BX=FKOb�� e { 8�5@N$6�J<3	5";�3	7'Vv=F7'BXCA5<RX8�N<34;�6�J�mnU@7�K�6�K'3�8�7�1�J"=FV�C�69K�N�Pp8�:�R?798�;<J f
u J<3E8M7'RFP<BH3	5o6aVv=?7�6�J<3SJ@=?7�C��	=F5o698M:I;�= K'CA6�C�=?5x=FV

P∗ CQKaK'G�BHBH346�7'CQ1 f
�

7 Conjectures and Open Problems

½ 3�Jp84lF3X;@7'=MlF3	5�K'3	lF34798�:,P<;<;�347ª8M5@Nw:�=�|r347�>�=FP<5@N<KE=F5w6�J<3�:A3	5<R?6�J@K�=?VaK'J@=?7'6�3�K�6ª8M5@Nw:�=?5<RF3�K�6E¹pCA;�6�P<7�5
K'3�®oP<3	5@143	K�VW=F7`K'3	lF34798�:�6�G.;�3�K�=FV�;�=F:AG�R?=F5@K f`h =FK'6�=FV�=FP<7�P<;<;�3	7�8�5pNx:A=M|,3	7�>�=FP<5@N@K�B�8�6919Jx|aCA6�J@CA5^K�B�8�:�:
14=?5@K'698M5o6aV�8[1±6�=F7�K { >@P�6a6�J<347�3�C�K�K�6�CA:�:�14=?5pK'C�N<34798�><:�3�7�=o=FB VW=F7aC�BH;<7�=MlF34BX345.6 f

��3	7'Jp8M;@Kr6�J<3�3�8[K'CA3�K�6�=?;�345";@7'=F><:�34BiC�K�6�=ªC�BH;<7�=MlF3S=?P@7
b5(n − 4)/6c

P<;<;�3	7a>�=FP<5@N"=F5�6�J<3�K�J<=?7'6�3	K�6
¹@C�;�6�P<7'5�K'3�®oP<3	5@143�Vv=F7O=F7�6�J<=FR?=F5p8�:¬;�=?:�G.RF=?5@K f Å`P<7OP@;<;�3	7E>�=?P@5@N~;<7�=o=FV Y u J<3	=?7�3	B � f È?\SP@K'3�K�8�5�8M:ARF=[m
7�C�6�J<B 6�Jp8�6�;<7�34Vv3	7�K�N�CW8�RF=?5�8�:I¹pCA;�6�P<7�5@K�6�=�=F7�6�J<=FR?=F5p8M:�¹pCA;�6�P<7�5@K�8M5@N"RF=.=.Nx=?7'6�J@=?RF=?5�8�:I¹@C�;�6�P@7'5@Ka6�=H>p8[N
=F7�6�J<=FR?=F5p8�:�¹@CA;<6�P<7�5@K f Å`P<7`3)¿<8MBH;<:�3�;�=?:�G.RF=?5

P�
VW7�=?B u J<3	=?7�34BÍ� fW/	� 1�8�5�>�3�P@K'3�Nk6�=$K'J<=M| 6�Jp8�6�6�J<CQK

8�:�RF=?7�C�6�J<B C�Kª5<=?6H8M:A|�8	G�Kt=F;�6�C�B�8M: f�· V�|,3�BX=.N�C�VvGj=FP<7H8M:ARF=?7�CA6�J<B 6�=^C�R?5<=F7�3�7'3�1±6±8�5@R?P<:W8�7$º�5@=[691�J@3	K4¼�CA5
6�J<3O14=?7�5<3	7�K�=?VL6�J<3�;�=?:�G.RF=?5 { |,3E1�8�5k14=?5.l 3)¿�C�VvG

