CS 498 TC + Computational Geometry < Spring 2026

» Homework 1 &
Due Wednesday, February 11, 2026 at 8pm

Please read and understand the homework policies at the end of this handout.

1. Suppose we are given a set D of n circular disks in the plane, each with the origin (0, 0)
on its boundary, and we are asked to compute the boundary of their union. Each disk is
represented by the x- and y-coordinates of its center. The union boundary consists of a
circular sequence of circular arcs, each part of the boundary of a distinct disk in D; that is,
each disk in D contributes at most one boundary arc.

(a) Describe how to compute the intersection points of the boundaries of two disks in D
in O(1) time. (The origin is always one of these intersection points; compute the
other one.)

(b) Describe an algorithm to compute (a discrete description of) the boundary of the
union of D in O(nlogh) time, where h is the number of boundary arcs. [Hint: Reduce
to a problem you've already seen. Turn the input inside out. Or don't.]

2. A polygon is octilinear if each of its edges is horizontal or vertical or has slope £1. Suppose
we are given a set P of n points on the integer grid.! Describe an efficient algorithm
that computes an octilinear polygon with minimum perimeter that encloses P. (See the
example on the next page.) There may be more than one octilinear enclosure with the
same minimum perimeter; your algorithm can output any one of them arbitrarily. Don’t
forget to prove that your algorithm is correct!

[Hint: This is easier than it looks. First consider finding a minimum-perimeter enclosing
polygon whose edges are only horizontal or vertical. ]

To think about later: Modify your algorithm to find, among all minimum-perimeter
octilinear enclosures, the one with minimum area.

1Because the points have integer coordinates, you cannot assume general position. In particular, P may contain
multiple points on the same horizontal, vertical, or slope £1 line.. However, you can assume that the n input points
are distinct.
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3. Recall that Chan’s convex-hull algorithm partitions a given set of points into k subsets,
computes the convex hull of each subset using Graham’s scan, and then computes the
convex hull of those k convex polygons using an accelerated version of the Jarvis March
algorithm. The running time of Graham’s scan is dominated by the time to sort the points
in cyclic order around the leftmost point; the rest of the algorithm runs in O(n) time.

(@) Describe and analyze a variant of Graham’s scan that begins by sorting the points by
their x-coordinates; the rest of the algorithm should take O(n) time. In particular,
prove that the algorithm actually works. What invariant does the "three-penny"
algorithm maintain that guarantees that the final resulting polygon is convex?

(b) Suppose we can magically sort the n given x-coordinates in sort(n) = o(nlogn) time.
Describe how to modify Chan’s algorithm so that it runs in O((n/h) - sort(h)) time.
Your algorithm must use the magical sorting algorithm as a black box; however, you
can assume that the function sort(n) is known in advance. [Hint: Use part (a).]

Magical sorting algorithms do exist in the word RAM model of computation.2 For
example, an algorithm of Fredman and Willard based on fusion trees sorts n integers in
O(n+/logn) time; the corresponding variant of Chan’s algorithm runs in O(n4/logh)
time. Under reasonable assumptions, a range reduction algorithm of Kirkpatrick and
Reisch sorts n integers in O(nloglogn) time; the corresponding variant of Chan’s
algorithm runs in O(nloglogh) time.

4. A path in the plane is x-monotone if its intersection with any vertical line is ether empty, a
single point, or a line segment.

Suppose we are given a set S of n horizontal and vertical line segments in the plane,
some of which may intersect, along with two points s and t. Describe an algorithm
that determines whether there is an x-monotone path from s to t that does not intersect
any segment in S. You can assume that every segment in S has positive length, and
that endpoints of different segments in S (and the points s and t) have distinct x- and
y-coordinates.

[Hint: Use a sweep-line algorithm. Aim first for an algorithm that runs in O((n+k)logn)
time, where k is the number of segment-segment intersections, but this is not the best
possible running time.]

2HC SVNT DRACONES


https://en.wikipedia.org/wiki/Here_be_dragons
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The figure below shows two example inputs that differ in the position of exactly one
endpoint. Your algorithm should return TRUE for the example on the left, because the blue
path is x-monotone. Your algorithm should return FaLsk for the example on the right; the
red path connects s to t, but it is not x-monotone.

o

To think about later: How would you modify your algorithm to find a path from s to t
that is both x-monotone and y-monotone?

To think about later: How would you modify your algorithm to find an x-monotone
path from s to t where every edge of the path has slope between —1 and 1? (Think of a
basic side-scrolling video game where the environment moves the the left at some fixed
speed, and you can move your character up or down, but not arbitrarily quickly.)


https://www.youtube.com/watch?v=ErQHVUQ6QCk
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4 Homework Policies <

* Submit your solutions on Gradescope, following the link on the course web page, as
separate PDF files for each numbered problem. Teams of up to three students can submit
joint homework solutions. Exactly one member of each homework team should upload the
team’s solution and identify the other team members.

* You may use any resource at your disposal—paper, electronic, or human—but you must
cite every source that you use (except as indicated below), and each homework team must
write everything themselves in their own words. All submissions must include a complete
list of sources and collaborators, even if that list is empty. (“Sources and collaborators:
None.”) Any submission without such a list will not be graded.

— The only sources that you do not need to cite are this semester’s course materials and
material typically covered in CS 173, CS 225, and/or CS 374.

— Cite written sources exactly as you would in a research paper; BibTgX is your friend.

— If you use an LLM or other Al tool for any reason, you must cite it and briefly explain
how/why you used it.

* Whenever a problem asks for an algorithm, your solution should include a clear description
of your algorithm (preferably in pseudocode), a brief justification of your algorithm’s
correctness, and a brief analysis of the algorithm’s running time.

* Unless a problem explicitly states otherwise, you may assume implicitly that the input is
in general position. Similarly, if a problem asks for a certain running time, a randomized
algorithm with that expected running time is fine.

* As a general rule, your solution for each numbered problem should fit in at most two
typeset pages, not including figures and references; one page is usually a good target. If
your solution requires significantly more than two pages, you are probably including too
much detail. Write breadth-first, not depth-first.

* Clarity, precision, and style matter more than correctness; correctness matters more than
efficiency. Solutions that are clear but incorrect are worth more than solutions that are
correct but unreadable. Clear and correct solutions that are suboptimal are worth more
than optimal but opaque solutions, or fast but incorrect solutions. In particular, submissions
that mirror ChatGPT’s sloppy repetitive writing style will be heavily penalized.

Rubric: All problems will be graded on the same crude four-point (sic) scale:

0 = Missing, completely unclear, complete misunderstanding, or no list of sources (hopefully rare)
1 = A good-faith but incorrect solution that shows understanding of the problem

2 = Significant progress toward a clear, correct, and efficient solution

3 = A mostly clear, mostly correct, and nearly efficient solution

4 = Full credit: A completely clear, correct, and efficient solution

5 = Extra credit: Above and beyond (probably rare)

Partial credit for (sub)problems worth more or less than 4 points will be scaled and rounded to half-integers.
I reserve the right to deviate from this rubric for specific issues.




