Dense Point Sets Have Sparse Delaunay Triangulations^∗

Jeff Erickson

University of Illinois, Urbana-Champaign jeffe@cs.uiuc.edu http://www.cs.uiuc.edu/~jeffe

Delaunay triangulations and Voronoi diagrams are one of the most thoroughly studies objects in computational geometry, with numerous applications including nearest-neighbor searching, clustering, finite-element mesh generation, deformable surface modeling, and surface reconstruction. Many algorithms in these application domains begin by constructing the Delaunay triangulation or Voronoi diagram of a set of points in IR^3. Since three-dimensional Delaunay triangulations can have complexity Ω(n^2) in the worst case, these algorithms have worst-case running time Ω(n^2). However, this behavior is almost never observed in practice except for highly-contrived inputs. For all practical purposes, three-dimensional Delaunay triangulations appear to have linear complexity.

This frustrating discrepancy between theory and practice motivates our investigation of practical geometric constraints that imply low-complexity Delaunay triangulations. Previous works in this direction have studied random point sets under various distributions [7, 6, 13, 11]; well-spaced point sets, which are lowdiscrepancy samples of Lipschitz density functions [4, 15, 16, 17]; and surface samples with various density constraints [1, 11].

This paper investigates the complexity of threedimensional Delaunay triangulations in terms of a global geometric parameter called the spread, continuing our work in an earlier paper [11]. The spread of a set of points is the ratio between the largest and smallest interpoint distances. Of particular interest are dense point sets in IR^d, which have spread O(n^{1/d}). Valtr and others [10, 18, 19, 20] have established several combinatorial results for dense point sets that improve corresponding bounds for arbitrary point sets. For other results related to spread, see [3, 5, 12, 14].

Here are our two main results.

∗Portions of this work were done while the author was visiting The Ohio State University. This research was partially supported by a Sloan Fellowship and by NSF CAREER grant CCR- 0093348. A longer version of this paper will appear in Proc. 15th Annual ACM-SIAM Symposium on Discrete Algorithms, 2002. See http://www.cs.uiuc.edu/~jeffe/pubs/screw.html for the most recent version of this paper.

Theorem 1. For any n and Δ, the Delaunay triangulation of any set of n points in IR^3 with spread Δ has complexity O(Δ^3).

Theorem 2. For any n and Δ ≤ n, there is a set of n points with spread Δ with a regular triangulation of complexity O(nΔ).

In particular, the Delaunay triangulation of any dense point set in IR^3 has only linear complexity; however, there is a dense set of n points, arbitrarily close to a regular cubical lattice, with a regular triangulation of complexity Ω(n^{4/3}). Theorem 1 is tight in the worst case for all Δ = O( √ n) and improves an earlier upper bound of O(Δ^4) [11]. Theorem 2 was already known for Delaunay triangulations when √ n ≤ Δ ≤ n. A key component of both proofs is the invariance of Delaunay and regular triangulations under certain geometric transformations.

Our proof of Theorem 1 is structured as follows. We implicitly assume that no two points are closer than unit distance apart, so that spread is synonymous with diameter. Two sets P and Q are well-separated if each set fits in a ball of radius r, and these two balls are separated by distance 2h, for some r ≤ h ≤ 3r. Our argument ultimately reduces to counting the number of crossing edges—edges in the Delaunay triangulation of P ∪Q with one endpoint in each set. Our proof has four major steps.

• Place a grid of O(r^2) circular pixels of constant radius ε on the plane z = 0, so that every crossing edge passes through a pixel. Our first step is to prove that the crossing edges intersecting through any pixel all lie within a slab of constant width between two parallel planes. Our proof relies on the fact that the edges of a Delaunay triangulation have a consistent depth order from any viewpoint [8, 9].

• We say that a crossing edge is relaxed if its endpoints lie on an empty sphere of radius O(r). We show that at most O(r) relaxed edges pass through any pixel, using a generalization of the ‘Swiss cheese’ packing argument used to prove the earlier O(Δ^4) upper bound [11]. This implies that there are O(r^3) relaxed crossing edges overall.

• Delaunay triangulations are essentially invariant under conformal (i.e., sphere-preserving) transformations. We use this conformal invariance to show that there are a constant number of conformal maps, each changing the spread of P∪Q by at most a small constant factor, such that every crossing edge of P ∪ Q is a relaxed Delaunay edge in at least one image. It follows that P ∪ Q has at most O(r^3) crossing edges.

• Finally, we count the Delaunay edges for an arbitrary point set S using an octtree-based wellseparated pair decomposition [2]. Every edge in the Delaunay triangulation of S is a crossing edge of some subset pair in the decomposition. However, not every crossing edge is a Delaunay edge; a subset pair contributes a Delaunay edge only if it is close to a large empty witness ball. We charge the pair’s O(r^3) crossing edges to the Ω(r^3) volume of this ball. By choosing the witness balls carefully, we ensure that any unit of volume is charged at most a constant number of times, implying the final O(Δ^3) bound.