P �
|aCA6�Jk:A3�K�Ka6�Jp8M5

2n/3
¹@C�;�6�P<7'5pK f Y Ào3	3S6�J<3�34¿�;p8M5@N�3�N



���������	��
���������������������������	��� ����!"������#$��
�%��'&��)(+*,
)�.-�( /4Á

lF3	7�K�CA=F5j=FVT6�J<CQKS;p8M;�3	7SVW=F7SVvP<7'6�J@347�N�346±8�C�:�KXb�� egf \ u J<3ªC�RF5<=?7�3�Ns5<=?6�19J<3�K�8M7'3�;<7�3	14C�K�34:�Gk6�J<3�N�CW8�RF=?5p8M:�¹pCA;�m
6�P<7'5pKÃ6�Jp8�6rN<=E5<=?6,7�34BX=�lF3�><798M19}F346�K	��K'3	3 u J<34=F7�34B«� f»¾�f 0 BH=�N�CAU@3�N�8�:�R?=F7'CA6�J<B 6�Jp8�6¬6�7�C�3	KT6�=E7�3�N�P@143�6�J<3
5.P<Bª>�3	7Ã=FV�>@7�8[1�}F3469K,8MK¬®oP<CQ19}.:AGX8MKT;�=FK�K�CA><:�3 { 8[KT|,34:�:�8MKÃ6�J<3�5.P@Bt>�3	7T=?V�lF3	7'6�CQ1)3�K { BXCARFJo6¬:A3�8MNH6�=�8`6�CARFJo6�347
P<;<;�347a>�=?P<5pN f

0�K'G.BH;<6�=?6�CQ1�8�:�:AG { =?P<7�P<;<;�3	7�>�=?P@5@N<KaVv=F7�K'C�BH;<:�3�;�=F:AG�R?=F5@K�8�RF7'3	3O|aCA6�JsÉM=FK�K�8M5@N�À.Jp8M5<5<=F5I¼�Ka=F7'C�RFCA5p8M:
14=?5F°�3	1)6�P@7'3wb /�Ê�e � 8�5.Gw;�=F:�G.R?=F5+1	8M5�C�5@N�3	3	N�>�3"14=?5�lF3)¿�C�U@3�N�>.G

O(n y ) ¹@C�;�6�P<7'5pK � ><P�6ª6�J@347�3�C�K�K�6�CA:�:�8
K'C�R?5@C�Up1�8�5.6TR 8M;�>�346§|r343	5H=?P<7TP<;<;�3	7Ã>�=FP<5@N<K¬8M5@Nª6�J<3

(n−2) y /4
:�=M|,347T>�=FP<5@NH14=?5pK�6�7�P@1)6�C�=F5�=?V 	 C�3�N�:�b Ê�egf

½ 3 { :�CA} 3�ÉM= K�K�8�5pNkÀ.Jp8M5<5<=F5 { 14=F5F°§3�1±6�P<7�3�6�Jp8�6�6�J<3O1)=F7�7'3�1±6`8�5pK'|,3	7aC�K�14:A= K'3	7r6�=
n y /4

f
0 BH=F7�3aCA5.6�3	7'3�K�6�CA5@RO=F;�345�®.P<3	K'6�C�=?5�14=F5@1)3	7�5@KÃ6�J@3�:�345<R?6�JX=?V���� �?¶�³�� � ³ ¹@C�;�6�P@7'5�K'3�®oP<3	5@143	KTVW=F7TRF3	5<34798�:

;�=F:AG�R?=F5@K f�u J<3�>�3�K�6�:�=�|r347`>�=FP<5@N<K�8�7�3O6�J@=FK'3�N<347�CAl 3	NkVW=F7�=F7�6�J<=FR?=F5p8�:�;�=F:AG�R?=F5@K�CA5jÀ.3�1±6�CA=F5s� { ><P<6`5<=[6K'P<>�®oPp8MN<7�8�6�CQ1$P<;<;�3	7�>�=?P@5@N<KH8�7�3�}.5@=�|a5 f q�8�5 8�7�><CA6�798�7�G2;�=F:�G.R?=F5@Kª>�3"1)=F5.lF34¿�CAU@3	N�|aCA6�J+=?5<:�G
O(n)¹@C�;�6�P<7'5pK { =F7�N�=.3�KaK'=FBH3�;�=?:�G.RF=?5x7�3	®oP@CA7�3E8tK'P<;�347'mn:�C�5<3�8M7a5.P<Bª>�3	7�=?VL¹@C�;�6�P@7'5@K�6�=H14=F5.lF34¿�CAVvG �

