Computational Geometry Homework 2 Solutions Spring 2026

1. (a) Describe an algorithm to compute the motorcycle graph of n moving points.

Solution: My algorithm computes an array Death[1..n], where Death[i] is the
time when the ith motorcycle crashes, or oo if it never crashes. It is easy to
construct an explicit representation of the motorcycle graph from this array in
O(n) time if necessary.

For each pair of indices i # j, let t;_,; denote the time the ith motorcycle
crosses the line containing the jth motorcycle’s track. We can compute both ¢;_, ;
and t;_,; in constant time by solving the linear system

Xi +ui 0 ti—>j = Xj +uJ 0 tj—>i
YitVictinj=Yjtviti

To compute all collision times, we consider all n(n — 1) possible collisions in
chronological order. Motorcycle i actually crashes at time ¢;_,; if and only if the
following conditions hold:

i~j > 0 — Motorcycle i initially moves toward the collision point.

j»i > 0 — Motorcycle j initially moves toward the collision point.

t
t.

* t;.,j <Death[i] - Motorcycle i actually reaches the collision point.
tj.i; < Death[j] - Motorcycle j actually reaches the collision point.
t

i»j > tj_; — Motorcycle i reaches the collision point after motorcycle j.

(The second and fifth inequalities make the first inequality redundant.) If we
discover that motorcycle i crashes at time t;_,;, we set Death[i] < t;_ ;. Because
we consider events in chronological order, each collision time Death[i] is set
exactly once.

MoTorcycLEDEATHS(P[1..n]):
{(Preprocessing))
fori—1ton

Death[i] « oo

forie—1ton—1
forj«—i+1lton
compute Time[i, j] and Time[j,1]
Events[1..n(n—1)] « array containing every index pair (i, j)
sort Events by Time[1, j]
{(Now for the real work!))
fork «—1ton(n—1)
(i,j) « Events[k]
if Time[i, j] < Time[j,i] < Death[i] and O < Time[j,i] < Death[j]
Death[i] « Time[i, ]
return Death[1..n]

The algorithm runs in O(n? log n) time; the running time is dominated by sorting
the potential collision times. [ |
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(b) Describe an algorithm to compute the motorcycle graph of n moving points in
O(nlogn) time when x; = 0 for every index i; that is, all n points start on the y-axis.

Solution: We separately consider motorcycles moving to the right (u; > 0) and
motorcycles moving to the left (u; < 0), since those two sepcies of motorcycle
never interact. I'll describe how to handle the rightward bikes below; leftward
bikes are handled symmetrically. (General position implies that none of the bikes
move vertically (u; = 0), but vertical bikes are easy to handle if necessary, by
sorting along the y-axis.)

To find collisions among the rightward motorcycles, we consider possible
collisions in order from left to right. In effect, we imagine that each motorcycle
has velocity (1, v;/u;), so that all motorcycles always have the same x-coordinate,
but we use the original velocities (u;, v;) to determine which motorcycle survives
each collision. The algorithm closely follows the Bentley-Ottmann sweep-line
algorithm for counting line-segment intersections.

At the start, we sort the motorcycles by their starting y-coordinates.

We maintain an ordered dictionary storing the indices of all tracks in order
along the sweepline. Initially, this sweep dictionary contains the indices 1,2, ...,n
in order. Whenever we detect a collision, we DELETE the index of one motorcycle
from the sweep dictionary; we never INSERT into the sweep dictionary after its
initialization.

We also maintain a priority queue containing pairs of motorcycles that are
adjacent along the sweep line. The priority of each pair (i, j) is the x-coordinate
x(i, j) of the point where the lines containing tracks i and j intersect. (However,
if x(i, j) < 0, we exclude the pair (i, j) from the event queue.) Thus, initially, the
event queue contains (some subset of) the n—1 pairs (1, 2),(2,3),...,(n—1,n).

At each iteration of the main loop, we find the leftmost event (i, j) in the
priority queue. If either motorcycle i or motorcycle j is already dead, we
ignore the event. Otherwise, suppose motorcycle i reaches x(i, j) later than
motorcycle j. We record the death of motorcycle i, delete i from the sweep
dictionary, and insert a new potential collision event between the predecessor
of i and the successor of i in the sweep dictionary.

