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Der Man mit dem Mundwerk, Paul Klee (1930)
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1→0 2→0 3→3



Homotopy moves

1→0 2→0 3→3

How many?



Previous bounds

‣O(n2) homotopy moves are always sufficient  
[Steinitz 1916; Grünbaum 1967; Francis 1971; Feo 1985; Truemper 1989; Vegter 1989; 
Feo Provan 1993; Hass and Scott 1994; Nowik 2000; …]



Previous bounds

‣O(n2) homotopy moves are always sufficient  
[Steinitz 1916; Grünbaum 1967; Francis 1971; Feo 1985; Truemper 1989; Vegter 1989; 
Feo Provan 1993; Hass and Scott 1994; Nowik 2000; …]

‣Ω(n) homotopy moves are sometimes necessary  
[trivial]



Θ(n3/2)Θ(n3/2)
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Electrical transformations

Loop reduction Parallel reduction Δ→Y transformation

Leaf reduction Series reduction Y→Δ transformation



Degree-1 reduction Series-parallel reduction ΔY transformation
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Resistor network analysis [Kennelly 1899]



Shortest paths [Akers 1960]
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Maximum flows [Akers 1960]
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‣Resistor network analysis [Kennelly 1899]  
‣AC circuit analysis [Russell 1904]  
‣Shortest paths and maximum flows [Akers 60] 

‣Network reliability estimation  
[Lehman 63, Traldi 83, Chari Feo Provan 96, Truemper 02] 
‣Multicommodity flows [Feo 85] 

‣Counting spanning trees, perfect matchings, and cuts 
[Colbourn Provan Vertigan 95] 
‣Generalized Laplacian linear systems 

[Gremban 96, Nakahara Takahashi 96] 
‣Circular planar networks 

[Colin de Verdière, Gitler, Vertigan 96; Curtis, Ingerman, Morrow 98] 
‣Kinematic analysis of articulated robots [Staffelli Thomas 02] 
‣Flow estimation from noisy measurements [Zohar Geiger 07]



Any planar graph can be reduced using a finite number of 
electrical transformations. [Steinitz 1916, Epifanov 1966]

How many?



Previous bounds

‣O(n2) electrical transformations are always sufficient  
[Steinitz 1916; Epifanov 1966; Grünbaum 1967; Feo 1985; Truemper 1989; Gitler 1991; 
Feo Provan 1993; Colin de Verdière, Gitler, Vertigan 1996; Song 2001; …] 

‣Ω(n) electrical transformations are always necessary  
[trivial]
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Steinitz’s Theorem

A graph is the 1-skeleton of a convex polytope in R3 
if and only if it is planar and 3-connected.

[Steinitz 1916]
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Medial graph G×

‣Medial vertex for each edge of G 

‣Medial edge for each corner of G

[Tait 1877, Steinitz 1916]
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Medial electrical moves

1→0 2→1 3→3

[Steinitz 1916]

Hey, these look familiar.



Steinitz’s Lemma

Every 4-regular plane graph contains either  
an empty loop or a minimal bigon.

[Steinitz 1916]

bigon minimal bigon



Steinitz’s Lemma

Every 4-regular plane graph contains either  
an empty loop or a minimal bigon.

[Steinitz 1916]

Spindel irreduzible Spindel



Every non-empty minimal bigon contains at least two 
triangular faces (one adjacent to each side).
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Every non-empty minimal bigon contains at least two 
triangular faces (one adjacent to each side).

So we can reduce any minimum bigon to 
an empty bigon using 3→3 moves



Steinitz’s Algorithm

‣While there are vertices 

▹ If there is an empty loop, remove it with a 1→0 move 

▹ Otherwise, empty any minimal bigon with 3→3 moves,  
and then remove it with a 2→0 or 2→1 move

[Steinitz 1916]



Steinitz’s Algorithm

‣While there are vertices 

▹ If there is an empty loop, remove it with a 1→0 move 

▹ Otherwise, empty any minimal bigon with 3→3 moves,  
and then remove it with a 2→0 or 2→1 move

‣O(n) moves per bigon = O(n2) moves

[Steinitz 1916]



Positive 3→3 moves

If there are no empty loops or empty bigons, 
then some 3→3 move decreases the sum of face depths.

[Feo Provan 1993]
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Feo and Provan’s Algorithm

‣While there are vertices 
▹ If there is an empty loop, perform a 1→0 move 

▹ Else if there is any empty bigon, perform a 2→0 or 2→1 move 

▹ Else perform any positive 3→3 move 

‣O(Φ) = O(n2) moves,  
where potential Φ = sum of face depths

[Feo Provan 1993]



Homotopy Algorithm



Any loop can be removed using at most 3A homotopy 
moves, where A is the number of interior faces.
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Any loop can be removed using at most 3A homotopy 
moves, where A is the number of interior faces.
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Contracting a loop decreases potential by at least A.