�LC�5p8�:�:AG { J@=�| Jp8M7�N�CQKªCA6�6�=sU@5@N�6�J<3kK'J<=F7�6�3	K'6HK'3	®.P<345p1)3"=?VSK�698M5@N@8M7�N�=F7�34¿.6�345@N<3	N�¹pCA;�6�P<7�5@Kª6�J�8�6
14=?5.l 3)¿�CAU@3�K�8ERFC�lF345kK'C�BH;@:A3�;�=F:AG.RF=F5 � ½ 3�14=?5 °§3	1)6�P<7'3�6�Jp8�6�6�J<CQK�;@7'=F><:�34BiC�K`_ ��mgJp8�7�N { 34l 345"Vv=F7a=?7'6�J<=?R?m
=F5p8�:�;�=?:�G.RF=?5pK fT· 6�|,=FP<:QN$>�3SK'P@7';<7�CQK'CA5@RªCAVI6�J<3�8[N<N�CA6�C�=?5�8�:�14=F5@K�6�7�8MCA5o6�=FVI¹@C�;�6�P<7�5<CA5@Rt=F5<:AG$8[1)7�= K�Kr14=?5�lF3)¿
J.P<:�:�3	N<R?3�KaB�8�} 3	Kr6�J@3�=?;<6�C�BHC���8�6�C�=F5";@7'=F><:�34B K'C�RF5<C�U�1	8M5o6�:�G$3�8[K'C�347 f Å`5@3S;�= K�K'C�><:�3EK'=?:�P�6�CA=F5x|r=?P<:QN">�3S6�=
;<7�=�l 3�6�Jp8�6,6�J<3�Vv=?:�:A=M|aC�5<Rt;@7'=F><:�34B«C�K�1)=?m�_ ��mnJ�8�7�N � ¦ C�lF3	5x8�5�=?7'6�J@=?RF=?5�8�:�;�=F:AG.RF=F5 { N�=.3�K,3	lF347�G�¹pCA;�6�P<7�5
K'3�®oP<3	5@143�14=?5.698MCA5k8�6a:�3�8MK�6�=?5@3�=?7'6�J<=?RF=F5p8�:�¹@C�;�6�P@7'5 �

Acknowledgments
0a:�:I><P<6a=F5<3�=?V�6�J<3O8�P<6�J<=F7�Kr6�J�8�5<} ¦ =�N�VW7�C�3	N u =FP@K�K�8MCA5o6�Vv=?7�=F7'Ro8�5@C��	CA5@Rª6�J@3 	 8�7�>p8[N�=FK�|,=F7'}�K'J<=F;"|aJ<3	7'3
BH= K�6a=FV�6�J<CQKa|,=F7'}�|�8MK�N�=?5@3 f,u Jp8M5<}�K�8�:QK'=�6�=�]`84l.CQN 	 7�34BX5<347 { ��3	7�7�8M5 � P<7'698[N�= {�� 3	7�8HÀ�8[1)7�CQK�6��8M5 { 8M5@Nh C�}F3EÀ.= K�K�Vv=?7�K�Jp8�7�CA5@RH1)= ��343 { 7'P@B { 8�5pN�CQN�3�8MK f

References

b /±e	��f m�� f 0aJ@5 { � f 	 =FK'3 { É f q �	G �	=�|�C�1�� { _ f � 8�5.P@K�K'3 { ��f ��7�8M5p8�}�C�K { 8�5pN � fph =F7'C�5 f �L:AC�;<;<C�5<RHGF=FP<7�:�CQN f
*��4��!!�M����� �§��
'� �9��� Y �?\ � Ê È	� � � { � �F�?��f 〈 Jo6�6�; ��
�
 |a|a| f K�1	K f 1�8�7�:�3)6�=?5 f 1�8 
 � BH=F7'C�5 
 ;<P<><:�C�1�8�6�C�=?5@K 
 :�CA5@}?8�RF3 
¹pCA;�6�P<7�5�m�6�7 f ;@K

〉
f

b�� e Å f 0aCQ19J<J<=F:��	347 { q f q¬=F7'6�3�K { ��f ] f ]a3	B�8MCA5@3 {�� f ]�PF°§BX=�l.C��1 { É f � 7�C�19}�K'=F5 { �Sfph 3	C�°§347 { hsf Å`lF3	7�B�8�7�K {	�f ��8�:�=?; { À f Æa8�B�8[K'|�8MBHC { 8M5@N ¦�f�uSf�u =?P@K�K�8�C�5o6 f ��:�C�;�6�P@7'5<C�5<R�;�=F:AG�R?=F5@K fFu 3	19J<5<CQ1�8�:�Ær34;�=F7'6 ´�´ m§qaÀ m
� �F�?� mÄ� / { ]a3	;p8M7�6�BH3	5o6�=FVÃq¬=FBH;<P<6�3	7�À.14C�345@143 { ´ 6�7�3	19Jo6 ´ 5<C�lF3	7�K�C�6�G { � �?�F��f 8M7 � CAl � 1	K f q ¦ 
 �?�F�F¾?�</4��f

