CS 473 ] Spring 2016

Y Homework 6 Z
Due Tuesday, March 15, 2016, at 8pm
For problems that use maximum flows as a black box, a full-credit solution requires the following.
• A complete description of the relevant flow network, specifying the set of vertices, the set
of edges (being careful about direction), the source and target vertices s and t, and the
capacity of every edge. (If the flow network is part of the original input, just say that.)
• A description of the algorithm to construct this flow network from the stated input. This
could be as simple as “We can construct the flow network in O(n3 ) time by brute force.”
• A description of the algorithm to extract the answer to the stated problem from the
maximum flow. This could be as simple as “Return True if the maximum flow value is at
least 42 and False otherwise.”
• A proof that your reduction is correct. This proof will almost always have two components.
For example, if your algorithm returns a boolean, you should prove that its True answers
are correct and that its False answers are correct. If your algorithm returns a number, you
should prove that number is neither too large nor too small.
• The running time of the overall algorithm, expressed as a function of the original input
parameters, not just the number of vertices and edges in your flow network.
• You may assume that maximum flows can be computed in O(V E) time. Do not regurgitate
the maximum flow algorithm itself.
Reductions to other flow-based algorithms described in class or in the notes (for example: edgedisjoint paths, maximum bipartite matching, minimum-cost circulation) or to other standard
graph problems (for example: reachability, minimum spanning tree, shortest paths) have similar
requirements.

1. Suppose you are given a directed graph G = (V, E), two vertices s and t in V , a capacity
function c : E → R+ , and a second function f : E → R. Describe an algorithm to determine
whether f is a maximum (s, t)-flow in G. Do not assume anything about the function f .
2. Suppose you have already computed a maximum flow f ∗ in a flow network G with integer
edge capacities.
(a) Describe and analyze an algorithm to update the maximum flow after the capacity of
a single edge is increased by 1.
(b) Describe and analyze an algorithm to update the maximum flow after the capacity of
a single edge is decreased by 1.
Both algorithms should be significantly faster than recomputing the maximum flow from
scratch.
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3. Suppose you are given an n × n checkerboard with some of the squares deleted. You
have a large set of dominos, just the right size to cover two squares of the checkerboard.
Describe and analyze an algorithm to determine whether it is possible to tile the board with
dominos—each domino must cover exactly two undeleted squares, and each undeleted
square must be covered by exactly one domino.

Your input is a two-dimensional array Deleted[1 .. n, 1 .. n] of bits, where Deleted[i, j] = True
if and only if the square in row i and column j has been deleted. Your output is a single
bit; you do not have to compute the actual placement of dominos. For example, for the
board shown above, your algorithm should return True.
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