After initialization, the event queue contains at most n—1 potential events. In
the main loop, after each collision, we insert one new event into the event queue,
and there are at most n — 1 collisions. It follows that our algorithm processes at
most 2n — 2 events. Each event requires O(logn) time for the sweep-dictionary
and event-queue operations, so the overall running time is O(nlogn). |
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2. Let P be an arbitrary generic simple orthogonal polygon with n vertices.

(@) Prove that P has exactly n/2 — 2 reflex vertices.

Solution: Orient P counterclockwise (that is, with the interior on the left), so
that its total turning angle is 1. Suppose P has r reflex vertices, and therefore
n—r convex vertices. Each convex vertex has a turning angle of +1/4, and each
reflex angle has a turning angle of —1/4. It follows that (n—r)/4—r/4 =1,
which immediately implies r = n/2 —2. [ ]

(b) Prove that every proper rectangulation of P has exactly n/2 — 1 rectangles.

Solution (Euler): Let R be an arbitrary proper rectangulation R of P. Tll
compute the number of rectangles in R by counting its vertices and edges and
then applying Euler’s formula. Let V, E, and F denote the number of vertices,
edges, and faces of R, respectively

Every vertex of R is either a convex vertex of P, a reflex vertex of P, or the
end of a bar that is not a vertex of P. Let’s call the last type T-vertices.

Part (a) implies that P has n/2 — 2 reflex vertices and thus n/2 + 2 convex
vertices. The bars define a perfect matching between reflex vertices T-vertices,
so R has n/2 — 2 T-vertices. Thus, V =3n/2—2.

Convex vertices of P have degree 2 in R; all other vertices of R have degree 3.
Thus, 2E = Y. deg(v) = 3(n—4)+2(n/2+2) = 4n—8, which implies E = 2n+2.

Euler’s formula now implies that F = 2—V+E = 2—(3n/2—2)+(2n—4) = n/2.
By ignoring the outer face, we conclude that R has n/2 —1 interior faces. ®

Solution (flips): The simplest non-trivial example of an orthogonal polygon is
an L-shaped hexagon; this polygon has exactly two proper rectangulations, each
with two rectangles.

Let R be any proper rectangulation of any generic orthogonal polygon P. Call
a vertex of R new if it is not also a vertex of P. Genericity implies that every new
vertex v of R has degree 3; moreover the two right angles at v both lie in the
interior of P. The union of the rectangles containing those two right angles is an
orthogonal hexagon.

A flip transforms R into another rectangulation R’ by finding two adjacent
rectangles in R whose union is an orthogonal hexagon L and replacing those
two rectangles with the other rectangulation of L. (See the figure below.) Flips
do not change the number of vertices, edges, or rectangles. Every new vertex
of R yields a possible flip.
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. |
] ]

Two flips in a rectangulation.

So let R be any proper rectangulation of P with h > 0 horizontal edges.
Let e be any horizontal edge; let b be the horizontal bar containing R, let v
be an endpoint of b that is not a vertex of P (which must exist by genericity),
and let uv be the edge in b that is incident to v. Then v is a new vertex; the
corresponding flip replaces the horizontal edge uv with a vertical edge uw. The
resulting rectangulation R’ has h — 1 horizontal edges. It follows by induction
that some sequence of h flips transforms R into a rectangulation of P with only
vertical edges.

In fact, P has a unique vertical rectangulation R, constructed by the sweepline
algorithm in my solution to part (c).

Suppose P has at least one reflex vertex, since otherwise the proof is trivial.
Let r be a rectangle in Rl whose right wall contains the leftmost reflex vertex of P.
(There are at most two such rectangles.) Removing r from R yields a smaller
rectangulation with n — 2 boundary vertices and (by the induction hypothesis)
(n—2)/2—1 =n/2—2 rectangles. It follows that that R'hasn/2—1 rectangles.

Because flips do not change the number of rectangles, we conclude that every
proper rectangulation of P has n/2 — 1 rectangles. |

Solution (induction): T'll prove the claim by induction on n. Let R be an
arbitrary proper rectangulation of an arbitrary generic orthogonal polygon P,
and let n be the number of vertices of P. If P is a rectangle, R has exactly one
rectangle and n = 4, and therefore n/2—1 =4/2—1 = 1. So assume that n > 6.