b � e _ f�hsf 0aB$8�6�= { hsfLu�f�¦ =o=�N�7�C�19J { 8M5@N ��f 0 f Æa8�BH= K f�� C�5<3�8�7'm�6�CABX3H;�=?:�G.RF=?5w6�7'CW8�5<RFP<:W8�6�CA=F52B�8MN<3
3�8MK�G�l.CW8�7�8M5@N�=FBHC���8�6�C�=?5 f¬�
)�)�������F�n& � �<�I- � � � ��� ��!�(��M��� � ��!t(Ã-�� ��*��	��! � { � ��/ ��� / � { � �F�F�.f

b d?e � f�	 8�Vv5p8j8M5@N � f 0 f �I3	l �	5<3	7 fD¦ 3	5<=FBH3x7�3�8M7'798�5<RF3	BH3	5o6�K�8�5@N K�=?7'6�C�5<Rw>.G�7�34lF3	7�K�8�:QK f�� � � � ���
� ��!�(Ã-�� � � Ê Y �F\ � �FÈ?�	��� ¾FÁ { /	Á?Á���f

b Ê�eOuSf 	 C�3	N�: f ��=?:�G.RF=?5pK�5<3	3	N<CA5<R~B$8�5.Gw¹pCA;�6�P<7�5@K f u 3�1�J@5<C�1�8�:�Ær3	;�=?7'6�q�Àom�� �F�?� m �Md { ]�3	;p8�7'6�BH3	5o6�=FV
q,=FBH;<P�6�3	7�À�14CA3	5@143 { ´ 5@CAlF3	7�K'C�6�GZ=?V ½ 8�6�3	7':�=.= { ÉF8�5.Pp8M7'G � �?�F�.f

〈
VW6�; ��
�
 1	K�m�8M7�19J<C�lF3 f P.|a8�6�347�:A=.= f 1�8 
1	K�m98�7�1�J<C�lF3 
 qaÀom9� �?�F� m �Md 
 〉 f

b �Me 0 f qr8M;<7�8M7�8 f Ào=F7�6�C�5<R�;�3	7'BªP�698�6�C�=F5@K�>.Gk7�34l 347�K�8�:QK�8�5pN � P@:A3	7'CW8�5j14G�14:A3�N�3�1)=FBH;�= K'CA6�C�=F5@K f�� � � �����
���Q� ��
±���§� ���F�n&���/ � Y / \ � Á�/ � /?/	� { /4ÁFÁFÁ.f



� � � ���»(���-[
��<�����$����¥�������@�

b�È eOuSf hsf q¬Jp8M5 f ]aG�5p8�BXC�1¬;@:Q8M5p8�7Ã1)=F5.lF34¿EJ.P@:A:�=F;�3	7�8�6�C�=?5pK�CA5ª5<3�8�7'mg:A=FR 8M7'CA6�J<BHCQ1�8�BH=F7'6�C��43�NE6�C�BH3 f@�
)��� �
��� ��& � �<��- � � �T�T� �F�<!�(��M��� � ��-[��
 � � ��!t(Ã-�� � � ��� � { Á � � Á?Á { /4ÁFÁ?Á�f

b ¾Me 	�f q¬Jp8 �43	:�:A3 fpu 7'CW8�5@R?P<:W8�6�C�5<RO8`K'C�BH;@:A3�;�=F:�G.R?=F5�CA5�:�C�5<3�8M7�6�C�BH3 f ����� ��
)����� � ��!t(Ã-�� ��*��4��! � � Y Ê \ � d ¾ Ê �
Ê � d { /4ÁFÁ</Mf

b ÁMe 	�f q,Jp8 �	34:�:�3$8�5@N�] f � f ]�=F><}.C�5 f"· 5o6�3	7�K'3�1)6�C�=?5w=?V�14=?5�lF3)¿j=F><°§3�1)6�K�C�5~6�|,=�8�5@Nj6�J<7�343�N�C�BH3	5@K'C�=?5@K f
�)� � � � � d Y / \ � / ���?È { /	ÁF¾ È f

b /4�MeE��f ��f ]�P<><C�5@K { 0 f Å�7':�C�69K'}.G { É f 0 f Ær343�N<K { 8�5pN ��f 0 f À.J<3	;<; f À.3	:AVWmÄ8	lF=FC�N�C�5<R$798�5@N�=FB¯:A=.=F;@K f � �T�T�
� 
)�	�@��� � � �n��
'! � � &��	��
�� � d � /�Ê[�FÁ � /�Ê�/�� { /	ÁF¾?¾�f