New Algorithm

‣While there are vertices, shrink any loop. 

‣O(Φ) = O(n2) moves, where Φ = potential
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‣ Tangle = intersection of curve with a generic closed disk 

‣ Boundary-to-boundary paths called strands 

‣ Face depths and potential defined exactly as for curves.
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Any tangle can be tightened in O(md + ms) moves, where  
m = #vertices, d = max face depth, and s = #strands
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We call a tangle useful if m ≥ s2 and d = O(m1/2)
▹ Can be tightened using O(md+ms) = O(m3/2) moves
▹ Tightening removes at least half of the vertices

Lemma: Every curve admits a useful tangle.

▹ Depth contours define a sequence of nested tangles
▹ Suppose ith tangle has mi vertices and si strands
▹ If the first i tangles are all useless, then si ≥ i/2 and thus mi ≥ i2/4

z



Our homotopy algorithm

‣While there are vertices, tighten any useful tangle 

‣ Analysis: 

▹ Tightening a useful tangle with m vertices takes O(m3/2) moves. 

▹ Charge O(m1/2)=O(n1/2) moves to each deleted vertex 

▹ So removing all n vertices takes O(n3/2) moves.



Homotopy Lower Bound



Defect = unique curve invariant that is zero for simple 
curves and changes as follows under homotopy moves:

29:4 Untangling Planar Curves

subpaths between vertices as edges, and the components of the complement of the curve as
its faces. Two curves “ and “Õ are isomorphic if their images are isomorphic as planar maps;
we will not distinguish between isomorphic curves.

1

2 1

2We adopt a standard sign convention for vertices first used
by Gauss [19]. Choose an arbitrary basepoint “(0). We call a
vertex positive if the first traversal through the vertex crosses the
second traversal from right to left, and negative otherwise. We
define sgn(x) = +1 for every positive vertex x and sgn(x) = ≠1 for every negative vertex x.

A homotopy between two curves “ and “Õ is a continuous function H : S1 ◊ [0, 1] æ M
such that H(·, 0) = “ and H(·, 1) = “Õ. Each homotopy move can be executed by a
homotopy. Conversely, Alexander’s simplicial approximation theorem [3], together with
combinatorial arguments of Alexander and Briggs [4] and Reidemeister [36], imply that any
generic homotopy between two closed curves can be decomposed into a finite sequence of
homotopy moves. Two curves are homotopic, or in the same homotopy class, if there is a
homotopy from one to the other. All closed curves in the plane are homotopic.

2 Lower Bounds

2.1 Defect
To prove our main lower bound, we consider a numerical invariant of closed curves in the
plane introduced by Arnold [7,8] and Aicardi [1] called defect. Polyak [35] proved that defect
can be computed—or for our purposes, defined—as follows:

defect(“) := ≠2
ÿ

xGy

sgn(x) · sgn(y).

Here the sum is taken over all interleaved pairs of vertices of “: two vertices x ”= y are
interleaved, denoted x G y, if they alternate in cyclic order—x, y, x, y—along “. Even though
the signs of individual vertices depend on the basepoint and orientation of the curve, the
defect of a curve is independent of those choices.

Trivially, every simple closed curve has defect zero. Straightforward case analysis [35]
implies that any single homotopy move changes the defect of a curve by at most 2; the
various cases are illustrated in Figure 2.1.

1�0 2�0 3�3

0 1 0

3 1

2

0 0 ≠2 +2 +2

Figure 2.1 Changes to defect incurred by homotopy moves. Numbers in each figure indicate how
many pairs of vertices are interleaved; dashed lines indicate how the rest of the curve connects.