Let b be any bar in R that intersects the interior of P. The definition of
“proper” implies that b contains an edge e of P. Let s be a maximal subsegment
of b in the interior of P. (There are at most two such segments.) One endpoint
u of s is also an endpoint of e, and therefore a reflex vertex of P. There are two
possibilities for the other endpoint v:

* Suppose v lies on the boundary of P. If v were a vertex of P, it would lie
on an edge collinear with e, violating our assumption that P is generic.
Segment uv partitions R into two smaller rectangulations R; and R, of two
smaller orthogonal polygons P; and P,, respectively.

* Suppose v lies in the interior of P. Then v must lie on another bar b’
orthogonal to b. This bar must contain another edge e’ of P, and therefore
must contain a segment vw, where w is a reflex vertex of P. The L-shaped
path uvw partitions R into two smaller rectangulations R; and R, of two
smaller orthogonal polygons P; and P,, respectively.
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<
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—

In both cases, v is a vertex of both P; and P,, each vertex of P (including u
and w) is a vertex of exactly one of P; and P,, and these are the only vertices
of P, and P,. Thus, n; + n, = n+ 2, where n; and n, respectively denote
the number of vertices of P; and P,. The induction hypothesis implies that R;
has n; /2 —1 rectangles and R, has n,/2 — 1 rectangles. It follows that R has
(n;/2—1)+(ny/2—1) =(n;+ny)/2—2 =(n+2)/2—2 =n/2—1 rectangles. W

Rubric: These are not the only correct proofs!!
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(c) Describe an algorithm to construct a proper rectangulation of P. (In particular, this
algorithm proves that a proper rectangulation always exists!)

Solution: We construct the unique “vertical” trapezoidal decomposition of P
using a sweep-line algorithm. From each vertical edge, we extend vertical
segments through the interior of P, possibly in both directions or neither, until
they touch P again.

—

The only differences from the Shamos-Hoey algorithm are (1) the sweep BST
can directly use y-coordinates of the horizontal edges as search keys, and (2) at
each vertical edge, we perform two update operations on the sweep BST instead
of one: either two insertions, two deletions, or one of each. The algorithm still
runs in O(nlogn) time.

Alternatively, we can construct the decomposition in O(nlogn) expected time
using a randomized incremental algorithm, with similar minor modifications to
handle vertical segments. (For example, a single trapezoid in an intermediate
decomposition can now have up to six neighbors—three through each vertical
wall—because a vertical wall can contain two segment endpoints.) [ |

(d) Prove or disprove: In every proper rectangulation R of P, every rectangle in R touches
the boundary of P.

Solution: Here is a minimal counterexample:

This example also shows that the second case of the inductive proof of part (b)
is actually necessary; not every rectangulation has a guillotine cut — an interior
segment with both endpoints on the boundary of P. [ |
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3. (a) 1i. Prove that every simple polygon has a (not necessarily frugal) convex quadrangu-

lation. [Hint: There is a very short solution. ]

ii. Prove that every polygon that has a frugal quadrangulation has an even number
of edges.

iii. Give an example of a simple polygon with an even number of vertices that has
no frugal quadrangulation.

iv. Give an example of a simple polygon with an even number of vertices that has a
frugal quadrangulation but has no frugal convex quadrangulation.

Solution:

i. Triangulate the polygon, and then subdivide each triangle into three convex
quadrilaterals by connecting its centroid to the midpoints of its edges.

ii. Every quadrilaterals has four edges, and gluing two quadrilaterals along an
edge reduces the number of boundary edges by 2.
However, not every polygon with an even number of edges has a quad-
rangulation; here are two minimal counterexamples:

AA

iii. Every quadrangulation of a hexagon uses exactly one diagonal. Consider
the non-convex hexagon P shown below. Connecting any convex vertex to
the opposite reflex vertices splits P into two non-convex quadrilaterals. The
only other diagonals connect two reflex vertices; each of these splits P into
a triangle and a pentagon.