b /?/±e	��f � N�34:QK'><7�P<5<5@347 f q¬=FBH;<P<6�C�5<R�6�J<3ª34¿.6�7'3	BH3ªN�CQK�6±8�5@143	KS>�346§|r343	5^6�|,="14=?5�lF3)¿^;�=F:AG�R?=F5@K f �)� � ����� �
��n��&<!�� � � � / �	���?� d { /4ÁF¾FÊ.f
b / � e � f � 7�N��=FK f ��7�=?><:�3	B«5�P<Bt>�3	7��FÈ � � f � !"��
�� �)��� ���F�n&��9!��F�n� �)��� �������n&<���2d � � � �FÈ { /4Á � Êof
b / � e � f�½Df �LCA5@5 { ] f � 8�:�;�3	7'C�5 { ��f ��f ��84l�7�8M}.C { É f m�q fE� 8�6�=?Bª>�3 { Æ f�h =?6�|�8�5<C { q f ÀoJ<3	:A6�=F5 { 8M5@N

À f � 3	5<}?8�698[K'P<><798�B$8�5<CW8�5 fa¦ 3	=?BX3)6�7�C�1SB$8�5<C�;<P<:W8�6�C�=?5k=?V�¹@34¿�C�><:A3E:AC�Ro8�5@N<K f � (<(����v��
 � ��!�(Ã-��§� ���������	�
*��4��!�����
�� { ;<; f � È	��È ¾�f@� 3�1±6�P<7�3E_r=?6�3�K�q,=?BX;<P�6 f À.14C f�/?/)d ¾ { À.;<7'C�5<RF347'm � 3	7':W8�R { /	Á?Á��.f

b /±d?e�hsf ] f ��7�8M5<}om���8�BH3	5<346�K�}.CAC f��I�<
)� �M�9�A������� ��� � f 0�N<N�CQK'=F5�m ½ 3�K':�34G { /4ÁFÁ È f
b /	Ê�e 	�f�¦ 7 �P<5�>p8�P<B f � =�|Z6�=�14=?5�lF3)¿�CAVvG�8E;�=?:�G.RF=?5 f�*��4��!!�[�A��� �§��
�� �9��Ê � � d �.� � { /	Á?Á Êof
b / �Me 	�fÃ¦ 7 �P<5�>p8�P<B 8�5@N�É f ��8M}�K f q¬=F5.lF34¿�CAUp1�8�6�CA=F5�=?Va;�=F:AG.RF=F5@KE>.Gj¹@C�;@Kª8�5@N2>.Gj¹@CA;<6�P<7�5@K f ����� ��
)�����

��� ��&���!"�F�n� �9� � dp/ Y / �.� \ � �F�F�	��� d � { � �?�</[f
b / È eE��f É fo¦ P<C�>p8MK¬8�5@NXÆ f À.3	N�RF3	|aC�19} f 0+N�CQ1�J<7�=FB�8�6�CQ1,Vv7�8MBH3	|,=?7�}EVv=?7�>p8�:W8�5@143�N�6�7'3	3�K f��
±�)� � ���?�n& � �<��- �

� �T�Ã� �F��!t(��M��� � ��-[��
 � � ��!�(T-������ ��� � { ¾ ��� / { /4Á È ¾.f
b /4¾Me _ fph 8[N�798MK�8M5@N ¦�f À.:W8MN�3 f � &�� �@�9��� � � �M��� 
 �����j#$���A%�f 	 CA7�}.J �8MP@K'3	7 { 	 =FK�6�=F5 { /4ÁFÁ � f
b /4ÁMe _ f�h 8MN�798MK�8�5pNx0 f ] f À.=?}F8�: f,u J<3O;<C�lF=?6�8�:�R?=F7'CA6�J<B � 0 J<C�RFJ<:AG�34©X14CA3	5o6 h =F5o6�3tqr8M7':�=HBH346�J<=�N�Vv=?7

6�J<3OK'3	:AVWmÄ8	lF=FC�N�C�5<R�|�8�:�} f��F�.-[
���������� �p���F�n���	��� �)���L�& �@�'� �9�EÊ[� � /	�FÁ � /4¾�� { /4ÁF¾?¾�f
b�� �Me � f�hsfph 1 h C�:�:Q8M5 f � &�� � &��	��� �p�n
±����� &���������
��4fTu J<3 h 8M1 h C�:A:W8�5 ��7'3�K�K { /	Á È Á.f
b�� /±e É f Å�¼¥Ær=?P@7'}F3 f ��=?:QN�C�5<RX8�5pN�P<5<Vv=?:QN�C�5<R�CA5k14=?BX;<P�6±8�6�CA=F5p8�:�R?3	=FBH346�7�G f ����� ��
)�����S�	��
 � ��!�(Ã-��§� ���������	�

