



































































































































Smdlestingball Smallest bombproblem
mi n r

s.t.ca a5 iCxi b5Er I EEIIs

Non linear constraints cadt be linearized
The optimum satisfies either 2 or 3 constraints with equality

0
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o
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o
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Compare smallest annulus Because its the solution
to an LP with 4 variables

Optimum annulus must
have 4 points on

t t its boundary

But Seidel's algorithm doesn't really depend on linearity
Solution is unique assuminggenpos
Solution is determined by tight constraints

Exchangeproperty If OPTCH h B Eth
then OPTCH B C 2h

Let's prove these properties for smallest enclosing circle

Uniqnenessfollousfromaonvex.tt

If P lies inside Bcc r then c c f Blp r

pep

Pr is convex for all r Call this Pr
shrinks to ap as r increases
can't be a segment convex curve
























Solutiondetermined bytight constraints

circumcircle of pqr smallest circle par
iff center inside pariff par is acute

circle containing pq

1
smallest

centered at midpoint
Again convexity

Laminar Let D pts in planeR pts in plane Ph R 0

If there is a disk D with PED and REDDI mind p R
the smallest such disk is unique a

minimal
Proto Let Dz and Dz be two such disks IRIE 2

rs
o PEDI 2nd PETE PE Dz hDz

C't th Lef Ce Ce be centers of De De
De to re re 212 Dz

re DZ
REEE.irD

Let c midpoint of c Cz C Cz n r re

Let D disk centered at c thru here

radius CD radius CDI radius Dz

P E De n Dz E D

So D is smaller disk with PED RED
so Dz Dz not smallest tf

Divotian Let P 12 bedisjointpoint sets as above

For any PEP If p C mind P p then mind RR mind Pp R
If p mi DLP p R then minDLP127 minDLP p Rtp



ProoI Let D mind P p R

Spose p ED Then PED and RE 3D
Any smaller disk D with PE D and REZD

would also have P p C D

contradicting def of D

Let D mind RR P p E D n D

Continuously deform D into D
C keeping Ro the boundary
tote moving center along the ray cc

D ee Dt always contains D ND
ra D

radius must increase over time

D is first disk in his family to contain p
D

WetzlbminidiskalgarithmI
MinD 2 1121E3Xd e

if R d 1 Works in

4 p random point in P
D Mind P p R

if PEDreturn D
else

return Mind P p Rep
2 2

It's instructive to trace thru this algorithm when 117 3
52 0

Runs in OCHA n expected time Lia Seidel analysis



Similar algorithms work for other LP type problems
Monotonicity A EB OPTIA C OPTLB

Locality AEB OPTIA OPT B OPT Atx
OPT B 0PTlBtx

Minimum enclosingellipsoid D dCd13312

Quasi convex optimization CDE Zd 1

Find min value of a function with convex
sub level sets

On the other hand
slow when dis large use variant of

the simplexmethodinstead