[Aicardi 94, Arnold 94]

Simplifying any curve γ requires at least |defect(γ)/2| 
homotopy moves.



defect = –2 ∑x≬y sgn(x) sgn(y) 

▹ x≬y means vertices x and y are interleaved 

▹ sgn(x)=+1 if first pass through x crosses second from left to right;  
sgn(x)=–1 otherwise. [Gauss c.1830] 

▹ Independent of basepoint and orientation.
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[Polyak 98]



Flat torus knot T(p,q) 
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Flat torus knot T(p,q) 

(cos(qθ)+2) cos(pθ), (cos(qθ)+2) sin(pθ))

T(7,8) T(8,7)

defect(T(p, p+ �)) = �
✓
p+ �
�

◆

= ⇥(n�/�)

[Even-Zohar et al. 2014]



Flat torus knot T(p,q) 

(cos(qθ)+2) cos(pθ), (cos(qθ)+2) sin(pθ))

T(7,8) T(8,7)

[Hayashi et al. 2012]
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[Even-Zohar et al. 2014]
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Flat torus knot T(p,q) 

(cos(qθ)+2) cos(pθ), (cos(qθ)+2) sin(pθ))

T(21,34) T(34,21)

defect(T(Fk+�, Fk)) = defect(T(Fk��, Fk))

= (Fk � �)(Fk � �)/�
= ⇥(n)



Electrical Lower Bound



1→0 2→1 3→3

[Steinitz 1916]

medial electrical moves



1→0 2→1 3→3

[Steinitz 1916]

medial electrical moves
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smoothing

minor

delete contract



Lemma: Reducing any connected proper minor of G 
requires strictly fewer electrical moves than reducing G.

1→0

2→1 = 1→0

3→3 2→1 =

=

1→2 = =

[Truemper 1989, Gitler 1991]



Lemma: The minimum # electrical moves to reduce G is 
at least the minimum # homotopy moves to simplify G×. 

▹ Proof: Replace the first 2→1 move with a 2→0 move,  
then apply the minor lemma and induction.

[Noble Welsh 2000]



Lemma: The minimum # electrical moves to reduce G is 
at least the minimum # homotopy moves to simplify G×.

Corollary: For all k, the k×(2k–1) cylindrical grid graph 
requires Ω(k3) = Ω(n3/2) electrical moves to reduce.



Lemma: The minimum # electrical moves to reduce G is 
at least the minimum # homotopy moves to simplify G×.

Corollary: For all k, the k×(2k–1) cylindrical grid graph 
requires Ω(k3) = Ω(n3/2) electrical moves to reduce.

▹ Proof: Its medial graph is T(2k, 2k–1).



Electrical Upper Bound

☠ DANGER ☠ 

HARD HAT AREA



We can’t modify our homotopy algorithm directly—it uses 
0→2 moves, which have no electrical equivalent.

y

z



Conjecture: Every loose tangle either has an empty loop, 
has an empty bigon, or admits a 3→3 move that reduces 
the potential of the tangle.

‣ This would imply an O(n3/2)-move electrical reduction 
algorithm.
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the potential of the tangle.

‣ This would imply an O(n3/2)-move electrical reduction 
algorithm.

‣Unfortunately, this conjecture is false!



Conjecture: Every 4-regular plane graph has either an 
empty loop or a bigon containing O(n1/2) faces.

‣ This would also imply an O(n3/2)-move electrical 
reduction algorithm.



Conjecture: Every 4-regular plane graph has either an 
empty loop or a bigon containing O(n1/2) faces.

‣ This would also imply an O(n3/2)-move electrical 
reduction algorithm.

‣Unfortunately, this conjecture is also false!



Every loop and every bigon in the “Fibonacci cube”  
contains Ω(n) faces.
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Lemma: Every loose tangle with at most 3n1/2 open 
strands contains either an empty loop or a minimal bigon 
with perimeter at most O(n1/2). 

Proof: Complicated case analysis and parameter balancing

☠ DANGER ☠ 

HARD HAT AREA



Consider a minimal bigon β with area A and perimeter P. 

‣We can reduce β to a centipede using A–P/2 3→3 moves, 
which reduce potential by at least A/2–P/4 

‣ Then we can empty β with P/2–1 additional 3→3 moves

☠ DANGER ☠ 

HARD HAT AREA



‣While the graph is not reduced 
▹ Find a useful tangle T in the medial graph 

▹ While T is not tight 
• Find a minimal bigon β in T with small perimeter 

• Shrink β to a centipede 

• Empty the centipede 

• Remove the empty bigon

Electrical Reduction Algorithm ☠ DANGER ☠ 
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‣While the graph is not reduced 
▹ Find a useful tangle T in the medial graph 

▹ While T is not tight 
• Find a minimal bigon β in T with small perimeter 

• Shrink β to a centipede 

• Empty the centipede 

• Remove the empty bigon

‣O(n1/2) charged to each vertex, so O(n3/2) moves total.

charge to potential

perimeter O(m1/2)

Electrical Reduction Algorithm

m ≤ n vertices  
≤m1/2 open strands 
max depth O(m1/2) 
potential O(m3/2)

charge to perimeter

charge to 
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charge to 
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charge to 
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Thank you!Thank you!Thank you!