*��4��!�����
��
	n�
±�)� � � � � � *�� ���� { ;@; f./)d �	� /±d È f[� 3	1)6�P@7'3�_r=?6�3�K�q¬=FBH;@P�6 f À�1)C f./ È � � { Ào;<7�C�5<R?3	7'm � 347�:Q8MR {� �F�?��f
b��?� e�hsf �Sf Å`lF3	7�B�8�7�Kr8�5@N"É f l?8�5 � 3	34P.|r345 f�h 8MCA5o6�3	5p8�5@143`=?V�1)=F5�U@RFP<798�6�CA=F5@K¬C�5�6�J@3`;<:W8�5<3 f ��� � ��!t(Ã-�� �

� �<�4� ��� ��� � �?� � / ��� ��� �Md { /	ÁF¾�/[f
b��[� e ��f É f É f lF8�5"Ær3	5@K'><P<7�R { À f<¦�f.½ J<CA6'6�CA5@R[6�=?5 { 8�5@N"_ f<h 8MN�798MK fLu J<3�;<CAl =[6a8�:�R?=F7�C�6�J<B«8M5@NX;�=F:�G.R?=F5@K �7�3�K'P<:A6�K¬=?5�6�J<3��Lqaq�:W8�6�6�C�143 f �?��-[
����	�����L�& �<�'� �9� ��� ���F�n&���!"�F�n� �4�	�I�	��
k*�������
)�	�I�& �<�'� ��� �[� � /	Ê?¾?Á �

/��</ � { /4ÁFÁF�.f
b�� d?e Æ f Ào3	CQN�34:�8�5@Nkq f Æ f 0a798�RF=?5 f Æa8�5@N<=?BXC��	3	N"K'3�8�7�1�J"6�7�343�K f � �A����
����n&<!H� �4�X/�� � d �[d � doÁ È { /	Á?Á��.f



���������	��
���������������������������	��� ����!"������#$��
�%��'&��)(+*,
)�.-�( � /

b�� Ê�e ] f ] f À.:�3�8�6�=F7�8�5@N�Æ f �rfLu 8M7�°'8M5 f À.34:�VQm§8MNF°§P@K�6�CA5@R"><C�5p8�7�GsK'3�8�7�19Jj6�7'3	3	K f ��� � � � �F� Y �F\ � � Ê � � �?¾�� {/	ÁF¾FÊ.f
b�� �Me 	�f N�3�À � f m�_a8MR?G f À.=?:�P�6�CA=F5�=FVp;<7�=?><:�3	B � È � � f � !��9
�� �4�	� ���F�n&��9!��F�n� �)��� ��������&@�¥��d � � / È � � / È?È { /4Á � Á�f
b��?È e�¦tfHuSfXu =FP@K�K98�C�5o6 f q,=FBH;<P�6±8�6�C�=?5p8M:x;�=?:�G.RF=?5�8�:x3	5o6±8�5<RF:�34BX345o6�6�J<34=F7�G f �
±�)����� � � � �����M-o�9� ��n
)��� 
��$*��	��!"���n
��� � � ��!�(Ã-�����������������f ÉMP<:�GjÈ�m Á { /	Á?ÁFÁ.f 〈

Jo6�6�; ��
�
 |a|a|�m�1)RF7': f 14K f BX14RFCA:�: f 1�8 
 � RF=�N�VW7�C�3	N 
;@P<><:�C�1�8�6�CA=F5@K 
 1�8MK�6�34:�:�=?5 f ;@K f R � 〉 f
b�� ¾Me�¦tf�uSfMu =FP@K�K�8MCA5.6 f.u J<3 � 7�N��= K�m§_�8�RFG�6�J@34=F7'3	B 8�5@NEC�69KL7�8MBHCAUp1	8�6�C�=F5@K f � �M�n& � ������
 ���	� � ��� � � � ��!t(Ã-�� �

*��4��! � { Á � / � { /	Á?ÁFÁ�f 〈 Jo6�6�; ��
�
 |a|a| f 14K f P<>�1 f 1	8 
 14=F5<VW3	7�345@143�K 
 qaqaq ¦ 
 3	:A3�1 ;<7'=�1 
 Vv; /	Á.f ;@K f R�� 〉 f


