
 

Applicationsoflinearrangements

ftp.epaig KEIL Is
For any half plane h define

1h M h area of h h 0,132

hand h have µp h IP Nhl IP
same discrepancy

discrepancy Dp h Inch up h

discrepancy of P sumpDpch
Motivated by ray tracing anti aliasing Monte Carlo integration

Continuity arguments imply line l with max discrepancy
has one of two forms

en
in points p

Only 04 of these But OCD of these
8 per point in P we can computeµ

Ch in 011 time

But what aboutMpch

f

line thru two points in P

Duality FTW If
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Compute the level of every vertex of arrgh LL

Build arrgh LL
Ie

4

3 3
Z level 3

1 o O
O

level 1

Compute level of any vertex by brute force

Compute remaining levels by WFS

Alternatively Compute left end of each level by sorting slopes

walk alongeach level in 0111 time per vertex

HamSandricharts
Given two sets of points R and B in the plane
find a line that bisects beth sets

D
Hann sandwich theorem There is a plane that cuts

both slices of bread and the 4am exactly in half

even if one slice of bread is on your head and
the other

one is the moon



Existence proof ZD n n

Assume both sets hare r

odd points
Let ligand lie be unique
vertical lines that
bisect B and R

r

WLOL lB is left of liz werIB
c
haters

continuously rotate the plane
n n

The voted bisecting lines lie ers
change continuously

s

After half turn
lis is right of Liz

So at some angle they
must coincide D u v

Algorithm
Keep points fixed very slopes of bisectors from

too
to

In the dual
Two families of lines B and R't

move points lEsandlitz from left to right
along of arrghlB't and arrgh Rt

These levels must intersect

Construct arrangements
of Bt and Rtc

walk along median
n

i

f

o

i

0hr43 n zrthogi
wedon'tactuallyknowhowlong this takes



Minimtringes
Given a set P of n points find three points in P

spanning minimum unsigned area

Naive 0hr3 time

Fix two points p and q
For any pointer we have 4

p
arealpg D Eb h
where 1

b Ip x g xl and

h vertical distance from r to spot
So min area triangle Dpg uses 3rd point closest to pF

Thud
For each vertex in arrghCP't we want closest

line above or below

Trapezoidal decomposition

I

l
Build arrgh Ptt
Build trap decompFind astroaitgeesmteEutidexedge

at each 044 time



Can we do better Nobody knows

Related problem 3ShM_ Given n numbers do

any 3 sum to 0

Easy 015 time algorithm
Fo ay set X let I x xD x c X

Three elements of X sum to 0
iff

Three points in are collinear

I 72533,1 a thot c b a c b Cc a

Matching Rbi lower bound in weak model of computation

First sub quadratic Igo for zs µ
without bit tricks

Gronlund Pettie 2014 062109,1592 expected

Gold Shui r 2017 0 n2Y
Chan 2018 Off 109092

354M conjecture OCnZ
8 time is impossible for all 8 0

even for integers between vis and n

But no old time algorithm for detecting
collinear triples of points