In the full paper, we discuss several algorithmic and combinatorial implications of this new upper bound.

Regular triangulations (also called weighted Delaunay triangulations) are orthogonal projections of convex polytopes of one higher dimension [9]. Since affine transformations preserve convexity, it any affine transformation of a regular triangulation is also a regular triangulation. Thus, to prove Theorem 2, it suffices to construct a set S of n points whose Delaunay triangulation has complexity Ω(nΔ), such that some affine image of S has spread O(Δ).

Consider the set of n/Δ line segments s(i, j) with endpoints (2i, 8j, 0) ± ((-1)^{i+j}, (-1)^{i+j}, 1) for all positive integers i, j ≤ √ n/Δ. Let S be the set of n points containing Δ evenly spaced points on each segment s(i, j). There are Ω(Δ^2) Delaunay edges between any pair of adjacent segments s(i, j) and s(i + 1, j), and thus the overall complexity of the Delaunay triangulation of S is Ω(nΔ). We easily observe that applying the linear transformation f(x, y, z) = (x, y, Δz) results in a point set f(S) with spread O(Δ). This completes the proof of Theorem 2.

References

[1] D. Attali and J.-D. Boissonnat. Complexity of Delaunay triangulations of points on polyhedral surfaces. Rapport de recherche 4015, INRIA Sophia-Antipolis, July 2001. ⟨http:// www.inria.fr/rrrt/rr-4232.html⟩.

[2] P. B. Callahan and S. R. Kosaraju. A decomposition of multidimensional point sets with applications to k-nearest-neighbors and n-body potential fields. J. ACM 42:67–90, 1995.

[3] D. E. Cardoze and L. Schulman. Pattern matching for spatial point sets. Proc. 39th Annu. IEEE Sympos. Found. Comput. Sci., pp. 156–165. 1998.

[4] S.-W. Cheng, T. K. Dey, H. Edelsbrunner, M. A. Facello, and S.-H. Teng. Sliver exudation. Proc. 15th Annu. Sympos. Comput. Geom., pp. 1–13. 1999.

[5] K. L. Clarkson. Nearest neighbor queries in metric spaces.

Discrete Comput. Geom. 22:63–93, 1999.

[6] R. Dwyer. The expected number of k-faces of a Voronoi diagram. Internat. J. Comput. Math. 26(5):13–21, 1993.

[7] R. A. Dwyer. Higher-dimensional Voronoi diagrams in linear expected time. Discrete Comput. Geom. 6:343–367, 1991.

[8] H. Edelsbrunner. An acyclicity theorem for cell complexes in d dimensions. Combinatorica 10(3):251–260, 1990.

[9] H. Edelsbrunner. Geometry and Topology for Mesh Generation. Cambridge University Press, Cambridge, England, 2001.

[10] H. Edelsbrunner, P. Valtr, and E. Welzl. Cutting dense point sets in half. Discrete Comput. Geom. 17:243–255, 1997.

[11] J. Erickson. Nice point sets can have nasty Delaunay triangulations. Proc. 17th Annu. ACM Sympos. Comput. Geom., pp. 96–105. 2001.

[12] M. Gavrilov, P. Indyk, R. Motwani, and S. Venkatasubramanian. Geometric pattern matching: A performance study. Proc. 15th Annu. ACM Sympos. Comput. Geom., pp. 79– 85. 1999.

[13] M. Golin and H. Na. On the average complexity of 3D- Voronoi diagrams of random points on convex polytopes. Proc. 12th Canad. Conf. Comput. Geom., p. to appear. 2000.

[14] P. Indyk, R. Motwani, and S. Venkatasubramanian. Geometric matching under noise: Combinatorial bounds and algorithms. Proc. 8th Annu. ACM-SIAM Sympos. Discrete Algorithms, pp. 457–465. 1999.

[15] X.-Y. Li and S.-H. Teng. Generating well-shaped Delaunay meshes in 3D. Proc. 12th Annu. ACM-SIAM Sympos. Discrete Algorithms, pp. 28–37. 2001.

[16] G. L. Miller, D. Talmor, and S.-H. Teng. Optimal coarsening of unstructured meshes. J. Algorithms 31(1):29–65, 1999.

[17] G. L. Miller, D. Talmor, S.-H. Teng, and N. Walkington.

A Delaunay based numerical method for three dimensions: generation, formulation, and partition. Proc. 27th Annu. ACM Sympos. Theory Comput., pp. 683–692. 1995.

[18] P. Valtr. Planar point sets with bounded rations of distances.

Ph.D. thesis, Fachbereich Mathematik, Freie Universität Berlin, Berlin, Germany, 1994.

[19] P. Valtr. Lines, line-point incidences and crossing families in dense sets. Combinatorica 16:269–294, 1996.

[20] K. Verbarg. Approximate center points in dense point sets.

Inform. Proc. Lett. 61(5):271–278, 1997.