MNAAA

iv. Any single non-convex quadrilateral!
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(b) Describe an algorithm that either computes a frugal quadrangulation of a given simple
polygon, or correctly reports that no such quadrangulation exists.

Solution: Let py,p,,...,p, denote the vertices of the input polygon P in counter-
clockwise order. For any indices i < j, let P[i,£] denote the (not necessarily simple)

polygon with vertices p;, pi41,- .-, P¢- Intuitively, the following dynamic programming
algorithm searches for a quadrangulation of P by recursively constructing its dual
tree.

First we define a boolean helper function EorD(i, j) that indicate whether p;p;
is either an edge or an interior diagonal of P. We can precompute EorD(i, j) for all
1 <i < j < n by brute force in O(n®) time.¢

Now consider the boolean function Quad(i, £) that evaluates to TRUE if and only
if P[i,¢] is a simple polygon with a frugal quadrangulation. This function satisfies the
following recurrence.

e If{ =i+ 1, then Quad(i,£) = TRUE. (To simplify the case work, we consider
a “bigon” with only two vertices to be simple and to have a quadrangulation
consisting of zero quadrilaterals.)

e If{ —iis even, then Quad(i,¢) = FaLse. (If £ —i is even, then P[i,£] has an odd
number of vertices, so it cannot have a quadrangulation.)
* Otherwise, we guess the other two vertices p; and p; of the quadrilateral

containing the edge p;p;, verify that p;p;pxp, is a simple quadrilateral in the
interior of P, and then recursively decompose the subpolygons P[i, j], P[j, k],

and P[k,{].
Quad(i, j) i<k<l<j
Quad(i,t) = \/ A Quad(j,k) | AEorD(i,j)AEorD(j,k) A EorD(k,{)
A Quad(k,£) A DiP;jPkPy is simple

This function can be memoized into an n x n array, which we can fill with two nested
loops, decreasing i in the outer loop and increasing ¢ in the inner loop. To compute
each entry Quad[i,£], we consider O(n?) choices of j and k, each in O(1) time. So
the overall dynamic programming algorithm requires O(n*) time.

This algorithm only decides whether or not P has a quadrangulation, but if it does,
we can construct a quadrangulation in O(n®) additional time by backtracking through
the memoization table.” ]

This is enough for full credit.. However, it is possible to speed up this algorithm
by splitting the recursion. Intuitively, we want to search for a triangulation of P whose
triangles can be paired into quadrilaterals.

Let’s define a near-quadrangulation of P to be a decomposition of P by diagonals
into quadrilaterals and one triangle. Now consider the following boolean functions:
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* Quad(i,k) = Truk if and only if P[i,k] is a simple polygon with a frugal
quadrangulation.

e NearQ(i,k) = Truk if and only if P[i,k] is a simple polygon with a near-
quadrangulation, whose unique triangle has p; and p;. as vertices.

These functions satisfy the following mutual recurrence:

( TRUE ifk=i+1
FALSE if k—1is even
Quad(i, k) = { . . i<j<k
Quad(i, j) A NearQ(j, k) AEorD(i, §) .
\/ \% AEorD(j, k) otherwise
NearQ(i, j) A Quad(j, k ’
FALSE if k—1iis odd
(L= i<j<k
NearQ(i, k) = AEorD(i, j
. . ,J) -
\/ { Quad(i, j) A Quad(j, k) A EorD(j. k) otherwise
\ AA(pl3p]3pk)>O

Here A(p;, pj, pr) is the usual orientation determinant. The recurrence for Quad(i, k)
searches for one of the other vertices of the quadrilateral containing the base edge
DiDx> and its call to NearQ searches for the fourth vertex of that quadrilateral.

These functions can be memoized into a single n x n array QNQ[1..n,1..n], where

Quad(i, k) if k—iisodd

NQ[i, k] =
Q Q[l: ] {NearQ(i,k) if k—1i is even

We can fill this array with two nested loops, decreasing i in the outer loop and
increasing j in the inner loop. The resulting iterative algorithm runs in O(n?®) time.

The earlier O(n*)-time algorithm can be modified to find a convex quadrangulation
if one exists, by replacing the word “simple” with “convex” in the main recurrence.
We cannot similarly modify the faster O(n®)-time algorithm. A quadrilateral split into
two triangles is simple if and only if both triangles have the same orientation, but
convexity cannot be similarly split into conditions on the two triangles.

It is possible to cmopute EorD(i, j) for all i and j in O(n?logn) using a ray-shooting data structure,
but that would not speed up the overall algorithm.

YTt is possible to construct the quadrangulation in O(n) time with some additional preprocessing, but
this would not speed up the overall algorithm.
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4. (a) Describe an algorithm to find a guard in an arbitrary simple polygon with at most
five vertices in O(1) time.

Solution: Triangles are convex, so every point in a triangle is a guard.

Let Q be any quadrilateral, and let uv be any interior diagonal of Q. This
diagonal splits Q into two triangles. By convexity, every point on the diagonal
uv is a guard.

Finally, any triangulation of any simple pentagon P uses two diagonals,
which must share an endpoint v. By convexity, v guards all three triangles in the
triangulation, so it also guards P. ]

Part (b) actually requires finding a guard in the interior of the polygon. The
previous proof gives us such a guard for any triangle or quadrilateral, but we
have only found vertex guards for pentagons.

Each edge e of any simple polygon P defines a halfplane, bounded by the
line through e and containing points in the interior of P in the neighborhood
of e. The kernel of P is the intersection of these halfplanes. In particular, the
kernel is a convex polygon, which we can compute via duality using any convex
hull algorithm.

I claim that when P is a pentagon, its kernel has positive area. This claim
implies that we can choose an interior guard in O(1) time by first cosntructing
the kernel of P and then computing its center of mass (for example).

Let v be the shared endpoint of both diagonals in some triangulation of P.
The intersection of the halfspaces bounded by the edges incident to v define a
non-empty wedge w. The triangles in any triangulation must be non-degenerate,
so for each edge e of P that does not have v as an endpoint, the distance from v
to the line through e is positive. Let ¢ be the minimum of those three distances,
and let D be the open circular disk centered at v with radius . Then the entire
sector wN D lies in the kernel of P.

This proof does not require P to be in general position; see the figure above.

Rubric: Thisis more detail than necessary for full credit.

10
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(b) Suppose we are given a doubly-connected edge list whose underlying graph G is
simple and connected, that satisfies Euler’s formula V — E + F = 2, and where every
face in F has degree 3. Describe a linear-time algorithm to assign coordinates to the
vertices of G to obtain a planar straight-line embedding consistent with the given
PSLG.

Solution (Stojakovi¢ 1959): We first embed an arbitrary face f;, of G as an
equilateral triangle A; this will serve as the outer face out our straight-line
embedding of G.

We then proceed recursively as follows, If G has only three vertices, we are
already done, so assume otherwise. Let v be any vertex of G that is not a vertex
of f, and that has degree at most 5. (I will prove that such a vertex exists shortly.)
Deleting v creates a face f, with degree deg(v). We can extend G \ v to a
maximal planar graph G’ with n— 1 vertices by triangulating f, using deg(v)—3
new edges. Recursively compute a straight-line embedding of G’ into A; this is
possible because fj, is still a face of G’. Remove the edges used to triangulate f,,
to obtain a straightoline embedding of G \ v. Finally, embed v in the interior of
the kernel of f, using part (a), and then connect v to its neighbors with straight
line segments. Except for the recursive call, every step of this algorithm takes
O(1) time.

It remains only to prove that we can always choose a suitable vertex v.

Lemma 4.1. Every simple planar graph with at least four vertices has at least
four vertices with degree less than 6.

Proof: Let G be any simple planar graph with n > 4 vertices. Without loss of
generality, assume G is a maximal planar graph, meaning adding any other edge
would destroy planarity; this assumption implies that G is connected and every
face in every embedding of G is a triangle. Every vertex of G has degree at
least 3.

Define the deficit of a vertex to be 6 minus its degree. Euler’s formula implies
that G has exactly 3n — 6 edges, so the sum of the vertex degrees is 6n — 12.
Thus, the sum of the vertex deficits of G is exactly 12. But no vertex of G has
deficit larger than 3. So at least four vertices of G have positive deficit. m|
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